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Summary day 1 + 2 + 3 + 4 

Stochastic linear dynamical systems

dXt = ��Xtdt+ �dWt

Hasselmann, null-hypothesis (SST)

Interaction noise and multiple equilibria

F (t) = F̄ + �⇠(t)

Interaction noise and internal 

oscillations

dX =(�X � !Y �X(X2 + Y 2))dt+ �dW1

dY =(�Y + !X � Y (X2 + Y 2))dt+ �dW2

dy

dt
= F � y(1 + µ2(1� y)2)
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 Weather & ENSO Prediction

(Chaos + noise) 



Natural Climate Variability 



From 1870 to 2014, cumulative carbon emissions totaled about 545 GtC.  Emissions 
were  partitioned among the atmosphere (approx. 230 GtC or 42%), ocean (approx. 
155 GtC or  28%) and the land (approx. 160 GtC or 29%).

Anthropogenic Climate Change 



A year of CO and CO2 emissions 



Changes in the global carbon cycle

IPCC, 2013

About 45% increase since 
preindustrial times (280 ppmv)

Ocean acidification: the 
other CO2 problem 



CERES net downward radiation (W/m^2)

Earth’s energy (im)balance 



Climate Change: observations

IPCC, 2013



Question time



How warm is it going to be in 2100? 

Are the changes going to be ‘smooth’ or 
‘bumpy’? 

When is it too late to act to prevent dangerous 
climate change? 

Main questions
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Future climate change as a predictability problem



Future Climate Change: 
Representative concentration pathways

IPCC, Chapter 11, 2013



Climate projections

~ 20 modeling groups
~ 50 different models 

Ensemble of realizations 

Typical horizontal resolution:
ocean, sea-ice: 0.5-1 degree
atmosphere, land: 1-2 degree

GCM (Global Climate Model) CMIP



Results: Typical projection (CMIP5)



Question time
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Projection uncertainties



Climate Sensitivity    

Equilibrium (or Charney) climate sensitivity  S: 
Equilibrium increase in GMST due to a  doubling of CO2
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S = 0.4-1.2 K/(Wm-2) 
or 1.5 - 4.5ºC for doubling CO2
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Chapter 12 Long-term Climate Change: Projections, Commitments and Irreversibility
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Box 12.2 |  Equilibrium Climate Sensitivity and Transient Climate Response

Equilibrium climate sensitivity (ECS) and transient climate response (TCR) are useful metrics summarizing the global climate system’s 
temperature response to an externally imposed radiative forcing (RF). ECS is defined as the equilibrium change in annual mean global 
surface temperature following a doubling of the atmospheric CO2 concentration (see Glossary), while TCR is defined as the annual 
mean global surface temperature change at the time of CO2 doubling following a linear increase in CO2 forcing over a period of 70 years 
(see Glossary). Both metrics have a broader application than these definitions imply: ECS determines the eventual warming in response 
to stabilization of atmospheric composition on multi-century time scales, while TCR determines the warming expected at a given time 
following any steady increase in forcing over a 50- to 100-year time scale.

ECS and TCR can be estimated from various lines of evidence. The estimates can be based on the values of ECS and TCR diagnosed 
from climate models (Section 9.7.1; Table 9.5), or they can be constrained by analysis of feedbacks in climate models (see Section 
9.7.2), patterns of mean climate and variability in models compared to observations (Section 9.7.3.3), temperature fluctuations as 
reconstructed from paleoclimate archives (Sections 5.3.1 and 5.3.3.2; Box 5.1), observed and modelled short-term perturbations of the 
energy balance like those caused by volcanic eruptions (Section 10.8), and the observed surface and ocean temperature trends since 
pre-industrial (see Sections 10.8.1 and 10.8.2; Figure 10.20). For many applications, the limitations of the forcing-feedback analysis 
framework and the dependence of feedbacks on time scales and the climate state (see Section 12.5.3) must be kept in mind. Some 
studies estimate the TCR as the ratio of global mean temperature change to RF (Section 10.8.2.2) (Gregory and Forster, 2008; Padilla 
et al., 2011; Schwartz, 2012). Those estimates are scaled by the RF of 2 × CO2 (3.7 W m–2; Myhre et al., 1998) to be comparable to TCR 
in the following discussion. 

Newer studies of constraints based on the observed warming since 
pre-industrial, analysed using simple and intermediate complexity 
models, improved statistical methods, and several different and 
newer data sets, are assessed in detail in Section 10.8.2. Together 
with results from feedback analysis and paleoclimate constraints 
(Sections 5.3.1 and 5.3.3.2; Box 5.1), but without considering the 
CMIP based evidence, these studies show ECS is likely between 
1.5°C to 4.5°C (medium confidence) and extremely unlikely less 
than 1.0°C (see Section 10.8.2). A few studies argued for very 
low values of climate sensitivity, but many of them have received 
criticism in the literature (see Section 10.8.2). Estimates based 
on AOGCMs and feedback analysis indicate a range of 2°C to 
4.5°C, with the CMIP5 model mean at 3.2°C, similar to CMIP3. 
A summary of published ranges and PDFs of ECS is given in Box 
12.2, Figure 1. Distributions and ranges for the TCR are shown in 
Box 12.2, Figure 2. 

