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Chapter 1

Modelling

Main concepts: In this first chapter we introduce some basic definitions and a series
of model problems of increasing complexity. Keywords are: ODE, IVP, solutions

1.1 Modelling with dynamical systems

Suppose one day you, as a working mathematician, are asked to model the infestation of
a rose farm by aphids, a tiny plant-feeding insect (Fig. 1.1a), and assess the feasibility of
controlling the aphid population by introduction of a natural predator.

Being a mathematician, you decide that you need a mathematical model to describe the
dynamics of the aphid population. Assuming you know nothing at all about population
dynamics and can’t be bothered to go to the library or search the internet, you might start
reasoning as follows: Let N(t) denote the number of aphids in the rose farm at time t.
Although we would generally think of N as taking discrete (integer) values, we make the
modelling assumption that it can be viewed as a continuous variable, taking values on the
(positive) real line N ∈ R. This assumption is reasonable when the number of aphids is
so large that addition or subtraction of a fractional aphid won’t matter. If the average

1



2 CHAPTER 1. MODELLING

Figure 1.1: Prey and predator. a. aphids devouring a rosebud. b. ladybug devouring an
aphid. (source: Wikipedia)

life span of an aphid is, say, ten days, then on the average one-tenth of the population
will die on any given day. Therefore the death rate is linearly proportional to size of the
population: death rate = mN(t), m > 0. The birth rate works the same way. Although we
do not want to delve into the rather exotic reproductive activities of the aphid, suffice it to
say that most aphids are females, able to reproduce asexually, giving birth instead of laying
eggs, and born pregnant. The birth rate is then some average number b of young per aphid
per day: birth rate = bN(t), b > 0. Based purely on considerations of birth rate and death
rate, you could construct a model for the aphid population by setting the rate of change
in population equal to the difference in birth and death rates, dN/dt = bN(t) − mN(t).
This results in the exponential growth/decay model

dN(t)

dt
= rN(t), (1.1)

where r ∈ R is the rate of population increase or decrease, depending on whether there are
more births or deaths. For aphids, all else being equal, the births far outweigh the deaths.

The model (1.1) is an example of a differential equation, and it is to this type of
model—and in particular to its solution on the computer—that this course is devoted.

Formally, a differential equation of the general form

dy

dt
= f(t, y) (1.2)

specifies the relation between an unknown differentiable function y(t) and its derivative
dy/dt. Equation (1.2) is termed an ordinary differential equation (ODE) because it
involves derivatives with respect to a single independent variable (t). This is in contrast
to a partial differential equation, which is one involving derivatives with respect to
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several independent variables, e.g.

∂u

∂t
=
∂u

∂x
or

∂2u

∂x2
+ a(x, y)

∂2u

∂y2
= b(x, y).

For ODEs, time is often the independent variable, which is suggested by the letter t. We
will often use the shorthand notation y′(t) and occasionally ẏ to denote dy/dt.

A solution of the differential equation (1.2) is a differentiable function ỹ(t) that satisfies
the differential equation,

∂ỹ(t)

∂t
= f(t, ỹ(t)),

at least for all t on some interval of interest. For example, for the aphid population model
(1.1), the function

Ñ(t) = cert

is a solution for each constant c ∈ R, since dÑ/dt = cr exp(rt) = rN(t) conform (1.1). We
will usually drop the tilde when there is no chance of confusion.

To determine a unique solution, it is necessary to specify the value of the function at
some point t. An initial value problem combines a differential equation, an initial value,
and an interval

dy

dt
= f(t, y), y(t0) = y0, t ∈ [t0, t0 + T ]. (1.3)

Assuming an initial aphid population N0 at t = 0, the population at any later time t
is N(t) = N0 exp(rt) If r < 0, the death rate exceeds the birth rate and the model
predicts exponential decay of the aphid population. If r > 0 (typical for aphids), the
births outnumber the deaths and the population grows exponentially.

The model (1.1) might be useful to describe the extinction of aphids when treated by
a pesticide that reduces the birth rate, or to describe the initial phase of aphid infestation,
but one would not expect the exponential growth to go unchecked. Limited food resources
will cause an increase in death rate or a decrease in birth rate or both when the aphid
population gets too large. The rose farm can only sustain a certain number of aphids, say
N∗. A more sophisticated attempt is the model

dN

dt
= rN

(
1− N

N∗

)
.

This equation can be normalized by dividing both sides by N∗, and letting n(t) = N(t)/N∗.
In terms of n, this becomes the logistic model

dn

dt
= rn(1− n). (1.4)

We can generally solve any of a wide variety of differential equations of the form

dx

dt
= f(x), x, f : R→ R,
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as follows:
dx

f(x)
= dt,

then ∫
dx

f(x)
= t+ C,

where C is an arbitrary constant. In practice there are some difficulties that can obstruct
this procedure. For example it may be difficult to evaluate the indicated integral. Even
when an antiderivative G(x) for 1/f(x) can be written down, we must solve in some way
the (typically nonlinear) equation

G(x) = t+ C.

