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Summary day 1 + 2 + 3
Stochastic linear dynamical systems Deterministic nonlinear systems

dXt = ��Xtdt+ �dWt

Hasselmann, null-hypothesis (SST)

dx

dt
= �� x2

bifurcations, transitions, chaos

Interaction noise and multiple equilibria

F (t) = F̄ + �⇠(t)

Interaction noise and internal 

oscillations

dX =(�X � !Y �X(X2 + Y 2))dt+ �dW1

dY =(�Y + !X � Y (X2 + Y 2))dt+ �dW2

dy

dt
= F � y(1 + µ2(1� y)2)
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Important aspect: 
“determining 

causal relations”
 

Important aspect:  “tracing 
mechanisms through  the model 

hierarchy”

Towards understanding …



Weather ENSO

Figure provided by the International Research Institute (IRI) 
for Climate and Society (updated 18 August 2015).

What determines the skill of these forecasts? 

Stochastic DS Approach &  Predictability



Question time



Prediction problem: pendulum

x

y

ϕ

L

m

g

x

y

ϕ

L

m

heat

g

�(0) ;
d�

dt
(0)

<latexit sha1_base64="1xXxG9cEgAN+uTwIovWuGQJ/k1s=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1UxIRFNwU3bisYB/QhDKZTNqhk0mYuRFKqHs3/oobF4q49QPc+TdO2iy09cCFwznnMnOPnwiuwba/raXlldW19dJGeXNre2e3srff1nGqKGvRWMSq6xPNBJesBRwE6yaKkcgXrOOPrnO/c8+U5rG8g3HCvIgMJA85JWCkfqXqJkNes0/wA740g91QEZoFuTrJApjklknZdXsKvEicglRRgWa/8uUGMU0jJoEKonXPsRPwMqKAU8EmZTfVLCF0RAasZ6gkEdNeNj1mgo+NEuAwVmYk4Kn6eyMjkdbjyDfJiMBQz3u5+J/XSyG88DIukxSYpLOHwlRgiHHeDA64YhTE2BBCFTd/xXRITB1g+iubEpz5kxdJ+7TuGH57Vm1cFXWU0CE6QjXkoHPUQDeoiVqIokf0jF7Rm/VkvVjv1scsumQVOwfoD6zPH4HymWA=</latexit><latexit sha1_base64="1xXxG9cEgAN+uTwIovWuGQJ/k1s=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1UxIRFNwU3bisYB/QhDKZTNqhk0mYuRFKqHs3/oobF4q49QPc+TdO2iy09cCFwznnMnOPnwiuwba/raXlldW19dJGeXNre2e3srff1nGqKGvRWMSq6xPNBJesBRwE6yaKkcgXrOOPrnO/c8+U5rG8g3HCvIgMJA85JWCkfqXqJkNes0/wA740g91QEZoFuTrJApjklknZdXsKvEicglRRgWa/8uUGMU0jJoEKonXPsRPwMqKAU8EmZTfVLCF0RAasZ6gkEdNeNj1mgo+NEuAwVmYk4Kn6eyMjkdbjyDfJiMBQz3u5+J/XSyG88DIukxSYpLOHwlRgiHHeDA64YhTE2BBCFTd/xXRITB1g+iubEpz5kxdJ+7TuGH57Vm1cFXWU0CE6QjXkoHPUQDeoiVqIokf0jF7Rm/VkvVjv1scsumQVOwfoD6zPH4HymWA=</latexit><latexit sha1_base64="1xXxG9cEgAN+uTwIovWuGQJ/k1s=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1UxIRFNwU3bisYB/QhDKZTNqhk0mYuRFKqHs3/oobF4q49QPc+TdO2iy09cCFwznnMnOPnwiuwba/raXlldW19dJGeXNre2e3srff1nGqKGvRWMSq6xPNBJesBRwE6yaKkcgXrOOPrnO/c8+U5rG8g3HCvIgMJA85JWCkfqXqJkNes0/wA740g91QEZoFuTrJApjklknZdXsKvEicglRRgWa/8uUGMU0jJoEKonXPsRPwMqKAU8EmZTfVLCF0RAasZ6gkEdNeNj1mgo+NEuAwVmYk4Kn6eyMjkdbjyDfJiMBQz3u5+J/XSyG88DIukxSYpLOHwlRgiHHeDA64YhTE2BBCFTd/xXRITB1g+iubEpz5kxdJ+7TuGH57Vm1cFXWU0CE6QjXkoHPUQDeoiVqIokf0jF7Rm/VkvVjv1scsumQVOwfoD6zPH4HymWA=</latexit><latexit sha1_base64="1xXxG9cEgAN+uTwIovWuGQJ/k1s=">AAACDHicbVDLSsNAFJ34rPVVdelmsAh1UxIRFNwU3bisYB/QhDKZTNqhk0mYuRFKqHs3/oobF4q49QPc+TdO2iy09cCFwznnMnOPnwiuwba/raXlldW19dJGeXNre2e3srff1nGqKGvRWMSq6xPNBJesBRwE6yaKkcgXrOOPrnO/c8+U5rG8g3HCvIgMJA85JWCkfqXqJkNes0/wA740g91QEZoFuTrJApjklknZdXsKvEicglRRgWa/8uUGMU0jJoEKonXPsRPwMqKAU8EmZTfVLCF0RAasZ6gkEdNeNj1mgo+NEuAwVmYk4Kn6eyMjkdbjyDfJiMBQz3u5+J/XSyG88DIukxSYpLOHwlRgiHHeDA64YhTE2BBCFTd/xXRITB1g+iubEpz5kxdJ+7TuGH57Vm1cFXWU0CE6QjXkoHPUQDeoiVqIokf0jF7Rm/VkvVjv1scsumQVOwfoD6zPH4HymWA=</latexit>

