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Climate System



Observations
Instrumental data  

(~ 1880 -  ) Proxy data  
(geological past)

 (1992 - )

Very limited for hypotheses/theory falsification



Example instrumental data:  
El Nino/Southern Oscillation (ENSO)

NINO3.4 index

sea surface temperature 
anomaly  equatorial Pacific

~

Deser et al., Ann. Rev. Mar. Sc. (2010)http://climexp.knmi.nl

http://climexp.knmi.nl


Example proxy data: 
Ice core oxygen isotope record

⇠ 5 �C

time
https://www.ncdc.noaa.gov/data-access/paleoclimatology-data/datasets

https://www.ncdc.noaa.gov/data-access/paleoclimatology-data/datasets


Period (years)

‘Energy’

1. Sharp peaks
2. Continuous background

3. Elevated energy in frequency bands

Traditional (artist’s) view of Variability in the 
Climate System

Mitchell, 1978



Sea surface temperature (SST) variability

Deser et al., Ann. Rev. Mar. Sc. (2010)

1982-2008



Patterns of variability: 
El Nino/Southern Oscillation (ENSO)

NINO3.4 index

SST anomaly
(1982-2010 mean)
of December 1997

Deser et al., Ann. Rev. Mar. Sc. (2010)

C0

Temperature



Patterns of variability: 
Atlantic Multidecadal Variability (AMV)

Deser et al., Ann. Rev. Mar. Sc. (2010)

0-70N



Question time



Sea surface temperature variability

Deser et al., Ann. Rev. Mar. Sc. (2010)

1982-2008

What is the null-hypothesis of sea surface  
temperature variability? 



Midlatitude SST Spectra

 25N – 50N Pacific (1903-1994)

Dommenget & Latif, Clim. Dyn.  (2002)

frequency (1/years)
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 Hasselmann approach (1976) 

Hasselmann K. (1976), "Stochastic climate models, 
Part 1: Theory", Tellus, 28: 473-485.
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no heat flux through lower boundary

ocean

atmosphere

⇢, Cp ~ 50-100 m

(1931-)Klaus Hasselmann



Ocean Mixed-layer Model

⇢Cp
@T

@t
= K
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Equation:

Boundary conditions:
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Solution

Qoa = ↵(Ta � T )
_

Use: T̄ =
1

h

Z 0

�h
T dz and

T̄ =< T̄ > +T̃ Ta =< Ta > +T̃a

dT̃

dt
=

↵

⇢Cph
(T̃a � T̃ )
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~   1/(100 days)



Example: Autocorrelation  
Pacific atmospheric surface temperatures
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Autocorrelation of Jan index ERA-int T2m 190-200E 30-40N (erai_t2m_daily_190-200E_30-40N_n) 2000:2010

Decorrelation time scale atmospheric forcing << ocean damping time scale



The Hasselmann (1976) stochastic climate model

Hasselmann K. (1976), "Stochastic climate models, 
Part 1: Theory", Tellus, 28: 473-485.

“The choice between a deterministic and a stochastic formulation of the 
equations   …. [is] dictated by convenience” Lorenz (1987)

white noise E[⇠(t)] = 0

E[⇠(t)⇠(s)] = �(t� s)
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Question time



Stochastic Differential Equations (SDEs)

Stochastic process: 

from

to dXt = ��Xtdt+ �dWt

Wiener process: Wt N(0, t) distributed
E[(dWt)

