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Abstract.
A review is given of the dynamics of meso-scale smospheric areulations. An analysis of the instabilities, oscillations and adjustment processes
which are possible in 3 rotating atmosphere in which the rotation rate docs not vary n space. yields several charactenstic time scales and length
scitles which can be used to define the meso-scale. Special attention is paid 1o showing the relation between the circulation associated with
convection, the circulation associated with sea breeze, the cireulation perpendicular o 2 fronl. and the radial circulation in a tropical cyclone. Other
important meso-scale weather phenomena which are discussed are gravity-inertin waves, shallow cumulus convection, downslope winds and
thunderstorms.
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1. General introduction

During the last 20 years there has been a large increase in the interest in meso-scale atmospheric
circulations. This has been stimulated mainly by improvements in measuring capabilities and by the
introduction of satellites and supercomputers. Meso-scale circulations are responsibte for weather events
such as sea breeze, thunderstorms, lec-waves, severe downslope windstorms, polar lows and tropical
cyclones. Only very slowly is the newly accumulated knowledge finding its way into textbooks on
dynamical meteorology. These textbooks [e.g., Dutton 1976, Holton 1979, Gill 1982, Panchev 1985,
Pedlosky 1987] are still devoted for the most part to very large-scale atmospheric circulations, such as
planetary Rossby waves, mid-latitude depressions, the jetstream and the gencral circulation of the
earth’s atmosphere. Probably this reflects the fact that modern theories concerning these phenomena
have reached the adult stage, while many theories on meso-scale phenomena are judged too shaky or
not instructive enough to be included in books aimed at introducing the serious student to the core of
meteorology. It appears that all this is changing very quickly, now that a significant part of the
meteorological community has turned to the study of meso-scale weather phenomena. Since 1983, four
conferences on meso-scale meteorology have been organized by the American Meteorological Society,
the last one being in June 1990. One can obtain a good impression of the increasing interest in the
subject by comparing the reports of the first conference [Emanue! 1984] and the third conference
[Barnes and LeMone 1988]. These conferences, in addition to the NATO workshop held near Toulouse
(France) in 1982 [Lilly and Gal-Chen 1983), and the Intensive Course on Meso-scale Meteorology given
in 1984 [see Ray 1986], have helped to bring together the somewhat provincially operating communities,
who have tended to concentrate on special topics such as severe local storms or tropical cyclones.

The first textbook devoted completely to meso-scale weather phenomena was the book by Atkinson
[1981], entitled *“Meso-scale Atmospheric Circulations™. In this book meso-scale circulations are
classificd into two main categorics, namely topographically induced circulations and free circulations.
An example of a topdgraphically induced circulation is the circulation associated with a sea breeze. An
example of a frec circulation is a convection cell. Similar classifications are adopted in more recent
books on meso-scale meteorology. For example, Ray [1986] distinguishes between externally generated
and internally generated circulations, while Pielke [1984] distinguishes between terrain-induced circula-
tions and synoptically induced circulations.

The latter distinction suggests that ultimately all circulations are forced in some way or another. In
this review we ask ourselves: *How does the atmosphere react to forcing, given certain constraints?”.
The constraints can incidentally also be conceived of as forcing.

The atmosphere reacts to forcing through instabilities and adjustment processes. Adjustment and
instability are of course intimately related. Nevertheless, the distinction makes sense because, although
a circulation resulting from a flow instability can also be conceived of as an adjustment process, the
reverse is not always true.

The chapters encompassing this review are concerned with the following topics: (a) a phenomeno-
logical introduction to meso-scale circulations, (b) a review of the equations, approximations and
models used to describe meso-scale circulations, (c) instabilities, (d) adjustment processes, and (e)
forcing-mechanisms. In the chapters on instabilities and on adjustment processes we will investigate the
way in which the rotating atmosphere reacts to forcing, given certain external constraints, such as the
boundary conditions and rotation rate. We will refrain from saying too much about the details of the
forcing in these chapters. This will be postponed until the last main chapter. In that chapter we will
discuss specific meso-scale weather phenomena as illustrations of instabilities and adjustment processes
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given certain forcing mechanisms. Examples of forcing mechanisms arc mountains, latent heat release
and large-scale wind-shear.

