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Thermal convection of a stratified
fluid under the influence of gravity

In this lecture we analyse the onset of convection currents

2-D convection cells 3-D convection cells

Convection if T} > T,




Thermal
convection in the
atmosphere

Two- and three-dimensional cloud
patterns due to convection in the
atmosphere over the North-West
Atlantic Ocean and the Labrador
Sea. The arrow indicates the
direction of the average wind-
vector. Cloud streets (two-
dimensional convection) are
observed in the Labrador Sea, while
“open convection cells” (three-
dimensional convection) are
observed more towards the south
over the Atlantic Ocean.
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Basic equations of fluid dynamics

(see first lecture of “Turbulence in Fluids” by Anna)

Equation of motion:

ou Jdu du au 1 dp

x-component: |—4+y—+v-—+ — LWy

ot ox dy BZ p 0x

dv  dv av Bv _l dp WV

U+
or  oOx ay 8Z p dy

y-component:

aw aw aw aw 1dp )
z-component: |7 — TV ————+VvWw-— g
at o ay Mo p 0z
Lao o 0
3 . aplace operator: = + +
Mass conservation: Bu 5 aw o2 oy a2

= () (incompressible: density is constant)

ox ay 0z

A closed set of equations if we assume that density is constant !
In the next three weeks, we are going use these equations to study turbulence in a
fluid of variable density. How is this possible?....




Linearisation around state of rest
(Boussinesq-approximation)

P = Do (Z) + p'(x,y,z,t) (apply to all variables)

basic state + perturbation

state of rest

aapﬁ =—P8 (hydrostatic balance)
<




Linearisation around state of rest
(Boussinesg-approximation)

P = Do (Z) + p'(x,y,z,t) (apply to all variables)

basic state + perturbation

state of rest

aapﬁ —Po8 (hydrostatic balance)
<

Vertical component of equation of motion:

Slide 7: a—w 8w — 4V E)w 8w —la—p + VVZW — 8

ot Bx ay Bz p 0z

Multiply by p, substitute hydrostatic equation and assume that p’<<p,

Assume that perturbations in the velocity are so small that non-linear terms can be neglected

ow'  dp'

Po 5, Y N_a—Z+P0VV2W'_8P'




Buoyancy in terms of temperature
(using the equation of state)

ow'  dp'

~ +pVVow'—gp'
y 3z PoVV W —=8p

Previous slide: pO

Equation of state: p=py(1- (T —Tp)) cavlussac: V=V, (1+ (T ~Tp))

o= thermal expansion coefficient

p'=—apyT’ V:%:Pzpo(l—a(T_To))

o/ isavery smallnumber!

Buoyancy: gp'=—gop,T"

| 1 1
aW ~ ——a£-|— VVZW“FgOCT' next slide
dt P, 9z




Eliminate pressure with the continuity

equation
Previous slide: oW == —Laﬁ-l— szw'-l-gOCT'
adt P, 9z

Now: eliminate pressure using the continuity equation as follows




Eliminate pressure with the continuity

equation
First:  V*x B ~ —iaﬁ+VV2w'+gOCT'
- adt P, 9z

2. 2
Vw1 OV VIV eaVRT

at p ref aZ

Assume p,=p,~constant. Makes first term on r.h.s. linear.



Eliminate pressure with the continuity

equation
! 1 |
irst:  VZx B z——a£+vV2w'+gocT'
Jadt P, 0z
Vw' 1 9Vp .
2 e P WV w4V T, — s
at pref aZ
Second
1l
G Lo, v “ du_ v 9
= T ot inui on (T LY O ol e
ax 8t pref ax +V u use continuity equation ax+ay+ oz =0| (slide 7)
0 o' 1 oJp' v
5 a—‘;x—$£+vvzv Adding three equations: Vzp': 80P, aaz (2)
i aW' z_L%'kVVzW'-FgO{T'
dz | ot Pref 0z




Eliminate pressure with the continuity

equation

2 | 2 |
L oViw' 1 dVp + VW VW' +goV T

at pref aZ
ﬂvz " dT"' Eliminate p’ 2 2

p_gapref aZ l VHZE;—QJF;_Q

2
N WAV gal T

Linear differential equation with two unknowns: w' , T'

We need an additional equation for the temperature, T’
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Fourier’s Law of thermal conduction

Heat flux, g, is proportional to temperature-gradient: |g =KV T

Thermal conductivity

dT
Apply Fourier’s law to a fluid parcel: — = V2T

dt

Divergence of the heat flux

Material time-derivative of the temperature

dr _JoT = oT  JdT  dT
tu—+v_—+w_—

dt at ox  dy 0z

Local time-derivative of the temperature



Temperature equation

Previous slide: a_T +u a_T + Va—T + wa—T = K‘VZT

ot ox  dy 0z

d7,(2) _ dTy(z) =T

Linearise about the state of rest for which,

0z dz
“Lapse rate”:
T|
g =Tw'+kV*T'
ot
Together with (previous slide)
oV
atw ~W2Vw'+gaV T

Closed set of equations for time evolution
of small perturbations to the state of rest




Restrict flow to two dimensions, x and 7

X =—d
Previous slide:
| | 2 2
o =Tw'+xV°T' > L =I'w'+ g 5>+ 82 !
ot ot ox~ 0z
2. 9
av@tw ~ VV2V2w'+gaVH2T'