2] = dt

dT̃

dt
= ��T̃ + �⇠
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Xt = T̃
<latexit sha1_base64="Kg9g0focwOJTxV754bsQQkiYCT8=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBN0IRTcuK/QGbQiTyWk7dHJh5qRQQt/EjQtF3Pom7nwbp20W2vrDwMd/zuGc+YNUCo2O822VNja3tnfKu5W9/YPDI/v4pK2TTHFo8UQmqhswDVLE0EKBErqpAhYFEjrB+GFe70xAaZHETZym4EVsGIuB4AyN5dt210d6R2kfhQwhb858u+rUnIXoOrgFVEmhhm9/9cOEZxHEyCXTuuc6KXo5Uyi4hFmln2lIGR+zIfQMxiwC7eWLy2f0wjghHSTKvBjpwv09kbNI62kUmM6I4Uiv1ubmf7VehoNbLxdxmiHEfLlokEmKCZ3HQEOhgKOcGmBcCXMr5SOmGEcTVsWE4K5+eR3aVzXX8NN1tX5fxFEmZ+ScXBKX3JA6eSQN0iKcTMgzeSVvVm69WO/Wx7K1ZBUzp+SPrM8fUW6SzQ==</latexit><latexit sha1_base64="Kg9g0focwOJTxV754bsQQkiYCT8=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBN0IRTcuK/QGbQiTyWk7dHJh5qRQQt/EjQtF3Pom7nwbp20W2vrDwMd/zuGc+YNUCo2O822VNja3tnfKu5W9/YPDI/v4pK2TTHFo8UQmqhswDVLE0EKBErqpAhYFEjrB+GFe70xAaZHETZym4EVsGIuB4AyN5dt210d6R2kfhQwhb858u+rUnIXoOrgFVEmhhm9/9cOEZxHEyCXTuuc6KXo5Uyi4hFmln2lIGR+zIfQMxiwC7eWLy2f0wjghHSTKvBjpwv09kbNI62kUmM6I4Uiv1ubmf7VehoNbLxdxmiHEfLlokEmKCZ3HQEOhgKOcGmBcCXMr5SOmGEcTVsWE4K5+eR3aVzXX8NN1tX5fxFEmZ+ScXBKX3JA6eSQN0iKcTMgzeSVvVm69WO/Wx7K1ZBUzp+SPrM8fUW6SzQ==</latexit><latexit sha1_base64="Kg9g0focwOJTxV754bsQQkiYCT8=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBN0IRTcuK/QGbQiTyWk7dHJh5qRQQt/EjQtF3Pom7nwbp20W2vrDwMd/zuGc+YNUCo2O822VNja3tnfKu5W9/YPDI/v4pK2TTHFo8UQmqhswDVLE0EKBErqpAhYFEjrB+GFe70xAaZHETZym4EVsGIuB4AyN5dt210d6R2kfhQwhb858u+rUnIXoOrgFVEmhhm9/9cOEZxHEyCXTuuc6KXo5Uyi4hFmln2lIGR+zIfQMxiwC7eWLy2f0wjghHSTKvBjpwv09kbNI62kUmM6I4Uiv1ubmf7VehoNbLxdxmiHEfLlokEmKCZ3HQEOhgKOcGmBcCXMr5SOmGEcTVsWE4K5+eR3aVzXX8NN1tX5fxFEmZ+ScXBKX3JA6eSQN0iKcTMgzeSVvVm69WO/Wx7K1ZBUzp+SPrM8fUW6SzQ==</latexit><latexit sha1_base64="Kg9g0focwOJTxV754bsQQkiYCT8=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBN0IRTcuK/QGbQiTyWk7dHJh5qRQQt/EjQtF3Pom7nwbp20W2vrDwMd/zuGc+YNUCo2O822VNja3tnfKu5W9/YPDI/v4pK2TTHFo8UQmqhswDVLE0EKBErqpAhYFEjrB+GFe70xAaZHETZym4EVsGIuB4AyN5dt210d6R2kfhQwhb858u+rUnIXoOrgFVEmhhm9/9cOEZxHEyCXTuuc6KXo5Uyi4hFmln2lIGR+zIfQMxiwC7eWLy2f0wjghHSTKvBjpwv09kbNI62kUmM6I4Uiv1ubmf7VehoNbLxdxmiHEfLlokEmKCZ3HQEOhgKOcGmBcCXMr5SOmGEcTVsWE4K5+eR3aVzXX8NN1tX5fxFEmZ+ScXBKX3JA6eSQN0iKcTMgzeSVvVm69WO/Wx7K1ZBUzp+SPrM8fUW6SzQ==</latexit>

Xt = X0 +

Z t

0
(��Xs)ds+

Z t

0
�dWs
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or



Stochastic integrals 

(1915-2008)

(1930-1997)Ruslan Stratonovich

Itô

both in the mean-square sense

Kiyoshi

lim
N!1

E[(I � IN )2] ! 0
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`left end point’

`mid point’



Stochastic integrals: evoluation

   Problem:    Evaluate
Z T

0
WtdWt

Answer:     
Z T

0
WtdWt =

1

2
(W 2

T � T )

f(WT )� f(W0) =

Z T

0
f 0(Wt)dWt +

Z T

0

1

2
f 00(Wt)dt

Take: f(t) = t2
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Itô



Solution of SDEs

f(t+ dt,Xt + dXt)� f(t,Xt) = f1dt+ f2dXt+

1

2
(f11(dt)

2 + 2f12dtdXt + f22(dXt)
2) + ...