vacuum air



Results:  pendulum
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Predictability study of the first kind: effect of 
initial condition uncertainty



Stochastic linear systems: mixing

time

dq1 =
p1
m1

dt

dp1 = �(k1q1 + �p1)dt+

r
2
�

�
dW1

lim
t!1

⇢(x, t) = ⇢1(x)

Equilibrium density 



x

y

ϕ
1

L
1

m
1

m
2

L
2

ϕ
2

g

0 20 40 60 80 100
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

co
s(

φ
1
)

time(s)

Double Pendulum

Deterministic  nonlinear systems: mixing



Formal solution

with (diffusion tensor) 

Conservation of Probabilities:

dx = F (x, t)dt+G(x, t)dW

@⇢

@t
= K⇢ = �

NX

i=1

@

@xi
(Fi⇢) +

1

2

NX

i=1

NX

j=1

@2

@xi@xj
(Dij⇢)

Dij =
NX

k=1

GikGjk

 deterministic (G = 0): Liouville equation 
stochastic: Fokker-Planck equation



a  = -1 
b = 1
c = 2

initial density

⇢(x, 0) = ⇢0(x)
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@⇢

@t
= �@((ax2 + bx+ c)⇢)

@x
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Example solution Liouville equation



Dynamical systems theory   

Steady --> Periodic --> Quasi-periodic --> … --> Irregular (Chaotic) … -> Turbulent
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Bifurcation theory (one control parameter)

€ 

dx
dt

= λ − x 2

Saddle-node

dx
dt

= λx − x3

λ

x

Pitchfork 

dx

dt
= �x� x2

Transcritical

stable

unstable
˙ x = λx − ωy − x(x2 + y2 )
˙ y = λy +ωx − y(x 2 + y2 )

λ

y

x

Hopf

periodic solutions



Poincare section & map

Poincare section

Fixed points of Poincare map: 

period: p

x� F(x, p) = 0
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xk+1 = F(xk, p)
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Stability of Periodic Orbits: I

Fixed point (periodic orbit) Linear stability

1

0

Quasi-periodic behavior

Additional  periodic orbitsPeriod doubling

AB

C

Example: 