We will pay quite a lot of attention to the tropical cyclone, even though this conspicuous
phenomenon should, from a dynamical point of view, perhaps be characterized as a large-scale
circulation. However, hopefully it will become clear that much can be learnt {rom a study of the tropical
cyclone which can help us to understand the propertics of (other) meso-scale circulations.

We will also look in some detail at the Boussinesq approximation to the equations of motion and the
cquation of continuity. Because this approximation is invoked quitc frequently in theoretical or
numerical studies of meso-scale circulations, it is worthwhile to pay attention to its validity.

Meteorology is principally an application of physics. Therefore, any person with a solid knowledge of
physics, especially fluid dynamics and thermodynamics should be able to read and understand this
review. Nevertheless, [ think a basic knowledge of meteorology, especially dynamical meteorology (e.g.
the first nine chapters of the book by Holton [1979]), will be extremely helpful if not essential in order
to fully appreciate the subject matter. Above ail, 1 hope that colleagues and advanced students,
especially those who are doing or starting fundamental rescarch on individual meso-scale weather
phenomena, will benefit from reading this review. There may not be much in this review which is new to
colleagues as far as the individual subjects are concerned, but | hope that the ordering of the material
will offer some new perspectives to everybody. This review should possibly be read in conjunction with
the more descriptive and obscrvationally oricnted book by Atkinson [1981]. the book with satellitc
images by Scorer [1986] and the book with photographs of meso-scale weather phenomena by Scorer
and Verkaik [1989].

2. A phenomenological introduction to the meso-scale

In the Metcorology Source Book [Parker 1988], J.M. Fritsch defines meso-scale meteorology as “that
portion of meteorology comprising the knowledge of intermediate-scale atmospheric phenomena, that is,
in the size range of approximately 1200 miles (2-400 km) and with time-periods of typically, but not
always, less than 1 day”.

In this review we will be concerned with the following questions. What makes this range of time and
size-scales intermediate? Which dynamical processes are characteristic of the meso-scale?

The meso-scale has frequently been identified as coinciding with the so-called spectral gap in the
spectrum of atmospheric motions. Soon after spectral Fouricr analysis became popular in meteorology
results of spectral analysis of meteorological time series began to appear in the literature. The most
famous spectrum is shown in fig. 2.1. This spectrum, computed by van der Hoven [1957], is based on a
time series of wind measurements made at a fixed point at a height of 100 m. It shows that, on average,
there is relatively little energy in the meso-scale range (30 min to one day), compared to the energy in
the so-called synoptic scales (more than one day) and the turbulent range (around 1 min). Others, such
as Vinnichenko [1970] and Fiedler [1971] have obtained similar spectra. All these investigators found a
minimum in the variance spectrum in periods ranging from half an hour to several hours.

The spectral gap is not an expression of the fact that individual (meso-scale) phenomena contain little
encrgy and that they are therefore unimportant; rather it seems to be an indication that these
phcnomena are highly intermittent [e.g., Ishida 1990]). They occur only if certain conditions are
fulfilled. For example, a sea breeze circulation will occur only when the temperature difference between
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Fig. 2.1. Spectrum of the horizontal wind measured at Brookhaven National Laboratory it a height of 100 m [after Van der Hoven 1957).

the sea and the land is large enough, and even then, other conditions must be met. Thunderstorms,
hurricanes, lee-waves and meso-scale convection cells, all of which are examples of meso-scale
circulations, occur only in certain areas and in certain seasons. This is in contrast to small scale
turbulence in the boundary layer and large scale planetary Rossby waves, which are nearly always
present.