Boundary conditions

A\

z=H
ArNT NN
\'.‘:', Q:é’.’; \'{é’,’, <«——2z=0 Closed upper and lower boundaries:
w=0atz=0and z=H
X —> du _Jv

Also stress-free: — =—=0Qatz=0andz=H
dz 0z
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Boundary conditions

z=H
T ArNp i
QAN ) A <«——2z=0 Closed upper and lower boundaries:
< - > -~
w=0atz=0and z=H
X —> ou ov
Also stress-free: — =—=0atz=0andz=H
dz 0z
2,
Continuity equation implies 5 = Oatz=0andz=H
v 07
ou N v N ow 0
ox dy 0z

(slide 7)
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Boundary conditions
z=H
T A r NG # N7\
WA KR R «—7=0
A\ Y\
w=0atz=0andz=H
* Stress-free: a_u =8_v =0atz=0andz=H
dz 0z
L S 9°w'
Continuity equation implies —2:0 atz=0and z=H
0z

Perfectly conducting: 7'=0 at z=0 and z=H

. i 9T
With aa—T=FW'+KV2T' this implies 8—2:() atz=0and z=H
A <




Boundary conditions

w=0atz=0andz=H

T'=0atz=0and z=H

%!
—220 atz=0and z=H
0z

2
a—gzo atz=0and z=H
07

Assume: periodic boundary conditions in horizontal direction

Boundary conditions are satisfied if solution is of the form:

w'=Wexp{ilx+ ot} sin(%] T'=0Oexpiilx+or} sin(%
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Substitute solution into equations

y
—» Solution: w'=WeXp{ilx+Gt}sin(@%\ '= @exp{ilx+6t}si oz
U TR H

amplitude wave number  Srowthrate  wave number
(complex)

i 82 N 82 _ gaa2T1+v 82 N 82 o
{ ot ax*  9z° ox? ox%  97°

Equations:
q . aT| ' 82 82 |
(slide 17) —=1Tw'+ +
ot ox*  9z*
2 . 2 4
—O0k"W =—god"O+vk™W
Substitute solution >
o®O=1TW — Kk2®‘ “total wave-number”, k :

2
K2=12 +(@j
H 22




Matrix notation

Previous slide:

—ok*W =—god*O+vk*'W
00 =TW — kk’O

System of linear equations
can be written as....

MX =0 with:

goc12
—0—Kk*

23



Non-trivial solution if determinantof M =0

det(M)=0

2 4 2
Previous slide: M :[ ok vk gol j

I —G—K’k2

goclzr
k2

2
2 2
Solve for o: [0 :_(V+ K)k i;[(v+ K)2k4 _ 4(‘”{]{4 B 80512 F]]]
k

Yields a quadratic equation in 6: G~ + (v+ K)k26+ vick* — =0

Amplitude of the wave-like perturbation will grow if >0 (instability)

2
o >0 if —[wck“—go‘l F]>o

k2

3
6
Kk K
——————> Therefore, instability if [ > v : [12 +(7m)2]




Critical lapse rate

Previous slide:

1

3 3
6
v (T o = 2 2
god”  gal H god H

I'.;i; has a minimum value if n=1 Exercise 2 (slide 29):
o dl, 0 . 2o I(m Express this criterion in
and if 8(12) - ol g ) terms of the non-dimensional
Rayleigh number:
4
ol H
Ra= &
KV
v
_ 2r
with [ = . > |[[.=2-+/2H| (“preferred wavelength”)
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Aspect ratio, L/H, of convection cells

Previous slide:

L/H=22=28

Side-view (differential interferograms) of two-dimensional convection cells in
silicone oil in a rectangular box of relative dimensions 10:4:1, which is heated from
below. Uniform heating produces convection “rolls” parallel to the shorter side.




Tutorial : exercises 1

(1)

The distance between “cloud streets” over Northern Germany, seen on the satellite image on
the next slide, is about 5-10 km. It can be deduced from the upper air observations in this
area (at Schleswig), shown below, that cloud tops are located at levels between 1000 and
1250 m. How can we see this? What is the aspect ratio of the associated convection cells?
This does not agree with the prediction made by Lord Rayleigh’s theory. Give at least three
reasons for the disagreement?

Observations made at Schleswig of relative humidity, mixing ratio of water vapour and potential temperature
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Source of the data: http://weather.uwyo.edu



28

-
o~

M
2018

20 km
snow ;.

'.‘cf‘,‘

&
ary.
"2

ru

€

e
. 2
Scheswig

:
26°F
L(:

/ .
-

-

z
7

- ’7\ ‘\_- X
o

= g

.

S =

S

TN o9 ’
) .‘..*..!w..gxy.’ w.:\s?
L e ,

Wy

v

-



Tutorial: exercises 2 to 4

(after lecture 7)

(2)
The instability criterion (41) is commonly expressed in terms of the so-called Rayleigh number,
Ra, which is a non-dimensional number, defined as

gOCFH4
KV
What is the critical value of the Rayleigh number at the preferred horizontal wavelength? Plot
the marginal or neutral value (at which the growth-rate is zero ) of the Rayleigh number as a
function of the aspect ratio, L/H, where the Rayleigh number is the ordinate. Identify the region

of instability in this graph. Will this curve shift upwards or downwards if no-slip conditions are
imposed on the upper and lower boundaries, instead of stress-free conditions (section 4)?

Ra= (47)

(3)

At which minimum Rayleigh number is a “mode” with n=2 unstable.

(4)
See page 11-12 of the lecture notes