Simultaneously imposing different constraints from the observed 
warming trends, volcanic eruptions, model climatology, and pale-
oclimate, for example, by using a distribution obtained from the 
Last Glacial Maximum as a prior for the 20th century analysis, 
yields a more narrow range for climate sensitivity (see Figure 
10.20; Section 10.8.2.5) (e.g., Annan and Hargreaves, 2006, 
2011b; Hegerl et al., 2006; Aldrin et al., 2012). However, such 
methods are sensitive to assumptions of independence of the var-
ious lines of evidence, which might have shared biases (Lemoine, 
2010), and the assumption that each individual line of evidence 
is unbiased and its uncertainties are captured completely. Expert 
elicitations for PDFs of climate sensitivity exist (Morgan and 
Keith, 1995; Zickfeld et al., 2010), but have also received some 
criticism (Millner et al., 2013). They are not used formally here 
because the experts base their opinion on the same studies as we 
assess. The peer-reviewed literature provides no consensus on a 

Box 12.2, Figure 1 |  Probability density functions, distributions and ranges 
for equilibrium climate sensitivity, based on Figure 10.20b plus climatological 
constraints shown in IPCC AR4 (Meehl et al., 2007b; Box 10.2, Figure 1), and 
results from CMIP5 (Table 9.5). The grey shaded range marks the likely 1.5°C to 
4.5°C range, and the grey solid line the extremely unlikely less than 1°C, the grey 
dashed line the very unlikely greater than 6°C. See Figure 10.20b and Chapter 10 
Supplementary Material for full caption and details. Labels refer to studies since 
AR4. Full references are given in Section 10.8.
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(continued on next page)

Chapter 12 of IPCC-AR5 (2013)

Equilibrium climate sensitivity    



Theory on climate sensitivity

Data: Koehler et al. (2010)

Proxy data example: glacial cycles    

Result:  S  ~  2 - 2.5  K/(W/m2)

Was climate much more sensitive than today or is this just a  
different type of sensitivity? 



Feedbacks on different time scales

only fast feedbacks
Charney sensitivity:

�P = � 1

S0
Wm�2K�1

fast slow



=

How to determine Charney climate sensitivity from 
proxy data?     

More general: 

Charney
sensitivity 

Earth system 
sensitivity

SI: sea ice 
L: land ice



Theory on climate sensitivity
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Palaeosense (Rohling et al.) (2012)

LI: land ice 
AE: aerosol 
VG: vegetation

slow feedback 
correction



How warm is it going to be in 2100? 
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Tipping elements   

Steffen et al. (2018)



Non-autonomous fast-slow dynamical systems    

y: parameter vector (e.g. forcing)

x: state vector 

critical manifold
✏ = 0 :