xk+1 = F(xk)
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x̄ = F(x̄)
<latexit sha1_base64="7uwQ+i9L/D5/CgmavNS+D9UDnTk=">AAACD3icdZDLSsNAFIYnXmu9RV26GSxK3ZTEFrULoSiIywr2Ak0pk+mkHTqZhJmJWELewI2v4saFIm7duvNtnKQVrOgPAx//OYcz53dDRqWyrE9jbn5hcWk5t5JfXVvf2DS3tpsyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLSckcXab11S4SkAb9R45B0fTTg1KMYKW31zAPHRSKOHdeDd0kCz2CGl0lxxj/smQWrVE11DCdQrmqwKrZVLkO7ZGUqgKnqPfPD6Qc48glXmCEpO7YVqm6MhKKYkSTvRJKECI/QgHQ0cuQT2Y2zexK4r50+9AKhH1cwc39OxMiXcuy7utNHaih/11Lzr1onUt5pN6Y8jBTheLLIixhUAUzDgX0qCFZsrAFhQfVfIR4igbDSEeZ1CN+Xwv+heVSyNV9XCrXzaRw5sAv2QBHY4ATUwBWogwbA4B48gmfwYjwYT8ar8TZpnTOmMztgRsb7F46YnF8=</latexit><latexit sha1_base64="7uwQ+i9L/D5/CgmavNS+D9UDnTk=">AAACD3icdZDLSsNAFIYnXmu9RV26GSxK3ZTEFrULoSiIywr2Ak0pk+mkHTqZhJmJWELewI2v4saFIm7duvNtnKQVrOgPAx//OYcz53dDRqWyrE9jbn5hcWk5t5JfXVvf2DS3tpsyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLSckcXab11S4SkAb9R45B0fTTg1KMYKW31zAPHRSKOHdeDd0kCz2CGl0lxxj/smQWrVE11DCdQrmqwKrZVLkO7ZGUqgKnqPfPD6Qc48glXmCEpO7YVqm6MhKKYkSTvRJKECI/QgHQ0cuQT2Y2zexK4r50+9AKhH1cwc39OxMiXcuy7utNHaih/11Lzr1onUt5pN6Y8jBTheLLIixhUAUzDgX0qCFZsrAFhQfVfIR4igbDSEeZ1CN+Xwv+heVSyNV9XCrXzaRw5sAv2QBHY4ATUwBWogwbA4B48gmfwYjwYT8ar8TZpnTOmMztgRsb7F46YnF8=</latexit><latexit sha1_base64="7uwQ+i9L/D5/CgmavNS+D9UDnTk=">AAACD3icdZDLSsNAFIYnXmu9RV26GSxK3ZTEFrULoSiIywr2Ak0pk+mkHTqZhJmJWELewI2v4saFIm7duvNtnKQVrOgPAx//OYcz53dDRqWyrE9jbn5hcWk5t5JfXVvf2DS3tpsyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLSckcXab11S4SkAb9R45B0fTTg1KMYKW31zAPHRSKOHdeDd0kCz2CGl0lxxj/smQWrVE11DCdQrmqwKrZVLkO7ZGUqgKnqPfPD6Qc48glXmCEpO7YVqm6MhKKYkSTvRJKECI/QgHQ0cuQT2Y2zexK4r50+9AKhH1cwc39OxMiXcuy7utNHaih/11Lzr1onUt5pN6Y8jBTheLLIixhUAUzDgX0qCFZsrAFhQfVfIR4igbDSEeZ1CN+Xwv+heVSyNV9XCrXzaRw5sAv2QBHY4ATUwBWogwbA4B48gmfwYjwYT8ar8TZpnTOmMztgRsb7F46YnF8=</latexit><latexit sha1_base64="7uwQ+i9L/D5/CgmavNS+D9UDnTk=">AAACD3icdZDLSsNAFIYnXmu9RV26GSxK3ZTEFrULoSiIywr2Ak0pk+mkHTqZhJmJWELewI2v4saFIm7duvNtnKQVrOgPAx//OYcz53dDRqWyrE9jbn5hcWk5t5JfXVvf2DS3tpsyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLSckcXab11S4SkAb9R45B0fTTg1KMYKW31zAPHRSKOHdeDd0kCz2CGl0lxxj/smQWrVE11DCdQrmqwKrZVLkO7ZGUqgKnqPfPD6Qc48glXmCEpO7YVqm6MhKKYkSTvRJKECI/QgHQ0cuQT2Y2zexK4r50+9AKhH1cwc39OxMiXcuy7utNHaih/11Lzr1onUt5pN6Y8jBTheLLIixhUAUzDgX0qCFZsrAFhQfVfIR4igbDSEeZ1CN+Xwv+heVSyNV9XCrXzaRw5sAv2QBHY4ATUwBWogwbA4B48gmfwYjwYT8ar8TZpnTOmMztgRsb7F46YnF8=</latexit>



Stability of Periodic Orbits: II

A Cyclic Fold Cyclic Pitchfork BPeriod Doubling

C

Naimark-Sacker (Torus)



Idealized atmospheric flow

The Lorenz system 

Lorenz model

r:  vertical temperature difference

Edward Lorenz (1917-2008) s = 10, b = 10/3, r: control parameter  

http://www.cmp.caltech.edu/~mcc/Chaos_Course/Lesson1/Demo1.html


Bifurcation diagram 

r = 21 r = 24.1

r



Behavior  of x(t) 

Chaotic behavior: sensitivity to initial conditions 
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http://www.cmp.caltech.edu/~mcc/Chaos_Course/Lesson1/Demo8.html


Lorenz attractor
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Routes to Chaotic behavior
1. Three-frequency route


2. Period-doubling route


3. Quasi-periodicity route


4. Global bifurcations

   (e.g. Homoclinic/Heteroclinic) 

   connections


5. Intermittency


6.  other (e.g. crisis)



Global bifurcations: homoclinic orbits

2D

3D

Lorenz Shilnikov

Unstable Manifold Stable Manifold

Ex: 



Horseshoes

Cantor - set



Spread of trajectories: Lorenz



Examples of finite-time  
error growth on the  

Lorenz attractor for three  
probabilistic predictions  

starting from different points on 
 the attractor. 