If we decide that meso-scale motions are motions large enough to be affected by the rotation of the
earth, but small enough rot to be affected by the curvature (or the sphericity) of the surface of the earth
(the so-called B-effect; according to Wipperman [1981], the B-effect can always be neglected for
motion-systems with length scales smaller than 2500 km), we can think of only three externally imposed
(by the geometry and boundary conditions} constants or parameters in a static atmosphere. These are
the depth, H (m) (if the upper and lower boundaries are imposed), the Coriolis parameter,
f(s7") (=2|02| sin ¢, where ¢ is the latitude and |£2| is the absolute value of the angular velocity of the
earth) and the acceleration due to gravity, g (ms °). It is better to replace the latter parameter by the
so-called Brunt-Viisila frequency, N (s"), which contains g, but also takes account of the vertical
density stratification, which, of course, also determines the vertical acceleration. Neglecting the
curvature of the surface of the earth implies that f is assumed constant. Side boundaries are usually not
imposed in the atmosphere. In addition, the large-scale background flow may provide us with certain
characteristic parameters; however, for the moment let us restrict our attention to the externally
imposed parameters.

It is possible to construct two time scales, 7, and 7, and two length scales, A, and A, on the basis of
the externally imposed parameters. These are

n=Uf, n=1/N, A, =H, \=HNIf. (2.1)

7, multiplied by 2, is usually called the inertial period and at mid-latitudes is equal to about
27 x 10" s (about 18h); 7,, multiplied by 24, is usually called the Brunt-Viisili period and in the
atmosphere its magnitude is usually about 27 X 107 s (about 10 min).

The value of H = A, may vary according to the location of temperature inversions, which act as a
ceiling on atmospheric circulations., One such ceiling is the tropopause at a height of about 10 km. The
other length scale, A,, is usually called the Rossby radius of deformation after Rossby [1937, 1938] and
takes on a value of about 10° m (1000 km). Instead of A, we can also define a A, as Hf/N ~ 10°> m. This is
the smallest length scale which can be constructed from the parameters given above. We will see,
however, that A, actually never appears when we analyse the equations governing the motion of the




256 Aarnout van Delden, The dynamics of meso-scale atmospheric circulutions

atmosphere. In the course of this review we shall in fact see that 7,, 75, A, and A, define the bounds of
what may be considered as meso-scale metcorological phenomena.

Parameters which may come into play when there is a large-scale background flow, are the flow
velocity, u,(x, y,z) (v, y and z are, respectively, the two horizontal coordinates and the vertical
coordinate), the vertical shear, du,/dz, and vertical component, ,, of the vorticity associated with this
flow. With the help of these two new parameters we can construct additional time and space scales.
But, except when w,, du,/dz and ¢, are exceptionally large, these scales invariably lic in between the
extremes defined by 7, 7,, A, and A,.

An example: sea breeze. Let us be a little more specific and produce some examples of typical
meso-scale phenomena. These examples show that it is difficult to give an unambiguous definition of the
time and space scales of a particular phenomenon, especially if the phenomenon is not stationary
relative to the carth.

Perhaps, the most well-known meso-scale phenomenon is the sca breeze circulation. We will see that
this phenomenon possesses most of the properties which are typical for a meso-scale weather system.
One characteristic is that it is driven by diabatic heat sources, in this case by the daytime heating of the
boundary layer. The time scale of this driving mechanism is of the order of 24 h, which is comparable to
the inertial time scale, 7,. Therefore, the rotation of the carth will affect the circulation. This property
may be viewed as a second characteristic of meso-scale circulation. Furthermore, the sea brecze can be
viewed as a “hydrostatically balanced™ system, i.c. in constructing a theory of this system we can assume
that the vertically oriented forces are always in balance. This implies that the sea breeze circulation owes
its existence to an imbalance between the forces in the horizontal direction. Of course, a theory based
on hydrostatic balance will not account for the detailed structure of the circulation near the so-called sea
breeze front [e.g., Kraus et al. 1990], but it will describe the gross features of the circulation quite well
(see section 5.2).