dXt = Atdt+BtdWt

f(t,Xt)� f(0, X0) =

Z t

0
(f1 + f2As +

1

2
f22B

2
s )ds+

Z t

0
f2BsdWs

Itô



Example: Hasselmann

f(t,Xt)� f(0, X0) =

Z t

0
(f1 + f2As +

1

2
f22B

2
s )ds+

Z t

0
f2BsdWs

dXt = ��Xtdt+ �dWt

At = ��Xt ; Bt = �
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f(t, x) = xe�t
<latexit sha1_base64="3FBIPLskQgZUVjNhXy3MZjMFSDg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURATdCEU3LivYC7SxTKaTduhMEmZOpCUUN76KGxeKuPUp3Pk2TtsstPrDwMd/zuHM+f1YcA2O82XlFhaXllfyq4W19Y3NLXt7p66jRFFWo5GIVNMnmgkeshpwEKwZK0akL1jDH1xN6o17pjSPwlsYxcyTpBfygFMCxurYe0EJjodH+AIPMbtL2z0iJcEwxrhjF52yMxX+C24GRZSp2rE/292IJpKFQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlMCSSaS+dnjDGh8bp4iBS5oWAp+7PiZRIrUfSN52SQF/P1ybmf7VWAsG5l/IwToCFdLYoSASGCE/ywF2uGAUxMkCo4uavmPaJIhRMagUTgjt/8l+on5RdwzenxcplFkce7aMDVEIuOkMVdI2qqIYoekBP6AW9Wo/Ws/Vmvc9ac1Y2s4t+yfr4Ble3lXc=</latexit><latexit sha1_base64="3FBIPLskQgZUVjNhXy3MZjMFSDg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURATdCEU3LivYC7SxTKaTduhMEmZOpCUUN76KGxeKuPUp3Pk2TtsstPrDwMd/zuHM+f1YcA2O82XlFhaXllfyq4W19Y3NLXt7p66jRFFWo5GIVNMnmgkeshpwEKwZK0akL1jDH1xN6o17pjSPwlsYxcyTpBfygFMCxurYe0EJjodH+AIPMbtL2z0iJcEwxrhjF52yMxX+C24GRZSp2rE/292IJpKFQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlMCSSaS+dnjDGh8bp4iBS5oWAp+7PiZRIrUfSN52SQF/P1ybmf7VWAsG5l/IwToCFdLYoSASGCE/ywF2uGAUxMkCo4uavmPaJIhRMagUTgjt/8l+on5RdwzenxcplFkce7aMDVEIuOkMVdI2qqIYoekBP6AW9Wo/Ws/Vmvc9ac1Y2s4t+yfr4Ble3lXc=</latexit><latexit sha1_base64="3FBIPLskQgZUVjNhXy3MZjMFSDg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURATdCEU3LivYC7SxTKaTduhMEmZOpCUUN76KGxeKuPUp3Pk2TtsstPrDwMd/zuHM+f1YcA2O82XlFhaXllfyq4W19Y3NLXt7p66jRFFWo5GIVNMnmgkeshpwEKwZK0akL1jDH1xN6o17pjSPwlsYxcyTpBfygFMCxurYe0EJjodH+AIPMbtL2z0iJcEwxrhjF52yMxX+C24GRZSp2rE/292IJpKFQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlMCSSaS+dnjDGh8bp4iBS5oWAp+7PiZRIrUfSN52SQF/P1ybmf7VWAsG5l/IwToCFdLYoSASGCE/ywF2uGAUxMkCo4uavmPaJIhRMagUTgjt/8l+on5RdwzenxcplFkce7aMDVEIuOkMVdI2qqIYoekBP6AW9Wo/Ws/Vmvc9ac1Y2s4t+yfr4Ble3lXc=</latexit><latexit sha1_base64="3FBIPLskQgZUVjNhXy3MZjMFSDg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURATdCEU3LivYC7SxTKaTduhMEmZOpCUUN76KGxeKuPUp3Pk2TtsstPrDwMd/zuHM+f1YcA2O82XlFhaXllfyq4W19Y3NLXt7p66jRFFWo5GIVNMnmgkeshpwEKwZK0akL1jDH1xN6o17pjSPwlsYxcyTpBfygFMCxurYe0EJjodH+AIPMbtL2z0iJcEwxrhjF52yMxX+C24GRZSp2rE/292IJpKFQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlMCSSaS+dnjDGh8bp4iBS5oWAp+7PiZRIrUfSN52SQF/P1ybmf7VWAsG5l/IwToCFdLYoSASGCE/ywF2uGAUxMkCo4uavmPaJIhRMagUTgjt/8l+on5RdwzenxcplFkce7aMDVEIuOkMVdI2qqIYoekBP6AW9Wo/Ws/Vmvc9ac1Y2s4t+yfr4Ble3lXc=</latexit>

Take:

Xt = e��t(X0 + �

Z t

0
e�sdWs)