<latexit sha1_base64="EcpyEZWHyGtP2c022BfyzBpJhy0=">AAAB+HicbZBNS8NAEIYnftb60apHL4tF8FQSERRBKHrxWMF+QBvKZjtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1hYWHd2aY2TdIBNfGdb+dldW19Y3NwlZxe2d3r1TeP2jqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7rbceUWkeywczTtCP6EDykDNqrNUrl7qYaC5iSa6JS65Ir1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY1HSCLWfzQ6fkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5ojAVxMRkmgLpc4XMiLEFyhS3txI2pIoyY7Mq2hC8xS8vQ/Os6lm+P6/UbvI4CnAEx3AKHlxADe6gDg1gkMIzvMKb8+S8OO/Ox7x1xclnDuGPnM8foW6Rvg==</latexit><latexit sha1_base64="EcpyEZWHyGtP2c022BfyzBpJhy0=">AAAB+HicbZBNS8NAEIYnftb60apHL4tF8FQSERRBKHrxWMF+QBvKZjtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1hYWHd2aY2TdIBNfGdb+dldW19Y3NwlZxe2d3r1TeP2jqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7rbceUWkeywczTtCP6EDykDNqrNUrl7qYaC5iSa6JS65Ir1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY1HSCLWfzQ6fkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5ojAVxMRkmgLpc4XMiLEFyhS3txI2pIoyY7Mq2hC8xS8vQ/Os6lm+P6/UbvI4CnAEx3AKHlxADe6gDg1gkMIzvMKb8+S8OO/Ox7x1xclnDuGPnM8foW6Rvg==</latexit><latexit sha1_base64="EcpyEZWHyGtP2c022BfyzBpJhy0=">AAAB+HicbZBNS8NAEIYnftb60apHL4tF8FQSERRBKHrxWMF+QBvKZjtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1hYWHd2aY2TdIBNfGdb+dldW19Y3NwlZxe2d3r1TeP2jqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7rbceUWkeywczTtCP6EDykDNqrNUrl7qYaC5iSa6JS65Ir1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY1HSCLWfzQ6fkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5ojAVxMRkmgLpc4XMiLEFyhS3txI2pIoyY7Mq2hC8xS8vQ/Os6lm+P6/UbvI4CnAEx3AKHlxADe6gDg1gkMIzvMKb8+S8OO/Ox7x1xclnDuGPnM8foW6Rvg==</latexit><latexit sha1_base64="EcpyEZWHyGtP2c022BfyzBpJhy0=">AAAB+HicbZBNS8NAEIYnftb60apHL4tF8FQSERRBKHrxWMF+QBvKZjtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1hYWHd2aY2TdIBNfGdb+dldW19Y3NwlZxe2d3r1TeP2jqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7rbceUWkeywczTtCP6EDykDNqrNUrl7qYaC5iSa6JS65Ir1xxq+5MZBm8HCqQq94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY1HSCLWfzQ6fkBPr9EkYK/ukITP390RGI63HUWA7I2qGerE2Nf+rdVITXvoZl0lqULL5ojAVxMRkmgLpc4XMiLEFyhS3txI2pIoyY7Mq2hC8xS8vQ/Os6lm+P6/UbvI4CnAEx3AKHlxADe6gDg1gkMIzvMKb8+S8OO/Ox7x1xclnDuGPnM8foW6Rvg==</latexit> {
<latexit sha1_base64="4MVA5aozFueOTpMLzd+iqnIMDWo=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OLBQwVbi00om+2kXbrZhN2NUEL/hRcPinj133jz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/6Ctk0wxbLFEJKoTUo2CS2wZbgR2UoU0DgU+hKPraf3hCZXmibw34xSDmA4kjzijxlqP/i1VA8z9fNKr1ty6OxNZBq+AGhRq9qpffj9hWYzSMEG17npuaoKcKsOZwEnFzzSmlI3oALsWJY1RB/ls4wk5sU6fRImyTxoyc39P5DTWehyHtjOmZqgXa1Pzv1o3M9FlkHOZZgYlm38UZYKYhEzPJ32ukBkxtkCZ4nZXwoZUUWZsSBUbgrd48jK0z+qe5bvzWuOqiKMMR3AMp+DBBTTgBprQAgYSnuEV3hztvDjvzse8teQUM4fwR87nD7+SkPQ=</latexit><latexit sha1_base64="4MVA5aozFueOTpMLzd+iqnIMDWo=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OLBQwVbi00om+2kXbrZhN2NUEL/hRcPinj133jz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/6Ctk0wxbLFEJKoTUo2CS2wZbgR2UoU0DgU+hKPraf3hCZXmibw34xSDmA4kjzijxlqP/i1VA8z9fNKr1ty6OxNZBq+AGhRq9qpffj9hWYzSMEG17npuaoKcKsOZwEnFzzSmlI3oALsWJY1RB/ls4wk5sU6fRImyTxoyc39P5DTWehyHtjOmZqgXa1Pzv1o3M9FlkHOZZgYlm38UZYKYhEzPJ32ukBkxtkCZ4nZXwoZUUWZsSBUbgrd48jK0z+qe5bvzWuOqiKMMR3AMp+DBBTTgBprQAgYSnuEV3hztvDjvzse8teQUM4fwR87nD7+SkPQ=</latexit><latexit sha1_base64="4MVA5aozFueOTpMLzd+iqnIMDWo=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OLBQwVbi00om+2kXbrZhN2NUEL/hRcPinj133jz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/6Ctk0wxbLFEJKoTUo2CS2wZbgR2UoU0DgU+hKPraf3hCZXmibw34xSDmA4kjzijxlqP/i1VA8z9fNKr1ty6OxNZBq+AGhRq9qpffj9hWYzSMEG17npuaoKcKsOZwEnFzzSmlI3oALsWJY1RB/ls4wk5sU6fRImyTxoyc39P5DTWehyHtjOmZqgXa1Pzv1o3M9FlkHOZZgYlm38UZYKYhEzPJ32ukBkxtkCZ4nZXwoZUUWZsSBUbgrd48jK0z+qe5bvzWuOqiKMMR3AMp+DBBTTgBprQAgYSnuEV3hztvDjvzse8teQUM4fwR87nD7+SkPQ=</latexit><latexit sha1_base64="4MVA5aozFueOTpMLzd+iqnIMDWo=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OLBQwVbi00om+2kXbrZhN2NUEL/hRcPinj133jz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/6Ctk0wxbLFEJKoTUo2CS2wZbgR2UoU0DgU+hKPraf3hCZXmibw34xSDmA4kjzijxlqP/i1VA8z9fNKr1ty6OxNZBq+AGhRq9qpffj9hWYzSMEG17npuaoKcKsOZwEnFzzSmlI3oALsWJY1RB/ls4wk5sU6fRImyTxoyc39P5DTWehyHtjOmZqgXa1Pzv1o3M9FlkHOZZgYlm38UZYKYhEzPJ32ukBkxtkCZ4nZXwoZUUWZsSBUbgrd48jK0z+qe5bvzWuOqiKMMR3AMp+DBBTTgBprQAgYSnuEV3hztvDjvzse8teQUM4fwR87nD7+SkPQ=</latexit>