The characteristic properties of the meso-scale can be illustrated with a special case of three
consecutive sea breeze days (6-8 May 1976) in The Netherlands. On these days air temperatures over
land reached values over 30°C, while the adjacent North Sea surface temperature stayed below 10°C,
These contrasts led to a very strong sea breeze circulation, penetrating nearly 150 km inland on one of
these days. The geography of the coastal area in question is shown in fig. 2.2. Also shown in this figure
are the positions of ten measuring stations which were selected for this particular case study (the white
circles). The terrain is practically fiat west of station 260. There are a few hills no higher than 100 m near
station 275. The hourly temperature, measured at the standard height of 1.5 m, is shown in fig. 2.3. In
fig. 2.4 the [0 min mean wind speed and direction measured cach hour at a height of 10 m are shown for
the same period. It can be seen clearly that during the day the wind at the coastal stations blows from
dircctions between south and north through west and during the night it blows from the cast. The
turning of the sca breeze during the day is due principally to the influence of the earth’s rotation (i.e.
the Coriolis force) on the circulation. The easterly wind during the night is induced mainly by the
large-scale-scale pressure pattern. By “large scale” (also called “synoptic scale” by many
metcorologists) we mean horizontal scales larger than about 1000 km. This large-scale pressure pattern
is shown in fig. 2.5. At these scales the wind is approximately in geostrophic balance at all times, i.e. the
pressure-gradient force and the Coriolis force balance each other very closely. Indeed, geostrophic
balance is typical of, and could be used to define the large-scale or synoptic-scale flow [e.g., Charney
1948]. Because of the large area of high pressure to the north of The Netherlands, the large-scale flow is
casterly over The Netherlands. This flow functions as a background to the smaller-scale sea breeze
circulation.
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Fig. 2.2. Map of The Netherlands and its vicinity. The positions of the stations are shown by white circles (sca breeze case) and black circles
(thunderstorm case) {with thanks 10 Peter Duynkerke).
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Fig. 2.4. Wind vectors at a height of 10m as a function of time on 6, 7 and 8 May. 1976 at ten stations in The Netherlands and over the adjacent
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Fig. 2.5. Large-scale surface pressure distribution {in hPa) on May 7. 1976, 80 UT. The letters H and L indicate maxima and minitna, respectively.
The Jetter N indicates the location of The Netherlands.
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Separating the meso-scale from the other scales. For this particular case, the surface pressure, the
temperature and the wind direction and speed (averaged over 10 min} are available each hour at the ten
stations shown in fig. 2.2. From these data it is possible to resolve motions with length scales of the
order of 20-50 km or larger and with time scales of the order of 2 h or longer. It is important to note
that the observation network determines the minimum scales of motion which can be seen. In this
context it should be pointed out that some investigators [e.g., Pielke 1984, Joint Centre for Mesoscale
Meteorology 1988] have defined the meso-scales as scales of motion too small to be properly defined by
the current synoptic observation network but larger than the small-scale circulations within, for
example, the boundary layer or cumulus clouds. Ligda [1951], who according to Atkinson [1981] [see
also Emanuel 1986a, Browning 1989] introduced the term ‘“‘meso-scale” into meteorology, coined a
similar definition. Although this is not a very satisfactory definition, it does indicate that relatively little
is known about the meso-scale (see Atkinson [1981] for a more detailed history of the first steps in the
definition of and research on meso-scale meteorology).

If our observation network is fine enough to resolve a meso-scale circulation, as in the sea breeze
case discussed presently, we can see whether a clear distinction can be made from the data between this
meso-scale circulation and the other scales of motion. In the following an attempt to do this will be
described.

Figure 2.6 shows a plot of the surface pressure as a function of time between 0 h UT, 6 May 1976 and
24h UT, 8 May 1976, at the two extreme stations (300 (sea) and 375 (inland)). Clearly, there is a slow
trend in the pressure, associated with the retreat of the high-pressure area towards the north and the
advance of a depression from the south. On top of this synoptic trend, which clearly has a time scale
longer than three days, there are ripples, associated with phenomena possessing shorter time scales.
Although there is little order in these ripples at first sight, one can easily notice, when comparing the
two curves, that the station at sea generally records relatively lower pressures during the night than the
station inland and vice versa during the day. These pressure variations are associated with the
meso-scale sea breeze circulation. Beside this, a periodicity of approximately 12 h can be discerned in