<latexit sha1_base64="H2UNeZJmTI/pUtkdx9my5NuQucg=">AAACJnicbVDLSgMxFM34rPVVdekmWARFlBkRdFMounFZwT6gMw6ZNK3BJDMkd4Qy9Gvc+CtuXFRE3PkpZtpZaPVA4HDOudzcEyWCG3DdT2dufmFxabm0Ul5dW9/YrGxtt0ycasqaNBax7kTEMMEVawIHwTqJZkRGgrWjh6vcbz8ybXisbmGYsECSgeJ9TglYKazUOiHgGmZ32bE/IFISDCN80AldfIR9wwdW8LmC0L2DPFRkzAj32qE5DCtV98SdAP8lXkGqqEAjrIz9XkxTyRRQQYzpem4CQUY0cCrYqOynhiWEPpAB61qqiGQmyCZnjvC+VXq4H2v7FOCJ+nMiI9KYoYxsUhK4N7NeLv7ndVPoXwQZV0kKTNHpon4qMMQ47wz3uGYUxNASQjW3f8X0nmhCwTZbtiV4syf/Ja3TE8/ym7Nq/bKoo4R20R46QB46R3V0jRqoiSh6Qi9ojN6cZ+fVeXc+ptE5p5jZQb/gfH0Dh+ujYg==</latexit><latexit sha1_base64="H2UNeZJmTI/pUtkdx9my5NuQucg=">AAACJnicbVDLSgMxFM34rPVVdekmWARFlBkRdFMounFZwT6gMw6ZNK3BJDMkd4Qy9Gvc+CtuXFRE3PkpZtpZaPVA4HDOudzcEyWCG3DdT2dufmFxabm0Ul5dW9/YrGxtt0ycasqaNBax7kTEMMEVawIHwTqJZkRGgrWjh6vcbz8ybXisbmGYsECSgeJ9TglYKazUOiHgGmZ32bE/IFISDCN80AldfIR9wwdW8LmC0L2DPFRkzAj32qE5DCtV98SdAP8lXkGqqEAjrIz9XkxTyRRQQYzpem4CQUY0cCrYqOynhiWEPpAB61qqiGQmyCZnjvC+VXq4H2v7FOCJ+nMiI9KYoYxsUhK4N7NeLv7ndVPoXwQZV0kKTNHpon4qMMQ47wz3uGYUxNASQjW3f8X0nmhCwTZbtiV4syf/Ja3TE8/ym7Nq/bKoo4R20R46QB46R3V0jRqoiSh6Qi9ojN6cZ+fVeXc+ptE5p5jZQb/gfH0Dh+ujYg==</latexit><latexit sha1_base64="H2UNeZJmTI/pUtkdx9my5NuQucg=">AAACJnicbVDLSgMxFM34rPVVdekmWARFlBkRdFMounFZwT6gMw6ZNK3BJDMkd4Qy9Gvc+CtuXFRE3PkpZtpZaPVA4HDOudzcEyWCG3DdT2dufmFxabm0Ul5dW9/YrGxtt0ycasqaNBax7kTEMMEVawIHwTqJZkRGgrWjh6vcbz8ybXisbmGYsECSgeJ9TglYKazUOiHgGmZ32bE/IFISDCN80AldfIR9wwdW8LmC0L2DPFRkzAj32qE5DCtV98SdAP8lXkGqqEAjrIz9XkxTyRRQQYzpem4CQUY0cCrYqOynhiWEPpAB61qqiGQmyCZnjvC+VXq4H2v7FOCJ+nMiI9KYoYxsUhK4N7NeLv7ndVPoXwQZV0kKTNHpon4qMMQ47wz3uGYUxNASQjW3f8X0nmhCwTZbtiV4syf/Ja3TE8/ym7Nq/bKoo4R20R46QB46R3V0jRqoiSh6Qi9ojN6cZ+fVeXc+ptE5p5jZQb/gfH0Dh+ujYg==</latexit><latexit sha1_base64="H2UNeZJmTI/pUtkdx9my5NuQucg=">AAACJnicbVDLSgMxFM34rPVVdekmWARFlBkRdFMounFZwT6gMw6ZNK3BJDMkd4Qy9Gvc+CtuXFRE3PkpZtpZaPVA4HDOudzcEyWCG3DdT2dufmFxabm0Ul5dW9/YrGxtt0ycasqaNBax7kTEMMEVawIHwTqJZkRGgrWjh6vcbz8ybXisbmGYsECSgeJ9TglYKazUOiHgGmZ32bE/IFISDCN80AldfIR9wwdW8LmC0L2DPFRkzAj32qE5DCtV98SdAP8lXkGqqEAjrIz9XkxTyRRQQYzpem4CQUY0cCrYqOynhiWEPpAB61qqiGQmyCZnjvC+VXq4H2v7FOCJ+nMiI9KYoYxsUhK4N7NeLv7ndVPoXwQZV0kKTNHpon4qMMQ47wz3uGYUxNASQjW3f8X0nmhCwTZbtiV4syf/Ja3TE8/ym7Nq/bKoo4R20R46QB46R3V0jRqoiSh6Qi9ojN6cZ+fVeXc+ptE5p5jZQb/gfH0Dh+ujYg==</latexit>

Result:

Ornstein-Uhlenbeck process



Numerical solution of SDEs 

Xj �Xj�1 = f(Xj�1)�t+ g(Xj�1)(W (⌧j)�W (⌧j�1))

Euler-Maruyama scheme: Gisiro Maruyama (1916-1986)

Ornstein-Uhlenbeck process



Convergence of EM-method

Strong convergence: 

Weak convergence: 



Question time



Probability density

Probability Density Function (PDF)

dXt = a(Xt, t)dt+ b(Xt, t)dWt

E[f(Xt)] =

Z
f(x)p(x, t)dx

Fokker-Planck Equation

 
 

@p

@t
= �@(ap)

@x
+

1

2

@2(b2p)

@x2

+ Bc’s + IC



Example

 
 

@p

@t
= �@(ap)

@x
+

1

2

@2(b2p)