However, these problems can often be overcome and the solution computed as accurately
as required at any point.

Let us solve the logistic model (1.4) using a decomposition into partial fractions:

r dt =
dn

n(1− n)

rt+ C =

∫
dn

n(1− n)
=

∫
1

n
+

1

1− n
dn

= lnn− ln(1− n).

Taking the exponential of both sides, and denoting c = expC,

n

1− n
= cert ⇒ n(t) =

cert

1 + cert
.

If n(0) = n0, then c = n0/(1− n0) and the solution can be written

n(t) =
n0e

rt

(1− n0) + n0ert
.

If r > 0 it can be checked that
lim
t→∞

n(t) = 1

for any initial state n0 > 0. That is, the population eventually saturates (N → N∗) for
any initial population. This behavior is shown in the left plot of Figure 1.2.

Next, suppose that in attempt to control the aphid population, a predator is introduced
into the rose farm. One nasty predator is the ladybug (Fig. 1.1b. If you are an aphid, the
ladybug is anything but a symbol of nonviolence!). Normally lady bugs will not bother
eating aphids unless there is sufficient supply. The logistic model can be extended to
incorporate predation by lady bugs as follows:

dn

dt
= rn

(
1− n

s

)
− n2

1 + n2
. (1.5)
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The last term gradually “turns on” ladybug predation as the population n grows greater
than 1. We have re-introduced the saturation level s because there are now two impor-
tant populations levels—the natural saturation level, and the level for which ladybugs get
“interested”. Some solutions of this model are shown in the right plot of Figure 1.2. It
is interesting to note that for s = 20 and either r = 0.1 or r = 0.6, the aphid popula-
tion eventually tends to a constant value, independent of the initial population. This is
similar to the case of the logistic equation without predation (1.4). For the case s = 20,
r = 0.25, however, the final aphid population depends on the starting population. For a
starting population of about n0 < 5, the aphids settle down to a low level of about n = 0.5,
whereas for a starting population of n0 > 5, the aphid population eventually stabilizes at
a relatively high level of around n = 14.5. Such a change in the quality of solutions with
a change in parameter values is called bifurcation.

0 5 10 15 20 25 30 35 40
0

0.5

1

1.5

t

n

Logistic model, r = 0.25

0 10 20 30 40 50 60
0

2

4

6

8

10

12

14

16

18

20

t

n
Logistic model with predation, s=20, r = {0.1, 0.25, 0.6}

Figure 1.2: Solutions of the logistic model. On the left, solutions of (1.4) with r = 0.25 for
different initial conditions. On the right, with predation (1.5), s = 20 and r = 0.6 (green),
r = 0.25 (black), and r = 0.1 (red). For r = 0.25, there are two steady states, depending
on the initial condition

This model is still rather crude, because it assumes an endless supply of ladybugs. An
alternative model might consider an isolated system of aphids and ladybugs, and model
the populations of both. Let p(t) denote the (normalized) population of ladybugs. In
the absence of aphids, the ladybugs would die out exponentially: dp/dt = −mp for some
m > 0. But with an increasing number of aphids, the ladybugs will flourish, so the ladybug
population should satisfy

dp

dt
= anp−mp

for positive constants a and m. Similarly, in the absence of ladybugs, the aphid population
would grow exponentially (at least until they saturate the environment). And their death
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rate should increase proportional to the number of predators, so

dn

dt
= bn− cnp,

for positive constants b and c. It is possible to rescale these equations such that only one
constant remains, and the result is the Lotka-Volterra predator-prey model

dn

dt
= rn(1− p) (1.6a)

dp

dt
= p(n− 1), (1.6b)

where r > 0.

The Lotka-Volterra model is an example of a set of two coupled ordinary differential
equations. More generally one may have a system of d differential equations:

dy(1)

dt
= f (1)

(
t, y(1), y(2), . . . , y(d)

)
(1.7)

dy(2)

dt
= f (2)

(
t, y(1), y(2), . . . , y(d)

)
(1.8)

... (1.9)

dy(d)

dt
= f (d)

(
t, y(1), y(2), . . . , y(d)

)
(1.10)

(1.11)

When dealing with systems of differential equations, it is convenient to use vector notation.
Let y(t) : R → Rd denote the vector with components y(1)(t), . . . , y(d)(t) and f(t, y) :
R× Rd → Rd denote the vector with components f (1)(t, y), . . . f (d)(t, y), i.e.

y(t) =
(
y(1)(t), · · · , y(d)(t)

)T
, f(t, y(t)) =

(
f (1)(t, y), · · · , f (d)(t, y)

)T
.