375 (tand)

300 (sea)

surface pressure (hPa)

1010 =

12 24 12 24 12 24
6 May 7 May 8 May
time (UT)

Fig. 2.6. Surface pressure as a function of time (in 1976) at an inland station (375) and a sca station (300) (see fig. 2.2). The dark solid lines along
the horizontal time axis indicate the daylight hours,
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Fig. 2.7. Sea level pressure averaged aver ten stations, shown by white circles in fig. 2.2, and the deviation from this mean value at two stations, one

at sea {300) and the other over land (375}, as a function of time {in 1976). The dark solid lines along the horizontal time axis indicate the daylight
hours.

the pressure records, especially at the sea station (300). This periodicity is associated with the
atmospheric tide [Chapman and Lindzen 1970, Volland 1988].

The synoptic trend and the tidal trend (both large scale) should be very similar at all stations,
irrespective of the position relative to the coast, whereas the variations associated with the meso-scale
circulation will depend on the geographical situation. Therefore, if we average the time series of the
pressure over all ten stations, we will effectively filter out the meso-scale trend and be left with the
large-scale trend (i.e. the synoptic plus tidal trend). The result of this procedure is shown in fig. 2.7 (the
thick line). Also shown in fig. 2.7 is the deviation from this mean at stations 300 and 375. Clearly, the
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Fig. 2.8. Scale definitions and differemt processes with characteristic time and horizontal scales [based on Orlanski 1975].
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dominant period left after subtracting the tidal and synoptic components is 24 h at both stations. As
expected, the two records are out of phase. During the day, the pressure is relatively low over land and
relatively high over sea, while the opposite in the case during the night. Apparently, the amphtude of
the pressure oscillation associated with the sea breeze is about 1hPa (1hPa=1mb= 10° N/m?).
During the past few decades several workers have classified weather systems according to their
horizontal dimensions, assigning Greek letters to the different classes. The most well-known classifica-
tion is that of Orlanski [1975] (see fig. 2.8), but Fujita's [1981] terminology is also widely used for
reference purposes. These classifications, however, do not say much about the dynamics of these
weather systems. The idea that atmospheric motion is composed of several discrete scales of motion,

Fig. 2.9. Two photographs of Western Europe made by a polar orbiting satellite on July 11, 1984 at (a) 7: 48 UT and (b} 14: 29 UT. Courtesy of the
University of Dundee, Scotland.
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which may interact with each other, pervades in the minds of meteorologists, but is not always fruitful,
and in many cases is probably deceptive. In the case discussed above this view is indeed fruitful. By a
simple averaging procedure, we were able to isolate the principal time-scales making up the motion in
this case.

Another example: a thunderstorm. As an example of a case in which it is difficult, if not impossible,
to do such a thing, consider the thunderstorm showers which passed over exactly the same area, shown
in fig. 2.2, on 11 July 1984. Figurc 2.9 displays two satellite pictures of the thunderstorms. It can be
seen that there are actually two thunderstorms travelling at about the same speed (~94 kmh™'

Fig. 2.9. {cont.)



Aarnous van Defden, The dynamics of meso-scale atmospheric circilations 263

26 ms ') one after the other from southwest to northeast. The first thunderstorm is dissipating and is
already very weak at the time of the second photograph. The very high travelling speed is typical of
these systems, which are similar in horizontal (spatial) scale to the sea breeze circulation. The similarity
in scale is however not apparent from the measurements at a particular station, as can be seen in fig.
2.10, which shows the pressure as a function of time for four stations in The Netherlands. The
thunderstorms are manifest in the pressure records as humps with a certain amplitude and period as if
they were solitary waves. The second thunderstorm is the most marked. Zierikzee (325) in the
southwest (see fig. 2.2) records a pressure rise of 6 hPa in 35 minutes, followed by a pressure fall of
9 hPa in the next 45 min. De Bilt (260) records a pressure fall of about 5hPa is less than 3 min. From
these pressure records one would of course conclude not that the thunderstorm is short-lived, but rather
that it travels fast. In fact, the thunderstorms formed during the night over the Bay of Biscay and
intensified strongly over France (see section 6.4). They had existed for at least 12h when they were
crossing The Netherlands.