@x2

dXt = ��Xtdt+ �dWt

a = ��x ; b = �
<latexit sha1_base64="RN7eQj7RDvSYFAHRWkTsE/f8ffQ=">AAACCXicbZDLSsNAFIYn9VbrLerSzWAR3FgSERREKLpxWcFeoA3lZDpJh84kYWYillCXbnwVNy4UcesbuPNtnLZZaOsPBz7+cw4z5/cTzpR2nG+rsLC4tLxSXC2trW9sbtnbOw0Vp5LQOol5LFs+KMpZROuaaU5biaQgfE6b/uBq3G/eUalYHN3qYUI9AWHEAkZAG6trY8AX+KgTghCA7zHGD/jclG/cjmKhgK5ddirORHge3BzKKFeta391ejFJBY004aBU23US7WUgNSOcjkqdVNEEyABC2jYYgaDKyyaXjPCBcXo4iKWpSOOJ+3sjA6HUUPhmUoDuq9ne2Pyv1051cOZlLEpSTSMyfShIOdYxHseCe0xSovnQABDJzF8x6YMEok14JROCO3vyPDSOK67hm5Ny9TKPo4j20D46RC46RVV0jWqojgh6RM/oFb1ZT9aL9W59TEcLVr6zi/7I+vwBvFCXMA==</latexit><latexit sha1_base64="RN7eQj7RDvSYFAHRWkTsE/f8ffQ=">AAACCXicbZDLSsNAFIYn9VbrLerSzWAR3FgSERREKLpxWcFeoA3lZDpJh84kYWYillCXbnwVNy4UcesbuPNtnLZZaOsPBz7+cw4z5/cTzpR2nG+rsLC4tLxSXC2trW9sbtnbOw0Vp5LQOol5LFs+KMpZROuaaU5biaQgfE6b/uBq3G/eUalYHN3qYUI9AWHEAkZAG6trY8AX+KgTghCA7zHGD/jclG/cjmKhgK5ddirORHge3BzKKFeta391ejFJBY004aBU23US7WUgNSOcjkqdVNEEyABC2jYYgaDKyyaXjPCBcXo4iKWpSOOJ+3sjA6HUUPhmUoDuq9ne2Pyv1051cOZlLEpSTSMyfShIOdYxHseCe0xSovnQABDJzF8x6YMEok14JROCO3vyPDSOK67hm5Ny9TKPo4j20D46RC46RVV0jWqojgh6RM/oFb1ZT9aL9W59TEcLVr6zi/7I+vwBvFCXMA==</latexit><latexit sha1_base64="RN7eQj7RDvSYFAHRWkTsE/f8ffQ=">AAACCXicbZDLSsNAFIYn9VbrLerSzWAR3FgSERREKLpxWcFeoA3lZDpJh84kYWYillCXbnwVNy4UcesbuPNtnLZZaOsPBz7+cw4z5/cTzpR2nG+rsLC4tLxSXC2trW9sbtnbOw0Vp5LQOol5LFs+KMpZROuaaU5biaQgfE6b/uBq3G/eUalYHN3qYUI9AWHEAkZAG6trY8AX+KgTghCA7zHGD/jclG/cjmKhgK5ddirORHge3BzKKFeta391ejFJBY004aBU23US7WUgNSOcjkqdVNEEyABC2jYYgaDKyyaXjPCBcXo4iKWpSOOJ+3sjA6HUUPhmUoDuq9ne2Pyv1051cOZlLEpSTSMyfShIOdYxHseCe0xSovnQABDJzF8x6YMEok14JROCO3vyPDSOK67hm5Ny9TKPo4j20D46RC46RVV0jWqojgh6RM/oFb1ZT9aL9W59TEcLVr6zi/7I+vwBvFCXMA==</latexit><latexit sha1_base64="RN7eQj7RDvSYFAHRWkTsE/f8ffQ=">AAACCXicbZDLSsNAFIYn9VbrLerSzWAR3FgSERREKLpxWcFeoA3lZDpJh84kYWYillCXbnwVNy4UcesbuPNtnLZZaOsPBz7+cw4z5/cTzpR2nG+rsLC4tLxSXC2trW9sbtnbOw0Vp5LQOol5LFs+KMpZROuaaU5biaQgfE6b/uBq3G/eUalYHN3qYUI9AWHEAkZAG6trY8AX+KgTghCA7zHGD/jclG/cjmKhgK5ddirORHge3BzKKFeta391ejFJBY004aBU23US7WUgNSOcjkqdVNEEyABC2jYYgaDKyyaXjPCBcXo4iKWpSOOJ+3sjA6HUUPhmUoDuq9ne2Pyv1051cOZlLEpSTSMyfShIOdYxHseCe0xSovnQABDJzF8x6YMEok14JROCO3vyPDSOK67hm5Ny9TKPo4j20D46RC46RVV0jWqojgh6RM/oFb1ZT9aL9W59TEcLVr6zi/7I+vwBvFCXMA==</latexit>

Result: 

