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Labels	in	tenths	of	hPa	

Simpson,	J.E.,	1994:	Sea	Breeze	and	local	wind.	Cambridge	University	Press	

Surface pressure change between 10 and 
13 UTC in June and the sea breeze 

sea breeze in the morning 

sea breeze in late afternoon 
Clockwise turning due to  
“Coriolis effect” 

low 

high 

See	figure	1.32	

low 
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Simula'on	of	the	sea	breeze	and	its	clockwise	turning	at	the	coast	during	two	days	in	May	

Compare	the	model	outcome	with	the	observa'ons	at	IJmuiden	

Add	the	effect	of	fric'on	to	make	the	simula'on	more	realis'c	

Introduction to project 3 (problem 1.14) 

€ 

x
€ 

y
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A simplified but instructive 
seabreeze-model 

€ 

u ≡ dx
dt

;  v ≡ dy
dt

Velocity	components:	

€ 

du
dt

= −
1
ρ
∂p
∂x

+ fv

€ 

dv
dt

= −
1
ρ
∂p
∂y
− fu

Pressure	gradient	force	(per	unit	mass)	

Coriolis	force	(per	unit	mass)	

€ 

f = 2Ωsinφ

ρ:	density	
p:	pressure	
Ω: Earth’s	angular	velocity	
φ: la#tude	
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Prescribe the pressure gradient 

€ 

∂p
∂x

= Acos Ωt +ϕ( )

!me	 phase	

Earth’s	angular	velocity	

amplitude	
(1	hPa	per	100	km)	

pressure	

€ 

x
€ 

y
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Equations of motion 

Back to the equations: 

€ 

du
dt

= −
1
ρ
∂p
∂x

+ fv

€ 

dv
dt

= −
1
ρ
∂p
∂y
− fu

€ 

∂p
∂y

= 0

€ 

∂p
∂x

= Acos Ωt +ϕ( )Prescribe:	 (“parametrisation”) 

€ 

du
dt

= −
A
ρ
cos Ωt +ϕ( ) + fv

€ 

dv
dt

= − fu
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Equations of motion 

€ 

∂u
∂t

+u∂u
∂x

= fv− A
ρ
cos Ωt +ϕ( )

€ 

∂v
∂t

+u ∂v
∂x

= − fu

Previous	slide:	

€ 

∂u
∂x

= 0At the coast: 

€ 

∂v
∂x

= 0 (reasonable assumption) 
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Equations of motion 

€ 

∂u
∂t

+u∂u
∂x

= fv− A
ρ
cos Ωt +ϕ( )

€ 

∂v
∂t

+u ∂v
∂x

= − fu

Previous	slide:	

€ 

∂u
∂x

= 0At the coast: 

€ 

∂v
∂x

= 0 (reasonable assumption) 

Equations are linearised: This is a “Eulerian” 
model, as opposed 
to the “Lagrangian” 
model of project 1. 

€ 

∂u
∂t

= fv− A
ρ
cos Ωt +ϕ( )

€ 

∂v
∂t

= − fu
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Equations of motion 

€ 

∂u
∂t

+u∂u
∂x

= fv− A
ρ
cos Ωt +ϕ( )

€ 

∂v
∂t

+u ∂v
∂x

= − fu

Previous	slide:	

€ 

∂u
∂x

= 0At the coast: 

€ 

∂v
∂x

= 0 (reasonable assumption) 

Equations are linearised: 

€ 

∂2u
∂t2

+ f 2u =
AΩ
ρ
sin Ωt +ϕ( ) (forced harmonic oscillator) 

This is a “Eulerian” 
model, as opposed 
to the “Lagrangian” 
model of project 1. 

€ 

∂u
∂t

= fv− A
ρ
cos Ωt +ϕ( )

€ 

∂v
∂t

= − fu
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The governing equation of the simplified 
“sea breeze model” 

€ 

∂2u
∂t2

+ f 2u =
AΩ
ρ
sin Ωt +ϕ( )

wind velocity perpendicular to the coast amplitude of the daily cycle in pressure 
perpendicular to the coast 

€ 

f = 2Ωsinφ

earth’s angular velocity latitude 

phase Coriolis parameter: 
Previous slide: 

How well does the solution 
of this equation “simulate” 
sea breeze at IJmuiden?  