We will return to this case in section 6.4. Here it serves to illustrate that we must make a distinction
between so-called Eulerian and Lagrangian time scales [Emanuel 1986a). The Eulerian time scale of a
system is the time scale we measure at a fixed point in space, i.e. the length of the humps in the
pressure records in fig. 2.10. This gives a time scale of about one hour for the individual thunderstorms
on 11 July, 1984. The Lagrangian time scale, on the other hand, is the time it takes an air parcel to
move once through the entire system, or, if we are dealing with wavelike oscillations, to cover one
wavelength. The second thunderstorm on July 11, 1984 extended in the vertical to a height of
approximately 14 km, whereas the horizontal extent was about 50 km (see fig. 2.11). A representative
particle velocity through the disturbance is about 15m/s. Such a particle would take less than 3 h to
travel through the disturbance.

ZIERIKZEE

DE BILT

LELYSTAD

EELDE

1z ur 14 UT

Fig. 2.10. Surface pressure as a function of time at four stations in The Netherlands along the path of the thunderstorms. See fig. 2.1 for the
location of the stations.
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direclion of
propagation

12000 m

100 km

Fig. 2.11. Schematic representation of the precipitition features in the thunderstorms derived from the radar equipment based at De Bilt (DB) on
Tuly 11, 1984, 12:32UT (black: relatively intense precipitation). The other stations indicated are Zienkzee {Z) (323 in fgure 2.1, Lelystad (L)
{268} and Eelde (E) (280}, The complex of thunderstorms is meving in o northeasterly dircetion. Also indicated are the maximum heights of the
cchos at several points, For more details on this case, see higs. 6.8 and 6.9,

Another time scale to consider is the total lifetime of a weather system. The sea breeze circulation
has a lifetime of about 12 h, after which it becomes a land breeze, or just dies out. The lifetime of a
typical fair-weather cumulus cloud is about 1h, whereas thunderstorms may persist for more than 24 h
and tropical cyclones may persist for more than a weck. In fact, one of the most persistent Atlantic
tropical cyclones on record is Ginger (5 September-5 October 1972) [Fendell 1974]. By dividing the
Lagrangian time scale by the total lifetime, we obtain a dimensionless time scale, 7, which gives an
impression of the coherence in time of the particular system. For an arbitrary eddy in the surface layer
of the atmosphere, T will be close to or less than unity. This implies that, after a time equal to the
Lagrangian time scale, the eddy has lost its identity. This is a characteristic of incoherence in time and
unpredictability, i.c. turbulence. In the case of the fair-weather cumulus cloud, T lics between 1 and 2.
For the thunderstorm and the sea breeze, T is of the order of 5. A tropical cyclone is one of the most
“time-coherent” meso-scale systems. Its Lagrangian time scale may be about 12 h (see sections 5.5 and
6.7), while its total lifetime is typically 5 to 10 days, which makes T ~ 10-20. It should be stressed that
T is not the only measure of coherence. As well as coherence in time, there can also be coherence in
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space. The coherent motion of billions of fluid molecules in a Idrge area, even if it is only for T~1, is
just as remarkable as the coherent motion of a few molecules in a small area for 7> 1.

3. Models, equations and approximations
3.1. Basic equations

In this section we will review the models, equations and approximations which are used and applied
when investigating meso-scale circulations theoretically. We will also get a first impression of the
mechanisms that are responsible for triggering these circulations.