Fast-slow saddle-node bifurcation   



Variance in fast-slow systems  

✏ = 0
<latexit sha1_base64="mFLG11VWNeq8rL1+IEAb60QECL8=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRim5cVrAX6Awlk55pQzNJSDJCGfoablwo4taXcefbmLaz0NYfAh//OYdz8seKM2N9/9srra1vbG6Vtys7u3v7B9XDo7aRmabQopJL3Y2JAc4EtCyzHLpKA0ljDp14fDerd55AGybFo50oiFIyFCxhlFhnhSEow7gU+Ab7/WrNr/tz4VUICqihQs1+9SscSJqlICzlxJhe4Csb5URbRjlMK2FmQBE6JkPoORQkBRPl85un+Mw5A5xI7Z6weO7+nshJaswkjV1nSuzILNdm5n+1XmaT6yhnQmUWBF0sSjKOrcSzAPCAaaCWTxwQqpm7FdMR0YRaF1PFhRAsf3kV2hf1wPHDZa1xW8RRRifoFJ2jAF2hBrpHTdRCFCn0jF7Rm5d5L96797FoLXnFzDH6I+/zB/U8kPU=</latexit><latexit sha1_base64="mFLG11VWNeq8rL1+IEAb60QECL8=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRim5cVrAX6Awlk55pQzNJSDJCGfoablwo4taXcefbmLaz0NYfAh//OYdz8seKM2N9/9srra1vbG6Vtys7u3v7B9XDo7aRmabQopJL3Y2JAc4EtCyzHLpKA0ljDp14fDerd55AGybFo50oiFIyFCxhlFhnhSEow7gU+Ab7/WrNr/tz4VUICqihQs1+9SscSJqlICzlxJhe4Csb5URbRjlMK2FmQBE6JkPoORQkBRPl85un+Mw5A5xI7Z6weO7+nshJaswkjV1nSuzILNdm5n+1XmaT6yhnQmUWBF0sSjKOrcSzAPCAaaCWTxwQqpm7FdMR0YRaF1PFhRAsf3kV2hf1wPHDZa1xW8RRRifoFJ2jAF2hBrpHTdRCFCn0jF7Rm5d5L96797FoLXnFzDH6I+/zB/U8kPU=</latexit><latexit sha1_base64="mFLG11VWNeq8rL1+IEAb60QECL8=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRim5cVrAX6Awlk55pQzNJSDJCGfoablwo4taXcefbmLaz0NYfAh//OYdz8seKM2N9/9srra1vbG6Vtys7u3v7B9XDo7aRmabQopJL3Y2JAc4EtCyzHLpKA0ljDp14fDerd55AGybFo50oiFIyFCxhlFhnhSEow7gU+Ab7/WrNr/tz4VUICqihQs1+9SscSJqlICzlxJhe4Csb5URbRjlMK2FmQBE6JkPoORQkBRPl85un+Mw5A5xI7Z6weO7+nshJaswkjV1nSuzILNdm5n+1XmaT6yhnQmUWBF0sSjKOrcSzAPCAaaCWTxwQqpm7FdMR0YRaF1PFhRAsf3kV2hf1wPHDZa1xW8RRRifoFJ2jAF2hBrpHTdRCFCn0jF7Rm5d5L96797FoLXnFzDH6I+/zB/U8kPU=</latexit><latexit sha1_base64="mFLG11VWNeq8rL1+IEAb60QECL8=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRim5cVrAX6Awlk55pQzNJSDJCGfoablwo4taXcefbmLaz0NYfAh//OYdz8seKM2N9/9srra1vbG6Vtys7u3v7B9XDo7aRmabQopJL3Y2JAc4EtCyzHLpKA0ljDp14fDerd55AGybFo50oiFIyFCxhlFhnhSEow7gU+Ab7/WrNr/tz4VUICqihQs1+9SscSJqlICzlxJhe4Csb5URbRjlMK2FmQBE6JkPoORQkBRPl85un+Mw5A5xI7Z6weO7+nshJaswkjV1nSuzILNdm5n+1XmaT6yhnQmUWBF0sSjKOrcSzAPCAaaCWTxwQqpm7FdMR0YRaF1PFhRAsf3kV2hf1wPHDZa1xW8RRRifoFJ2jAF2hBrpHTdRCFCn0jF7Rm5d5L96797FoLXnFzDH6I+/zB/U8kPU=</latexit>

Variance increases when approaching critical conditions!
Kuehn (2011)



Early Warning Indicators  

Lenton (2011)

Tipping element: MOC



Detected transitions in CMIP5 

Drijfhout  et al. (2015)



Rate-dependent tipping: beyond fast-slow

Bonciolino et al.  (2018)



Question time



How warm is it going to be in 2100? 

Are the changes going to be ‘smooth’ or 
‘bumpy’? 

When is it too late to act to prevent dangerous 
climate change? 

Main questions?



Dangerous Anthropogenic Interference

IPCC (2013)



How to avoid dangerous climate change?