� 

u� 

v

9	
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Solution of the equation of the simplified 
“sea breeze model” 

€ 

∂2u
∂t2

+ f 2u =
AΩ
ρ
sin Ωt +ϕ( )

Previous slide: 

€ 

ϕ = 0
phase 

€ 

u t( ) =C1 sin ft( ) +C2 cos ft( ) +
AΩ

ρ f 2 −Ω2( )
sin Ωt( )Solution: 

€ 

u = 0 and v = 0 at t = 0

€ 

C2 = 0

Boundary conditions: 

(for example) 
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Solution of the equation of the simplified 
“sea breeze model” 

€ 

∂2u
∂t2

+ f 2u =
AΩ
ρ
sin Ωt +ϕ( )

Previous slide: 

€ 

ϕ = 0
phase 

€ 

u t( ) =C1 sin ft( ) +C2 cos ft( ) +
AΩ

ρ f 2 −Ω2( )
sin Ωt( )Solution: 

€ 

u = 0 and v = 0 at t = 0

€ 

C2 = 0

Boundary conditions: 

(for example) 

� 

∂u
∂t

= − A
ρ

 at t = 0

*	

� 

∂u
∂t

= fv− A
ρ
cos Ωt +ϕ( )

*	
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Solution of the equation of the simplified 
“sea breeze model” 

€ 

∂2u
∂t2

+ f 2u =
AΩ
ρ
sin Ωt +ϕ( )

Previous slide: 

€ 

ϕ = 0
phase 

€ 

u = 0 and v = 0 at t = 0

€ 

C2 = 0

Boundary conditions: 

(for example) 

� 

∂u
∂t

= − A
ρ

 at t = 0

*	

� 

∂u
∂t

= fv− A
ρ
cos Ωt +ϕ( )

C1 = −
Af

ρ f 2 −Ω2( )

€ 

u t( ) =C1 sin ft( ) +C2 cos ft( ) +
AΩ

ρ f 2 −Ω2( )
sin Ωt( )Solution: 

*	
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Solution: two periods of oscillations 

� 

u t( ) = + A
ρ f 2 −Ω2( ) Ωsin Ωt( )− f sin ft( )( )Therefore: 

Two time-scales: 2π/Ω  and 2π/f   

forcing period natural (inertial) period 
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Analytical solution 

� 

u t( ) = + A
ρ f 2 −Ω2( ) Ωsin Ωt( )− f sin ft( )( )

� 

∂u
∂t

= fv− A
ρ
cos Ωt( )

� 

v = 1
f
∂u
∂t

+ A
fρ
cos Ωt( )

� 

v(t) = Af
ρ f 2 −Ω2( ) cos Ωt( )− cos ft( )( )

(eq. 108a, or  
1a Box 1.9) 

(eq. 108a, or  
1b Box 1.9) 

This	solu)on	is	used	to	test	the	numerical	approxima)on	to	the	)me	deriva)ve	in	the	
original	differen)al	equa)ons.	In	project	3	you	are	asked	to	add	terms	represen)ng	the	
effect	of	“fric)on”.	
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Solution of the model:  
clockwise turning of the wind vector 

A wind- 
direction equal 
to 270° implies 
a sea breeze 
perpendicular 
to the coast. 	

FIGURE 1.33. Wind direction, according to the analytical solution (eq. 1.108a,b), for latitude= 
52.5°N, A=0.001 Pa m-1, ϕ=0 and ρ=1.16 kg m-3, assuming that u=v=0 at t=0. The wind 
direction does not follow the same daily cycle each day and changes more quickly in theory 
(this figure) than in practice (see next slide, figure 1.34). Rate of turning of the wind 
vector=20° per hour in first 24 hours, but between t=30 hours and t=43 hours, this rate 
is nearly 30° per hour.
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Observations at IJmuiden:  
clockwise turning of the wind vector 

Hourly wind direction (red 
circles) and temperature 
(black squares) at Ijmuiden at 
the coast on May 7 and 8, 
1976. Horizontal dashed line 
indicates the  direction 
perpendicular to the coast; 
Horizontal solid line indicates 
the  direction parallel to the 
coast.	