The laws governing the dynamical and thermal behaviour of the atmosphere are comservation of
momentum, mass, and energy. These laws can be expressed mathematically as follows [e.g., Batchelor
1967, Holton 1979, Kundu 1990],

dv/dt=—aVp-gk-20 xv+Fr, (3.1)
dp/dt=-pV-v, (3.2)
d@=c¢,dT +pda. (3.3)

In these equations v is the air velocity, a the specific volume, p the pressure, g the acceleration due to
gravity, 2 the angular velocity of the earth, Fr the friction force per unit mass, p the density (= lla) T
the temperature, Q the diabatic heating per unit mass, c,, is the specific heat at constant volume and £ is
the unit vertical vector. Since there are four unknowns (v ,p, T, and p), we have to supplement the
above system of equations with one additional equation, namely the equation of state. We can assume
that air is an ideal gas. Therefore,

pa=RT, (3.4)

where R is the gas constant for dry air. It is almost impossible to solve the system of equations (3.1-3.4)
analytically, except perhaps in very simple special cases. The (approximate) solution, or integration in
time, of these equations by computer is possible, but difficult. Analysis of the linearized versions of
these equations indicates that the solution contains many kinds of waves, such as sound waves, gravity
waves and inertial waves [e.g., Pielke 1984]. Sound waves are of no meteorological significance, but are
nevertheless the cause of many of the difficulties in the numerical analysis of these equations. One can
make certain approximations to the equations which eliminate (filter out) sound waves from the
solution while leaving the interesting part of the solution unaffected. In the next section we will review
the various mathematical and physical approximations which are made in the theoretical investigation
of meso-scale atmospheric circulations,

3.2. Approximations

The Boussinesq approximation. A very popular approximation to the primitive equations (3.1-3.4)
is the so-called Boussinesq approximation. This approximation was originally made by Oberbeck [1879)
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and Boussinesq [1903] for a layer of incompressible fluid in the laboratory. By “incompressible” we
mean that the density is nof a function of pressure, in which case the temperature is the most important
property determining the density of air. Basically, the Boussinesq approximation states that variations in
density, resulting from temperature variations, are only taken into account in the vertical component of
the equation of motion. But, even in this cquation the density variations are only accounted for when
they appear in combination with the acceleration due to gravity. Equations (3.1) and (3.2) in the
Boussinesq approximation become [sce c.g., Chandrasekhar 1961, Turner 1973]

do/di = —(1/p,)Vp' +(T"/T,)gk 292 x v +Fr, (3.5)
Veo=0. (3.6)

In these equations the prime denotes a departure from a reference state (denoted by a subscript, zero)
and the subscript, m, refers to a mecan of this reference state over the total domain in question. Any
variable, F(x, y, z, {), can be written as,

Fx,y,z, )= F(2) + F'(x, y, 2, 1) . (3.7)

£, is defined as

Fu= 1 | Rz, (38)

where H is the total depth of the domain in question. The reference state is horizontally homogeneous
and in hydrostatic equilibrium (see section 3.3). In later sections we will investigate situations where the
reference state is also a function of a horizontal coordinate, i.e. Fy(x, z).

In cgs. (3.5) and (3.6), the z-dependence of the density in the reference state is neglected. This is
acceptable for a relatively thin layer of fluid in the laboratory where temperature variations between
upper and lower boundaries are usually less than 10 K. For variations in temperature of less than 10K
the density of a liquid varies by no more than 1% [Chandrasekhar 1961].

However, it is not possible to apply the so-called Boussinesq equations (3.5) and (3.6) to the
compressible atmosphere unless one carefully reconsiders the premises of the approximations. This was
done, among others, by Spiegel and Veronis [1960}, Ogura and Phillips [1962], and Dutton and Fichtl
[1969]. Broadly speaking, the conclusion of these studies was that the Boussinesq approximation for an
incompressible fluid is applicable to atmospheric motions which do not extend beyond a height of
approximately 1km. These motions are termed “shallow”. The flow associated with a fair-weather
cumulus cloud is an example of a shallow circulation. For the so-called deep motions, associated with,
for example, a thunderstorm, a slightly different set of equations is applicable. According to the scale
analysis given by Dutton [1976], eqs. (3.1) and (3.2) for deep motions become

dv/di = —(1/p,)Vp' +(T'IT,— p'Ip,)gk — 292 X v + Fr, (3.9)

V-(p,v)=0. (3.10)
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The main difference between these equations and those applicable to shallow circulations is that the
vertical gradient of the reference density is not neglected in the pressure-gradient terms and the
continuity equation. Also, the pressure perturbation is not neglected in the buoyancy term [the second
term on the right-hand side of eq. (3.9)].