- Determining efficiently what happens under 
different emission scenario’s

- Evaluate effects of policy decisions affecting 
emissions

Need reduced model capturing warming behavior 
for different actions



Linear Response Theory    

dXt = (f(Xt) + fe(Xt, t))dt+ �dWt
<latexit sha1_base64="2pogHTzaf3BmGihTjWbFXnH/6P0=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCi1ISEXQjFN24rGAv0IYwmUzaoZMLMydCCX0NN76KGxeKuNSVb+OkzUJbfxj45j/nMHN+LxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcb3eT1zgOTisfRPYwT5oRkEPGAUwLack3L77qAr3A1qGqo4RMcuBmb5JdTqNWwD9rqKz4ICfY7utU1K1bdmgovgl1ABRVquuZn349pGrIIqCBK9WwrAScjEjgVbFLup4olhI7IgPU0RiRkysmmm03wsXZ8HMRSnwjw1P09kZFQqXHo6c6QwFDN13Lzv1ovheDSyXiUpMAiOnsoSAWGGOcxYZ9LRkGMNRAquf4rpkMiCQUdZlmHYM+vvAjts7qt+e680rgu4iihQ3SEqshGF6iBblETtRBFj+gZvaI348l4Md6Nj1nrklHMHKA/Mr5+AM1onRE=</latexit><latexit sha1_base64="2pogHTzaf3BmGihTjWbFXnH/6P0=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCi1ISEXQjFN24rGAv0IYwmUzaoZMLMydCCX0NN76KGxeKuNSVb+OkzUJbfxj45j/nMHN+LxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcb3eT1zgOTisfRPYwT5oRkEPGAUwLack3L77qAr3A1qGqo4RMcuBmb5JdTqNWwD9rqKz4ICfY7utU1K1bdmgovgl1ABRVquuZn349pGrIIqCBK9WwrAScjEjgVbFLup4olhI7IgPU0RiRkysmmm03wsXZ8HMRSnwjw1P09kZFQqXHo6c6QwFDN13Lzv1ovheDSyXiUpMAiOnsoSAWGGOcxYZ9LRkGMNRAquf4rpkMiCQUdZlmHYM+vvAjts7qt+e680rgu4iihQ3SEqshGF6iBblETtRBFj+gZvaI348l4Md6Nj1nrklHMHKA/Mr5+AM1onRE=</latexit><latexit sha1_base64="2pogHTzaf3BmGihTjWbFXnH/6P0=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCi1ISEXQjFN24rGAv0IYwmUzaoZMLMydCCX0NN76KGxeKuNSVb+OkzUJbfxj45j/nMHN+LxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcb3eT1zgOTisfRPYwT5oRkEPGAUwLack3L77qAr3A1qGqo4RMcuBmb5JdTqNWwD9rqKz4ICfY7utU1K1bdmgovgl1ABRVquuZn349pGrIIqCBK9WwrAScjEjgVbFLup4olhI7IgPU0RiRkysmmm03wsXZ8HMRSnwjw1P09kZFQqXHo6c6QwFDN13Lzv1ovheDSyXiUpMAiOnsoSAWGGOcxYZ9LRkGMNRAquf4rpkMiCQUdZlmHYM+vvAjts7qt+e680rgu4iihQ3SEqshGF6iBblETtRBFj+gZvaI348l4Md6Nj1nrklHMHKA/Mr5+AM1onRE=</latexit><latexit sha1_base64="2pogHTzaf3BmGihTjWbFXnH/6P0=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCi1ISEXQjFN24rGAv0IYwmUzaoZMLMydCCX0NN76KGxeKuNSVb+OkzUJbfxj45j/nMHN+LxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcb3eT1zgOTisfRPYwT5oRkEPGAUwLack3L77qAr3A1qGqo4RMcuBmb5JdTqNWwD9rqKz4ICfY7utU1K1bdmgovgl1ABRVquuZn349pGrIIqCBK9WwrAScjEjgVbFLup4olhI7IgPU0RiRkysmmm03wsXZ8HMRSnwjw1P09kZFQqXHo6c6QwFDN13Lzv1ovheDSyXiUpMAiOnsoSAWGGOcxYZ9LRkGMNRAquf4rpkMiCQUdZlmHYM+vvAjts7qt+e680rgu4iihQ3SEqshGF6iBblETtRBFj+gZvaI348l4Md6Nj1nrklHMHKA/Mr5+AM1onRE=</latexit>

fe(Xt, t) = 0
<latexit sha1_base64="ngNhbyoEWz5fKNljn505iYXWb+E=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiVJCSiKAboejGZQV7gTaEyXTSDp1MwsyJUmIfxY0LRdz6JO58G6dtFtr6w8DHf87hnPmDRHANjvNtFVZW19Y3ipulre2d3T27vN/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxupvX2A1Oax/IexgnzIjKQPOSUgLF8uxz6GZtUOz6cwgm+wg727YpTc2bCy+DmUEG5Gr791evHNI2YBCqI1l3XScDLiAJOBZuUeqlmCaEjMmBdg5JETHvZ7PQJPjZOH4exMk8Cnrm/JzISaT2OAtMZERjqxdrU/K/WTSG89DIukxSYpPNFYSowxHiaA+5zxSiIsQFCFTe3YjokilAwaZVMCO7il5ehdVZzDd+dV+rXeRxFdIiOUBW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79TFvLVj5zAH6I+vzB8znkmA=</latexit><latexit sha1_base64="ngNhbyoEWz5fKNljn505iYXWb+E=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiVJCSiKAboejGZQV7gTaEyXTSDp1MwsyJUmIfxY0LRdz6JO58G6dtFtr6w8DHf87hnPmDRHANjvNtFVZW19Y3ipulre2d3T27vN/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxupvX2A1Oax/IexgnzIjKQPOSUgLF8uxz6GZtUOz6cwgm+wg727YpTc2bCy+DmUEG5Gr791evHNI2YBCqI1l3XScDLiAJOBZuUeqlmCaEjMmBdg5JETHvZ7PQJPjZOH4exMk8Cnrm/JzISaT2OAtMZERjqxdrU/K/WTSG89DIukxSYpPNFYSowxHiaA+5zxSiIsQFCFTe3YjokilAwaZVMCO7il5ehdVZzDd+dV+rXeRxFdIiOUBW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79TFvLVj5zAH6I+vzB8znkmA=</latexit><latexit sha1_base64="ngNhbyoEWz5fKNljn505iYXWb+E=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiVJCSiKAboejGZQV7gTaEyXTSDp1MwsyJUmIfxY0LRdz6JO58G6dtFtr6w8DHf87hnPmDRHANjvNtFVZW19Y3ipulre2d3T27vN/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxupvX2A1Oax/IexgnzIjKQPOSUgLF8uxz6GZtUOz6cwgm+wg727YpTc2bCy+DmUEG5Gr791evHNI2YBCqI1l3XScDLiAJOBZuUeqlmCaEjMmBdg5JETHvZ7PQJPjZOH4exMk8Cnrm/JzISaT2OAtMZERjqxdrU/K/WTSG89DIukxSYpPNFYSowxHiaA+5zxSiIsQFCFTe3YjokilAwaZVMCO7il5ehdVZzDd+dV+rXeRxFdIiOUBW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79TFvLVj5zAH6I+vzB8znkmA=</latexit><latexit sha1_base64="ngNhbyoEWz5fKNljn505iYXWb+E=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiVJCSiKAboejGZQV7gTaEyXTSDp1MwsyJUmIfxY0LRdz6JO58G6dtFtr6w8DHf87hnPmDRHANjvNtFVZW19Y3ipulre2d3T27vN/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxupvX2A1Oax/IexgnzIjKQPOSUgLF8uxz6GZtUOz6cwgm+wg727YpTc2bCy+DmUEG5Gr791evHNI2YBCqI1l3XScDLiAJOBZuUeqlmCaEjMmBdg5JETHvZ7PQJPjZOH4exMk8Cnrm/JzISaT2OAtMZERjqxdrU/K/WTSG89DIukxSYpPNFYSowxHiaA+5zxSiIsQFCFTe3YjokilAwaZVMCO7il5ehdVZzDd+dV+rXeRxFdIiOUBW56ALV0S1qoCai6BE9o1f0Zj1ZL9a79TFvLVj5zAH6I+vzB8znkmA=</latexit>