Error growth in the Lorenz model



Lyapunov exponent 

0.9056, 0, -14.5723Lorenz equations: 

� > 0 ! chaotic motion

d(t) = x0(t)� x(t)

�i = lim
t!1

1

t
ln | di(t)

di(0)
|



Question time



Atmospheric flow



Numerical Weather Prediction Model

Grid: N x M x L 

# Observables (temperature, 
humidity, velocities, etc.): k 

Dimension phase space:  d = k x N x M x L 

Typically: d = 105 � 109

State of the art: 10 km horizontal resolution



Origin of the ‘plume’ in weather forecasts

Numerical weather prediction models:  
many  Lyapunov exponents > 0 

Daily mean temperature January 1940 in `grid box’ the Netherlands



Weather prediction

Lorenz (1969): 
… one flap of a sea-gull’s wing may forever change the 

future course of the weather



Ensemble forecasting

Forecast time

Te
m

pe
ra

tu
re

How to choose the initial conditions of the ensemble members 
(the initial PDF)? 

Initial condition Forecast



Optimal modes 

tangent linear model

singular values/vectors ->  most expanding directions

LTLvi = �vi
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Flow dependence of forecast errors

If the forecasts are coherent (small spread) the atmosphere is in a more 
predictable state than if the forecasts diverge (large spread)

aa
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Processes limiting predictability: 
formation of High and Low pressure systems 

and their interaction

Positive Feedback - > Instability of the Jet Stream 



Predictability limits

Statistics of ensemble mean forecast error (r.m.s.e.; solid 
line) and ensemble spread (dotted line) in Northern 

Hemisphere systems

Predictability horizon



Data based methods: Machine Learning



Supervised Learning: regression



40

v(t) 2 RN
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d

Reservoir Computing

Pathak et al.,  Chaos, (2017, 2018)



Results for the Lorenz’63 model
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Summary: Numerical Weather Prediction 

Chaotic behavior  plays a very different role in uncertainties of
 weather and climate forecasting

Future weather forecasts:
- relevant processes are instabilities of the large-scale atmospheric 

circulation with typical time scales of up to 5 days

- limited prediction skill beyond 10 days

- Reservoir Computing methods are promising  to extend this horizon

Sensitivity to initial conditions; Lyapunov exponent

Ensemble forecasting using Singular Vectors  



Question time



Aspects of ENSO predictability

Internal (possibly chaotic) variability 
Memory: ocean adjustment  

Strong atmospheric high frequency variability

`External’ variation of the background climate 
Effects of Indian Ocean & Atlantic Ocean 

Tropical - Extratropical interactions in the Pacific



Procedure 

Figure provided by the International Research Institute (IRI) for Climate and Society (updated 18 August 
2015).

Example: observations up to July  
lead 0: forecast for ASO

different models
target season

NINO3.4



Spring Predictability Barrier, models
Nov-Jan forecast



ENSO forecast skill 2002-2011

Barnston et al. 
(2012)
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Machine Learning: Artificial  Neural  
Networks (ANNs)


Input:  Attributes/Features



Example ANN  with simple 
cost function

J(w) =
1

2
((y1 � o1)

2 + (y2 � o2)
2)
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Cost function: 



Solution: back propagation

Training problem 

minw J(w)
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Solve:

wk+1 = wk +�wk+1
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�wk+1 = �⌘rJ(wk)
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Method: Gradient Descent 



Approach: model selection



Hybrid Prediction Model 
• ARIMA(p,d,q) (standard taken p = 12, d = 1, q = 1) 

• Artificial Neural Network (ANN) applied to residual  
(2 x 1 x 1: three layers with 2, 1 and 1 neuron)

Error measure:

Nooteboom et al.  ESD (2018)



AttributesWarm Water 
Volume
(WWV)

Evolving Complex 
Network measures 

(SSH, c2)

cs =
sns

N
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Wind-stress noise 
(PC2)



Results



Prediction hybrid model



Question time



Summary:  ENSO Prediction 

The predictability of El Nino is limited by a Spring 
Predictability Barrier where growth of model errors is 
largest. Skill at 6 months lead time is only about 0.5. 

 

Deep Learning (Artificial Neural Networks) is a powerful 
method for skillful ENSO forecasting (with many pitfalls) 

beyond the Spring Predictability Barrier 


Main problem: insufficient data