=  0 

pe(x) = Ce�
�x2

�2
<latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="g0abQmQZnf+LeoAonNzg4htgEKs=">AAACCnicbZDNSgMxFIXv+FvrX3XrJiiCgpaZbnQjCN24rGBV6NRyJ73TBpOZIclIy9CXcOOruHGhiA/gzrcxrV34dyDwcU7CzT1RJoWxvv/hzczOzS8slpbKyyura+uVjZVLk+aaU5OnMtXXERqSIqGmFVbSdaYJVSTpKrqtj/OrO9JGpMmFHWbUVthLRCw4Wmd1KgdZh/YG++yEsTqjm+IwjDXyIuyhUsgGN7VRERrRU+ho1Kns+FV/IvYXginswFSNTuU97KY8V5RYLtGYVuBntl2gtoJLGpXD3FCG/BZ71HKYoCLTLiZbjdiuc7osTrU7iWUT9/uLApUxQxW5mwpt3/zOxuZ/WSu38XG7EEmWW0r416A4l8ymbFwR6wpN3MqhA+RauL8y3kdXi3VFll0Jwe+V/8JlrRo4PvehBFuwDXsQwBGcwhk0oAkc7uERnuHFe/CevNevuma8aW+b8EPe2yeJuJw0</latexit><latexit sha1_base64="g0abQmQZnf+LeoAonNzg4htgEKs=">AAACCnicbZDNSgMxFIXv+FvrX3XrJiiCgpaZbnQjCN24rGBV6NRyJ73TBpOZIclIy9CXcOOruHGhiA/gzrcxrV34dyDwcU7CzT1RJoWxvv/hzczOzS8slpbKyyura+uVjZVLk+aaU5OnMtXXERqSIqGmFVbSdaYJVSTpKrqtj/OrO9JGpMmFHWbUVthLRCw4Wmd1KgdZh/YG++yEsTqjm+IwjDXyIuyhUsgGN7VRERrRU+ho1Kns+FV/IvYXginswFSNTuU97KY8V5RYLtGYVuBntl2gtoJLGpXD3FCG/BZ71HKYoCLTLiZbjdiuc7osTrU7iWUT9/uLApUxQxW5mwpt3/zOxuZ/WSu38XG7EEmWW0r416A4l8ymbFwR6wpN3MqhA+RauL8y3kdXi3VFll0Jwe+V/8JlrRo4PvehBFuwDXsQwBGcwhk0oAkc7uERnuHFe/CevNevuma8aW+b8EPe2yeJuJw0</latexit><latexit sha1_base64="ZSVHlRBvNutYX8ISYxqAa5Xp+9c=">AAACFXicbZA9SwNBEIb3/Izx69TSZjEIETTcpdFGENNYKhgVckmY28wlS3bvjt09MRz5Ezb+FRsLRWwFO/+Nm5hCoy8sPLwzw+y8YSq4Np736czMzs0vLBaWissrq2vr7sbmlU4yxbDOEpGomxA0Ch5j3XAj8CZVCDIUeB32a6P69S0qzZP40gxSbEroxjziDIy12u5+2sby3R49prRGsZUfBJEClgddkBLoXas6zAPNuxIsDdtuyat4Y9G/4E+gRCY6b7sfQSdhmcTYMAFaN3wvNc0clOFM4LAYZBpTYH3oYsNiDBJ1Mx9fNaS71unQKFH2xYaO3Z8TOUitBzK0nRJMT0/XRuZ/tUZmoqNmzuM0Mxiz70VRJqhJ6Cgi2uEKmREDC8AUt3+lrAc2FmODLNoQ/OmT/8JVteJbvvBKJ6eTOApkm+yQMvHJITkhZ+Sc1Akj9+SRPJMX58F5cl6dt+/WGWcys0V+yXn/Akz/nbA=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit><latexit sha1_base64="8wOHq8LO2/Li99+fXLQ3/FNA87M=">AAACFXicbZBNSwMxEIaz9bt+VT16CRahgpbdIuhFEL14VLAqdNsym862ocnukmSlZemf8OJf8eJBEa+CN/+Nae1BW18IPLwzw2TeIBFcG9f9cnIzs3PzC4tL+eWV1bX1wsbmjY5TxbDKYhGruwA0Ch5h1XAj8C5RCDIQeBt0z4f123tUmsfRteknWJfQjnjIGRhrNQv7SRNLvT16Quk5xUZ24IcKWOa3QUqgvUZlkPmatyVYGjQLRbfsjkSnwRtDkYx12Sx8+q2YpRIjwwRoXfPcxNQzUIYzgYO8n2pMgHWhjTWLEUjU9Wx01YDuWqdFw1jZFxk6cn9PZCC17svAdkowHT1ZG5r/1WqpCY/rGY+S1GDEfhaFqaAmpsOIaIsrZEb0LQBT3P6Vsg7YWIwNMm9D8CZPnoabStmzfHVYPD0bx7FItskOKRGPHJFTckEuSZUw8kCeyAt5dR6dZ+fNef9pzTnjmS3yR87HN04/nbQ=</latexit>
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Statistics Ornstein-Uhlenbeck process