@p

@t
= L̄(p)

<latexit sha1_base64="EDHk64bT0jKaiXvynmDduEGIQ2E=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhzCRBitCHoRhl48eJjgXmAtI83SLSxNQ5IKo/RDePGrePGgiFcP3vw2pltB3Xwg8OP/PE+S/z8QjCrtOF/WwuLS8spqaa28vrG5tW3v7LZUnEhMmjhmsewESBFGOWlqqhnpCElQFDDSDkZXeb99T6SiMb/TY0H8CA04DSlG2kg9+9gLJcKpJ5DUFDEosh/WGbyAXoBkepNVxRHs2RWn5kwKzoNbQAUU1ejZn14/xklEuMYMKdV1HaH9NL8eM5KVvUQRgfAIDUjXIEcRUX46MZXBQ6P0YRhLc7iGE/X3RooipcZRYCYjpIdqtpeL//W6iQ7P/ZRykWjC8fShMDF2Y5gnBPtUEqzZ2ADCkpq/QjxEJiVtciybENxZy/PQOqm5hm9PK/XLIo4S2AcHoApccAbq4Bo0QBNg8ACewAt4tR6tZ+vNep+OLljFzh74U9bHNxscnio=</latexit><latexit sha1_base64="EDHk64bT0jKaiXvynmDduEGIQ2E=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhzCRBitCHoRhl48eJjgXmAtI83SLSxNQ5IKo/RDePGrePGgiFcP3vw2pltB3Xwg8OP/PE+S/z8QjCrtOF/WwuLS8spqaa28vrG5tW3v7LZUnEhMmjhmsewESBFGOWlqqhnpCElQFDDSDkZXeb99T6SiMb/TY0H8CA04DSlG2kg9+9gLJcKpJ5DUFDEosh/WGbyAXoBkepNVxRHs2RWn5kwKzoNbQAUU1ejZn14/xklEuMYMKdV1HaH9NL8eM5KVvUQRgfAIDUjXIEcRUX46MZXBQ6P0YRhLc7iGE/X3RooipcZRYCYjpIdqtpeL//W6iQ7P/ZRykWjC8fShMDF2Y5gnBPtUEqzZ2ADCkpq/QjxEJiVtciybENxZy/PQOqm5hm9PK/XLIo4S2AcHoApccAbq4Bo0QBNg8ACewAt4tR6tZ+vNep+OLljFzh74U9bHNxscnio=</latexit><latexit sha1_base64="EDHk64bT0jKaiXvynmDduEGIQ2E=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhzCRBitCHoRhl48eJjgXmAtI83SLSxNQ5IKo/RDePGrePGgiFcP3vw2pltB3Xwg8OP/PE+S/z8QjCrtOF/WwuLS8spqaa28vrG5tW3v7LZUnEhMmjhmsewESBFGOWlqqhnpCElQFDDSDkZXeb99T6SiMb/TY0H8CA04DSlG2kg9+9gLJcKpJ5DUFDEosh/WGbyAXoBkepNVxRHs2RWn5kwKzoNbQAUU1ejZn14/xklEuMYMKdV1HaH9NL8eM5KVvUQRgfAIDUjXIEcRUX46MZXBQ6P0YRhLc7iGE/X3RooipcZRYCYjpIdqtpeL//W6iQ7P/ZRykWjC8fShMDF2Y5gnBPtUEqzZ2ADCkpq/QjxEJiVtciybENxZy/PQOqm5hm9PK/XLIo4S2AcHoApccAbq4Bo0QBNg8ACewAt4tR6tZ+vNep+OLljFzh74U9bHNxscnio=</latexit><latexit sha1_base64="EDHk64bT0jKaiXvynmDduEGIQ2E=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhzCRBitCHoRhl48eJjgXmAtI83SLSxNQ5IKo/RDePGrePGgiFcP3vw2pltB3Xwg8OP/PE+S/z8QjCrtOF/WwuLS8spqaa28vrG5tW3v7LZUnEhMmjhmsewESBFGOWlqqhnpCElQFDDSDkZXeb99T6SiMb/TY0H8CA04DSlG2kg9+9gLJcKpJ5DUFDEosh/WGbyAXoBkepNVxRHs2RWn5kwKzoNbQAUU1ejZn14/xklEuMYMKdV1HaH9NL8eM5KVvUQRgfAIDUjXIEcRUX46MZXBQ6P0YRhLc7iGE/X3RooipcZRYCYjpIdqtpeL//W6iQ7P/ZRykWjC8fShMDF2Y5gnBPtUEqzZ2ADCkpq/QjxEJiVtciybENxZy/PQOqm5hm9PK/XLIo4S2AcHoApccAbq4Bo0QBNg8ACewAt4tR6tZ+vNep+OLljFzh74U9bHNxscnio=</latexit>