In how far are the 
observations of the wind 
direction reproduced by the 
model (previous slide)? 

figure 1.34 
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Seabreeze model: equations
Box 1.9

162



Seabreeze model: numerical approximation
Box 1.9
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Numerical sea-breeze model

First part of project 3
Read section 1.17 and Boxes 1.9&1.10 of
Download the Python script: SeaBreezeModel_SOAC2020.py and run it 
on your computer and test the accuracy of the solution by 
comparing it with the analytical solution (the accuracy depends 
on the magnitude of the time step, among other)

How accurate is this numerical approximation ?

164

Box 1.9

see box 1.9
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Δt = 360 s

SeaBreezeModel[Project3DYME2022].py

Python script of the linear sea breeze model
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Numerical and analytical solution

Δt=360 s

Result of running SeaBreezeModel[Project3DYME2022].py:

You will get a better numerical solution if you reduce Δt.
167



Apply the model to Ijmuiden on 7 & 8 May 1976

v

u

168



Apply the model to Ijmuiden on 7 & 8 May 1976

*u= -9 m/s; v=-7.6 m/s at Ijmuiden on 7 May 1976, 0 UTC

From hourly observations find the best value of A and !.

Observations are provided in the file, Hourly observations for 7-8 May 1976: 
ObservationsAnalysisIJmuiden(AnswerProblem1_13AD).docx (see Blackboard).

Initialise the model with observed wind velocities at 0 UTC on 7 May 1976* and 
compare the outcome with the hourly observations

169



Add friction to make the model more realistic

“Rayleigh damping”

Find the best value of the Rayleigh damping coefficient, l, by correlating the 
solution with the observations of 7 and 8 May 1976.

see Box 1.10
(about model verification)

Extra problem: Write down the “stationary solution” of this 
system of equations and give an interpretation of this solution. 170



171

Goestrophic flow
The seabreeze circulation is part of a process of 
adjustment to geostrophic balance. 

d!v
dt
= −θ
!
∇Π− gk̂ − 2

!
Ω×
!v

x-component:

y-component:

� 

du
dt

= −θ ∂Π
∂x

− fv

� 

dv
dt

= −θ ∂Π
∂y

+ fu

Steady state
(geostrophic flow):

� 

−θ ∂Π
∂y

+ fug = 0

� 

θ ∂Π
∂x

+ fvg = 0

(curvature of the flow is neglected)

Equation of motion:
(slide 132)



Geostrophic zonal flow

Assume a �geostrophic� zonal flow, ug:

€ 

fug ≡ −θ
∂Π
∂y

Section 1.18
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Assume: no pressure gradient in x-direction

€ 

du
dt

= fv = f dy
dt

Equations of motion:

€ 

dv
dt

= −θ
∂Π
∂y

− fu = f ug −u( )
€ 

du = fdyx-component:

y-component:

Conservation of linear momentum per unit mass: M=u-fy
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ug

Fcor

Fp

Stability of geostrophic zonal flow
Consider an air parcel in geostrophic balance, moving eastward 
with a velocity, ug. What happens when we give it a small push 
in the positive y-direction? Its new latitude will be y0+∂y.

At this new latitude it will have a 
zonal velocity, ug+f ∂y, which is larger 
than the velocity, ug, at the original 
latitude. If the pressure gradient 
force on the air parcel is the same at 
the new latitude, the air parcel will be 
forced back to its original equilibrium 
position, meaning that the 
equilibrium is stable. We will see in 
the next lecture that this is not 
always the case. 



Stability of geostrophic balance, 
Inertial oscillations & inertial instability
The thermal wind
Meridional exchange of warm and cold air masses
“Optimum” slope of trajectories in the meridional plane & conversion of 

potential energy into kinetic energy
Conceptual model of a middle latitude cyclone (section 1.21)

Sections 1.18-1.21

Dynamical Meteorology: lecture 7
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07/12/2022 (Wednesday, 13:15)Next:

(a.j.vandelden@uu.nl)
(http://www.uu.nl/~nvdelden/dynmeteorology.htm)

Tutorial after this lecture (Friday 2 December 2022):
Project 3
Exercises of Part C (previous tutorial)

Deadline for project 3 is Fri. 9 December 2022

mailto:a.j.vandelden@phys.uu.nl
http://www.phys.uu.nl/~nvdelden/dynmeteorology.htm