Both forms of the continuity equation, (3.6) and (3.10), guarantee the absence of the meteorologi-
cally uninteresting sound waves [Ogura and Phillips 1962]. Due to this property, the term “anelastic” or
“sound-proof” is sometimes used to describe the system of equations (3.5, 3.6) or (3.9, 3.10).

Circulation. In order to appreciate the differences in the consequences for the flow between the
shallow and the deep approximation, it is worthwhile to look at the equation for the circulation
resulting from these approximations. Circulation is defined as,

c?ggn-ds, (3.11)

i.e. as the line integral about a closed contour of the component of the velocity which is locally tangent
to the contour (see fig. 3.1). An cquation for the change in the circulation around the area, A, for
shallow and for decp circulations can be deduced from the fact that

d; 35 e (3.12)

by applying Stokes theorem [e.g., Holton 1979], and substituting eq. (3.5) or (3.9). The resulting
circulation theorems for the shallow and the deep circulations, respectively, are (neglecting friction)

cil_fh”z‘”;(“x”)'ﬁdA+fjg(VBX§)-ridA, (3.130)
Vp, X Vp'
c:f f P X VP pda - sz (2 X v)- ndA+”g(VBxk) AdA, (3.13b)
pu
A A

where 1 is the unit vector normal to area A (see fig. 3.1) and the buoyancy, B, is defined as

closed contour

a4

<¢

Fig. 3.1, Definition of circulation (see text).
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B=T'IT, for shallow flow, (3.14a)
B=T'T,-p'ip,=a'la, for deep flow. (3.14b)

The last equality in (3.14b) is the Boussinesq approximation of the equation of statc (3.4).

Circulation can be generated by the Coriolis effect and by the so-called baroclinic effect. The latter
clfect has two components: onc associated with the coupling of horizontal pressure gradients and
vertical density gradients (which we will henceforth call the inertial effect of vertical variations in
density) and the other associated with the coupling of horizontal density (buoyancy) gradients and
vertical pressure gradients (which we will henceforth call the buoyancy effect). The former component is
apparently not present in the cquations for shallow flow. Only the equations applicable to deep
circulations allow for the generation of circulation in vertical planes due to the fact that isobars are
inclined to the horizontal.

The inertial effect is not present in the shallow approximation because the vertical variation of the
density has been neglected. It is rather surprising that this is considered possible by many workers, since
p decreases by about 10% in the lowest kilometer of a neutrally stratified atmosphere. Therefore, when
these equations are used to describe the large boundary layer eddies with vertical scales in the order of
I km, crrors as large as 10% may be expected.

The equations in terms of potential temperamre and Exner function. A slightly different approxi-
mation to the primitive equations (3.1-3.3), which does more justice to the compressibility of air (i.e.
the basic vertical variation of density), was proposed by Ogura and Phillips [1962]. 1nstead of using the
pressure, p, and the density, p, as variables in the equations, they used the so-called Exner function
le.g., Exner 1925), /I, and the potential temperature, #. The Exner function is defined as

H=c,(plp) (3.15)

where p, is a reference pressure and « is the ratio R/c, = (¢, — ¢,)/c,. The factor ¢, is sometimes
omitted in (3.15). The potential temperature is defined as,

0=T(p./p)=c,TH. (3.16)
From egs. (3.3) and (3.4) it can be deduced [e.g., Holton 1979] that

défde=(1/11YdQ/dr. (3.17)
Equation (3.1) becomes

dvidi =~V — gk — 202 x v+ Fr. (3.18)
If we split f7 and 4 into a part associated with a reference state and a perturbation, as specified by (3.7),
and assume that the reference state is in hydrostatic balance (see sect