L̄(p̄) = 0
<latexit sha1_base64="GIZMFk2oDuyd5b3SAYujuCahCAM=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEeqmzIigG6HoxoWLCvYC7VAyadqGZjJDkhHKOAtfxY0LRdz6Gu58G9PpLLT1QMjH/59DTn4/4kxpx/m2CkvLK6trxfXSxubW9o69u9dUYSwJbZCQh7LtY0U5E7Shmea0HUmKA5/Tlj++nvqtByoVC8W9nkTUC/BQsAEjWBupZx90fSyT27SS3VF6gtAlclDPLjtVJyu0CG4OZcir3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOE1L3VjRCJMxHtKOQYEDqrwk2z9Fx0bpo0EozREaZerviQQHSk0C33QGWI/UvDcV//M6sR5ceAkTUaypILOHBjFHOkTTMFCfSUo0nxjARDKzKyIjLDHRJrKSCcGd//IiNE+rruG7s3LtKo+jCIdwBBVw4RxqcAN1aACBR3iGV3iznqwX6936mLUWrHxmH/6U9fkDtXqUkw==</latexit><latexit sha1_base64="GIZMFk2oDuyd5b3SAYujuCahCAM=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEeqmzIigG6HoxoWLCvYC7VAyadqGZjJDkhHKOAtfxY0LRdz6Gu58G9PpLLT1QMjH/59DTn4/4kxpx/m2CkvLK6trxfXSxubW9o69u9dUYSwJbZCQh7LtY0U5E7Shmea0HUmKA5/Tlj++nvqtByoVC8W9nkTUC/BQsAEjWBupZx90fSyT27SS3VF6gtAlclDPLjtVJyu0CG4OZcir3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOE1L3VjRCJMxHtKOQYEDqrwk2z9Fx0bpo0EozREaZerviQQHSk0C33QGWI/UvDcV//M6sR5ceAkTUaypILOHBjFHOkTTMFCfSUo0nxjARDKzKyIjLDHRJrKSCcGd//IiNE+rruG7s3LtKo+jCIdwBBVw4RxqcAN1aACBR3iGV3iznqwX6936mLUWrHxmH/6U9fkDtXqUkw==</latexit><latexit sha1_base64="GIZMFk2oDuyd5b3SAYujuCahCAM=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEeqmzIigG6HoxoWLCvYC7VAyadqGZjJDkhHKOAtfxY0LRdz6Gu58G9PpLLT1QMjH/59DTn4/4kxpx/m2CkvLK6trxfXSxubW9o69u9dUYSwJbZCQh7LtY0U5E7Shmea0HUmKA5/Tlj++nvqtByoVC8W9nkTUC/BQsAEjWBupZx90fSyT27SS3VF6gtAlclDPLjtVJyu0CG4OZcir3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOE1L3VjRCJMxHtKOQYEDqrwk2z9Fx0bpo0EozREaZerviQQHSk0C33QGWI/UvDcV//M6sR5ceAkTUaypILOHBjFHOkTTMFCfSUo0nxjARDKzKyIjLDHRJrKSCcGd//IiNE+rruG7s3LtKo+jCIdwBBVw4RxqcAN1aACBR3iGV3iznqwX6936mLUWrHxmH/6U9fkDtXqUkw==</latexit><latexit sha1_base64="GIZMFk2oDuyd5b3SAYujuCahCAM=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEeqmzIigG6HoxoWLCvYC7VAyadqGZjJDkhHKOAtfxY0LRdz6Gu58G9PpLLT1QMjH/59DTn4/4kxpx/m2CkvLK6trxfXSxubW9o69u9dUYSwJbZCQh7LtY0U5E7Shmea0HUmKA5/Tlj++nvqtByoVC8W9nkTUC/BQsAEjWBupZx90fSyT27SS3VF6gtAlclDPLjtVJyu0CG4OZcir3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOE1L3VjRCJMxHtKOQYEDqrwk2z9Fx0bpo0EozREaZerviQQHSk0C33QGWI/UvDcV//M6sR5ceAkTUaypILOHBjFHOkTTMFCfSUo0nxjARDKzKyIjLDHRJrKSCcGd//IiNE+rruG7s3LtKo+jCIdwBBVw4RxqcAN1aACBR3iGV3iznqwX6936mLUWrHxmH/6U9fkDtXqUkw==</latexit>