dXt = ��Xtdt+ �dWt

Xt = e��t(X0 + �
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<latexit sha1_base64="nAdBuAT9zWHv83fGytagVcokPWo=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBEEpiQi6kqIILivYNpCGMJlO2qGTCzMnQold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufMH6SCK7Csb6O0sLi0vFJeraytb2xumds7LZVkkrImTUQinYAoJnjMmsBBMCeVjESBYO1gcD2utx+YVDyJ72GYMi8ivZiHnBLQlm/u3biOD9jxczhWI+8EK3yJLeybVatmTYTnwS6gigo1fPOr001oFrEYqCBKubaVgpcTCZwKNqp0MsVSQgekx1yNMYmY8vLJ/SN8qJ0uDhOpXwx44v6eyEmk1DAKdGdEoK9ma2Pzv5qbQXjh5TxOM2AxnS4KM4EhweMwcJdLRkEMNRAqub4V0z6RhIKOrKJDsGe/PA+t05qt+e6sWr8q4iijfXSAjpCNzlEd3aIGaiKKHtEzekVvxpPxYrwbH9PWklHM7KI/Mj5/APqVlB0=</latexit><latexit sha1_base64="nAdBuAT9zWHv83fGytagVcokPWo=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBEEpiQi6kqIILivYNpCGMJlO2qGTCzMnQold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufMH6SCK7Csb6O0sLi0vFJeraytb2xumds7LZVkkrImTUQinYAoJnjMmsBBMCeVjESBYO1gcD2utx+YVDyJ72GYMi8ivZiHnBLQlm/u3biOD9jxczhWI+8EK3yJLeybVatmTYTnwS6gigo1fPOr001oFrEYqCBKubaVgpcTCZwKNqp0MsVSQgekx1yNMYmY8vLJ/SN8qJ0uDhOpXwx44v6eyEmk1DAKdGdEoK9ma2Pzv5qbQXjh5TxOM2AxnS4KM4EhweMwcJdLRkEMNRAqub4V0z6RhIKOrKJDsGe/PA+t05qt+e6sWr8q4iijfXSAjpCNzlEd3aIGaiKKHtEzekVvxpPxYrwbH9PWklHM7KI/Mj5/APqVlB0=</latexit><latexit sha1_base64="nAdBuAT9zWHv83fGytagVcokPWo=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBEEpiQi6kqIILivYNpCGMJlO2qGTCzMnQold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufMH6SCK7Csb6O0sLi0vFJeraytb2xumds7LZVkkrImTUQinYAoJnjMmsBBMCeVjESBYO1gcD2utx+YVDyJ72GYMi8ivZiHnBLQlm/u3biOD9jxczhWI+8EK3yJLeybVatmTYTnwS6gigo1fPOr001oFrEYqCBKubaVgpcTCZwKNqp0MsVSQgekx1yNMYmY8vLJ/SN8qJ0uDhOpXwx44v6eyEmk1DAKdGdEoK9ma2Pzv5qbQXjh5TxOM2AxnS4KM4EhweMwcJdLRkEMNRAqub4V0z6RhIKOrKJDsGe/PA+t05qt+e6sWr8q4iijfXSAjpCNzlEd3aIGaiKKHtEzekVvxpPxYrwbH9PWklHM7KI/Mj5/APqVlB0=</latexit><latexit sha1_base64="nAdBuAT9zWHv83fGytagVcokPWo=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBEEpiQi6kqIILivYNpCGMJlO2qGTCzMnQold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufMH6SCK7Csb6O0sLi0vFJeraytb2xumds7LZVkkrImTUQinYAoJnjMmsBBMCeVjESBYO1gcD2utx+YVDyJ72GYMi8ivZiHnBLQlm/u3biOD9jxczhWI+8EK3yJLeybVatmTYTnwS6gigo1fPOr001oFrEYqCBKubaVgpcTCZwKNqp0MsVSQgekx1yNMYmY8vLJ/SN8qJ0uDhOpXwx44v6eyEmk1DAKdGdEoK9ma2Pzv5qbQXjh5TxOM2AxnS4KM4EhweMwcJdLRkEMNRAqub4V0z6RhIKOrKJDsGe/PA+t05qt+e6sWr8q4iijfXSAjpCNzlEd3aIGaiKKHtEzekVvxpPxYrwbH9PWklHM7KI/Mj5/APqVlB0=</latexit>

Result: E[XtXt+s] = e��(2t+s)(X2
0 + �2 e

2�t � 1

2�
)

<latexit sha1_base64="q7GCZYtdCtP6dYvWQVdIlbHiTV0="></latexit><latexit sha1_base64="q7GCZYtdCtP6dYvWQVdIlbHiTV0="></latexit><latexit sha1_base64="q7GCZYtdCtP6dYvWQVdIlbHiTV0="></latexit><latexit sha1_base64="q7GCZYtdCtP6dYvWQVdIlbHiTV0="></latexit>

E[XtXt+s] !
�2

2�
e��s, t ! 1
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Summary: Ornstein-Uhlenbeck process

dXt = ��Xtdt+ �dWt
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Fokker-Planck equation:  

Stationary density: pstat =

r
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Stationary autocorrelation: E[XtXs] =
�2

�
e��|⌧ |, ⌧ = t� s

x ! ±1 : p ! 0

Stationary spectrum: S(!) =
�2

�2 + !2
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The Red Noise (AR(1)) process

Discrete time: 