fe(Xt, t)) 6= 0
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p = p̄+ p̄e
<latexit sha1_base64="hPgukd9Uf3l36UCAkotFcZ4UZjc=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRRCEkoigG6HoxmUFe4E2hMl00g6dJMPMRCghG1/FjQtF3PoY7nwbp20Ebf1h4OM/53Dm/IHgTGnH+bJKS8srq2vl9crG5tb2jr2711JJKgltkoQnshNgRTmLaVMzzWlHSIqjgNN2MLqZ1NsPVCqWxPd6LKgX4UHMQkawNpZvHwh0hXoBlpnI0ekP+dS3q07NmQotgltAFQo1fPuz109IGtFYE46V6rqO0F6GpWaE07zSSxUVmIzwgHYNxjiiysumB+To2Dh9FCbSvFijqft7IsORUuMoMJ0R1kM1X5uY/9W6qQ4vvYzFItU0JrNFYcqRTtAkDdRnkhLNxwYwkcz8FZEhlphok1nFhODOn7wIrbOaa/juvFq/LuIowyEcwQm4cAF1uIUGNIFADk/wAq/Wo/VsvVnvs9aSVczswx9ZH99eyZWf</latexit><latexit sha1_base64="hPgukd9Uf3l36UCAkotFcZ4UZjc=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRRCEkoigG6HoxmUFe4E2hMl00g6dJMPMRCghG1/FjQtF3PoY7nwbp20Ebf1h4OM/53Dm/IHgTGnH+bJKS8srq2vl9crG5tb2jr2711JJKgltkoQnshNgRTmLaVMzzWlHSIqjgNN2MLqZ1NsPVCqWxPd6LKgX4UHMQkawNpZvHwh0hXoBlpnI0ekP+dS3q07NmQotgltAFQo1fPuz109IGtFYE46V6rqO0F6GpWaE07zSSxUVmIzwgHYNxjiiysumB+To2Dh9FCbSvFijqft7IsORUuMoMJ0R1kM1X5uY/9W6qQ4vvYzFItU0JrNFYcqRTtAkDdRnkhLNxwYwkcz8FZEhlphok1nFhODOn7wIrbOaa/juvFq/LuIowyEcwQm4cAF1uIUGNIFADk/wAq/Wo/VsvVnvs9aSVczswx9ZH99eyZWf</latexit><latexit sha1_base64="hPgukd9Uf3l36UCAkotFcZ4UZjc=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRRCEkoigG6HoxmUFe4E2hMl00g6dJMPMRCghG1/FjQtF3PoY7nwbp20Ebf1h4OM/53Dm/IHgTGnH+bJKS8srq2vl9crG5tb2jr2711JJKgltkoQnshNgRTmLaVMzzWlHSIqjgNN2MLqZ1NsPVCqWxPd6LKgX4UHMQkawNpZvHwh0hXoBlpnI0ekP+dS3q07NmQotgltAFQo1fPuz109IGtFYE46V6rqO0F6GpWaE07zSSxUVmIzwgHYNxjiiysumB+To2Dh9FCbSvFijqft7IsORUuMoMJ0R1kM1X5uY/9W6qQ4vvYzFItU0JrNFYcqRTtAkDdRnkhLNxwYwkcz8FZEhlphok1nFhODOn7wIrbOaa/juvFq/LuIowyEcwQm4cAF1uIUGNIFADk/wAq/Wo/VsvVnvs9aSVczswx9ZH99eyZWf</latexit><latexit sha1_base64="hPgukd9Uf3l36UCAkotFcZ4UZjc=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRRCEkoigG6HoxmUFe4E2hMl00g6dJMPMRCghG1/FjQtF3PoY7nwbp20Ebf1h4OM/53Dm/IHgTGnH+bJKS8srq2vl9crG5tb2jr2711JJKgltkoQnshNgRTmLaVMzzWlHSIqjgNN2MLqZ1NsPVCqWxPd6LKgX4UHMQkawNpZvHwh0hXoBlpnI0ekP+dS3q07NmQotgltAFQo1fPuz109IGtFYE46V6rqO0F6GpWaE07zSSxUVmIzwgHYNxjiiysumB+To2Dh9FCbSvFijqft7IsORUuMoMJ0R1kM1X5uY/9W6qQ4vvYzFItU0JrNFYcqRTtAkDdRnkhLNxwYwkcz8FZEhlphok1nFhODOn7wIrbOaa/juvFq/LuIowyEcwQm4cAF1uIUGNIFADk/wAq/Wo/VsvVnvs9aSVczswx9ZH99eyZWf</latexit>

LRT 

Le(p) = �@(fep)

@x
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pe(x, t) =

Z t

�1
eL̄(t�s)Le(p̄)ds

<latexit sha1_base64="/Siw4LIHxAzh0WiX/ukhDdR7228="></latexit><latexit sha1_base64="/Siw4LIHxAzh0WiX/ukhDdR7228="></latexit><latexit sha1_base64="/Siw4LIHxAzh0WiX/ukhDdR7228="></latexit><latexit sha1_base64="/Siw4LIHxAzh0WiX/ukhDdR7228="></latexit>



Linear Response Theory (LRT)

Using LRT  one can determine the response to any 
forcing!

�T�F =

Z t

0
GT (t� s)�F (s)ds
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CMIP5  simulations
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Results Linear Response Theory

0 50 100
years

0

1

2

3

4

5

h¢
T

i
(K

)

Mean

Abrupt
Smooth

0 50 100
years

0.0

0.2

0.4

0.6

0.8

æ
2 ¢

T
(K

2
)

Variance

solid: CMIP5

dashed: LRT



Coupling a Carbon Model

Emissions

Uncertainty



Carbon Model Performance
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Stochastic State Space Model

Carbon Temperature



Results: RCP reconstruction

envelopes: 2 standard deviation
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Save Carbon Budget
Maximum Cumulative Emissions that reach a certain warming target 

p(�T  Tmax) = �

IPCC-AR5: 377 - 517 GtC to likely stay below 2 K 
Millar et al. (2017): 200 GtC to likely stay below 1.5 K 



Point of No Return



Economy & Transition pathways



PNR: results

Probability of not exceeding ‘safe’ 
temperature thresholds in 2100  



PONR: results

Aengenheyster et al.  (2018)



Question time



Summary

• Without drastic emission reductions, the Earth will have warmed ~ 3C by 
the year 2100.  

• CMIP5/6 GCMs are not fit for purpose to capture possible bumpy transitions , 
so unpleasant surprises may be ahead

• Easy to communicate metrics: 
•  SCB: “We cannot reach target X when emitting more than SCB”
•  PONR: “We cannot reach target X when starting after year PONR”

PONR with realistic action pathways is close (2035 for 67%) for the 2K target 
and already passed for the 1.5K target.  

URGENT action is needed to avoid dangerous climate change! 