Xt = e��t(X0 + �
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tn = n�t ; Xn = Xtn
<latexit sha1_base64="hDP1VRXiA9e49TY3K0ykuCGMnys=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEBAURirpwWcFeoA1hMp22QyeTMHMilFAfwI2v4saFIm7du/NtnKZZaOuBAx//fw4z5w9iwTU4zrdVWFhcWl4prpbW1jc2t+ztnYaOEkVZnUYiUq2AaCa4ZHXgIFgrVoyEgWDNYHg18Zv3TGkeyTsYxcwLSV/yHqcEjOTbB+BLfIEl7lwzAQQDfsDnpluZ3PJT4499u+xUnKzwPLg5lFFeNd/+6nQjmoRMAhVE67brxOClRAGngo1LnUSzmNAh6bO2QUlCpr00u2aMD43Sxb1ImZaAM/X3RkpCrUdhYCZDAgM9603E/7x2Ar0zL+UyToBJOn2olwgMEZ5Eg7tcMQpiZIBQxc1fMR0QRSiYAEsmBHf25HloHFdcw7cn5eplHkcR7aF9dIRcdIqq6AbVUB1R9Iie0St6s56sF+vd+piOFqx8Zxf9KevzB9EGmYI=</latexit><latexit sha1_base64="hDP1VRXiA9e49TY3K0ykuCGMnys=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEBAURirpwWcFeoA1hMp22QyeTMHMilFAfwI2v4saFIm7du/NtnKZZaOuBAx//fw4z5w9iwTU4zrdVWFhcWl4prpbW1jc2t+ztnYaOEkVZnUYiUq2AaCa4ZHXgIFgrVoyEgWDNYHg18Zv3TGkeyTsYxcwLSV/yHqcEjOTbB+BLfIEl7lwzAQQDfsDnpluZ3PJT4499u+xUnKzwPLg5lFFeNd/+6nQjmoRMAhVE67brxOClRAGngo1LnUSzmNAh6bO2QUlCpr00u2aMD43Sxb1ImZaAM/X3RkpCrUdhYCZDAgM9603E/7x2Ar0zL+UyToBJOn2olwgMEZ5Eg7tcMQpiZIBQxc1fMR0QRSiYAEsmBHf25HloHFdcw7cn5eplHkcR7aF9dIRcdIqq6AbVUB1R9Iie0St6s56sF+vd+piOFqx8Zxf9KevzB9EGmYI=</latexit><latexit sha1_base64="hDP1VRXiA9e49TY3K0ykuCGMnys=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEBAURirpwWcFeoA1hMp22QyeTMHMilFAfwI2v4saFIm7du/NtnKZZaOuBAx//fw4z5w9iwTU4zrdVWFhcWl4prpbW1jc2t+ztnYaOEkVZnUYiUq2AaCa4ZHXgIFgrVoyEgWDNYHg18Zv3TGkeyTsYxcwLSV/yHqcEjOTbB+BLfIEl7lwzAQQDfsDnpluZ3PJT4499u+xUnKzwPLg5lFFeNd/+6nQjmoRMAhVE67brxOClRAGngo1LnUSzmNAh6bO2QUlCpr00u2aMD43Sxb1ImZaAM/X3RkpCrUdhYCZDAgM9603E/7x2Ar0zL+UyToBJOn2olwgMEZ5Eg7tcMQpiZIBQxc1fMR0QRSiYAEsmBHf25HloHFdcw7cn5eplHkcR7aF9dIRcdIqq6AbVUB1R9Iie0St6s56sF+vd+piOFqx8Zxf9KevzB9EGmYI=</latexit><latexit sha1_base64="hDP1VRXiA9e49TY3K0ykuCGMnys=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEBAURirpwWcFeoA1hMp22QyeTMHMilFAfwI2v4saFIm7du/NtnKZZaOuBAx//fw4z5w9iwTU4zrdVWFhcWl4prpbW1jc2t+ztnYaOEkVZnUYiUq2AaCa4ZHXgIFgrVoyEgWDNYHg18Zv3TGkeyTsYxcwLSV/yHqcEjOTbB+BLfIEl7lwzAQQDfsDnpluZ3PJT4499u+xUnKzwPLg5lFFeNd/+6nQjmoRMAhVE67brxOClRAGngo1LnUSzmNAh6bO2QUlCpr00u2aMD43Sxb1ImZaAM/X3RkpCrUdhYCZDAgM9603E/7x2Ar0zL+UyToBJOn2olwgMEZ5Eg7tcMQpiZIBQxc1fMR0QRSiYAEsmBHf25HloHFdcw7cn5eplHkcR7aF9dIRcdIqq6AbVUB1R9Iie0St6s56sF+vd+piOFqx8Zxf9KevzB9EGmYI=</latexit>

Xn+1 = ↵Xn + Zn+1

↵ = e���t, Zn = �dWn
<latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="xoe53MG/saflFOzZhXPuvXyh1n8="></latexit><latexit sha1_base64="xoe53MG/saflFOzZhXPuvXyh1n8="></latexit><latexit sha1_base64="eW+N547eMlCk7IUNT5O2pJJM1eA="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit><latexit sha1_base64="VsrJgYMR3aZpdwp2w1wjejKyL8E="></latexit>

↵
<latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit>

can be estimated from the 
autocorrelation of the time series



Red noise representation

The red noise spectrum serves as a null-hypothesis for climate variability!



Question time



Summary: SST variability

The red noise spectrum serves as a null-hypothesis for climate variability!

dXt = ��Xtdt+ �dWtOcean mixed layer temperature:

Continuous: Ornstein-Uhlenbeck process
Discrete: red noise or AR(1) process

Wiener process



End of Lecture 1 