Then the system of differential equations above can be written using the same notation as
(1.2), and the same goes for the initial value problem (1.3), where it is understood that
the initial condition y0 is now a vector in Rd. The special case d = 1 is referred to as a
scalar differential equation. Scalar differential equations are special because they can often
be solved in quadratures. In this text we will often consider systems with small dimension
d, say d < 10. However, many real applications have very large dimensions: millions of
variables are not uncommon. It is important to keep this in mind when one is designing
numerical methods.

The reproduction rate of aphids is actually not constant, as suggested by the constant
parameter r in the above models. In fact aphid reproduction depends on temperature.
One way to incorporate the effects of a typical yearly temperature variation is to allow r to
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depend explicitly on time. For example, the logistic model with predation (1.5) and time
dependent reproduction becomes

dn

dt
= r(t)n

(
1− n

s

)
− n2

1 + n2
, (1.12)

where r(t) is a specified function, say r(t) = r0(cos εt + c0). A system of differential
equations for which f(t, y) can be written as a function of y only is an autonomous
differential equation

dy

dt
= f(y), y, f ∈ Rd. (1.13)

It is useful to observe that autonomous differential equations are invariant under a trans-
lation of time. That means that if we define τ = t− t0, then dt/dτ = 1, and

dy

dτ
=
dy

dt

dt

dτ
=
dy

dt
.

so the initial value problem dy/dt = f(y), y(t0) = y0 can be replaced by dy/dτ = f(y),
y(0) = y0. Thus without loss of generality we can take the initial value of time to be t = 0,
as long as the system is autonomous.

For notational convenience, it is sometimes useful to write a nonautonomous ODE (i.e.
one with explicit dependence on t) as an autonomous one. This is always possible by
increasing the dimension d by one. We define y(d+1) ≡ t and introduce a new independent
variable s such that dt/ds = 1 and t(0) = t0. The system (1.7)–(1.10) becomes

dy(1)

ds
= f (1)

(
y(d+1), y(1), y(2), . . . , y(d)

)
...

dy(d)

ds
= f (d)

(
y(d+1), y(1), y(2), . . . , y(d)

)
dy(d+1)

ds
= 1

where the independent variable s no longer appears explicitly on the right side.

From a modelling point of view, nonautonomous terms (such as r(t) in the example
above) can often be avoided by extending the system considered. For example instead of
defining an explicit function r(t), we could couple our predation model to a climate predic-
tion model in which the average temperature r appears as dependent variable. Typically
such a climate model will have additional variables as well, and the coupled system may
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look like

dx

dt
= f(x, r)

dr

dt
= g(x, r)

dn

dt
= rn

(
1− n

s

)
− n2

1 + n2
,

where r and n are scalars and x ∈ Rd.1 On the other hand, an accurate climate model
may have d = 109, so this approach could constitute overkill.

1.2 References

For a thorough introduction to mathematical modelling and population dynamics in eco-
logical systems, see Chapters 1–3 of

James D. Murray, Mathematical Biology I: An Introduction, Third edition, In-
terdisciplinary Applied Mathematics series, Springer, 2002.

1.3 Exercises

1. Consider (1.12) and suppose the aphid reproduction rate is given by

r(t) = r0(cos εt+ c).

Write a Matlab function to implement the differential equation (see the example
function lv.m for the Lotka-Volterra model). Solve this with the Matlab toolbox
function ode23 for r0 = 0.32, c0 = 1, ε = 2π/40, s = 20. On the same axes, plot the
solutions on the interval t ∈ [0, 160] for initial aphid populations of n = 1, n = 2,
n = 3 and n = 10. Describe what you see. What can you conclude about the
numerical solution? about the model? about the phenomenon being modelled? (Use
the Matlab help utility to learn about ode23. You can use the default tolerances.)

1The influence of our aphid population on the climate has been neglected, as indicated by the absence
of n dependence in f and g.



Chapter 2

Simulation

Main concepts: In this first chapter we introduce numerical integrators and time step-
ping. Keywords are: Euler’s method, trapezoidal rule, Matlab code

2.1 Computational modelling

A solution to a differential equation may exhibit very complex behavior, as we will see
later. The complexity increases with the dimension d, and problems becomes more and
more difficult to treat by purely analytical means. Instead, in this course we will discuss
the approximation of solutions of differential equations on a computer.

The most fundamental property of the numerical approximation is that it must be
computable in a finite number of operations (unless you are willing to wait an eternity for
the solution). The process of replacing the continuous solution by a finite one is called
discretization.

To do so, we replace the interval D = [t0, t0 +T ] by a finite number N of discrete times
tn = t0 + nh, n = 0, 1, . . . , N , where h = T/N is the step size. Similarly, we replace the
continuous solution y(t) on D with the numerical solution yn ≈ y(tn), n = 0, 1, . . . , N . The
yn can be thought of as snapshots of the system state at the discrete times, and the sequence
{y0, y1, . . . , yN} as a movie. Finally, we need a procedure to generate the yn for n > 0 (y0 is
the given initial condition). In this course, we will consider methods that approximate yn+1

recursively given yn, h, and the explicit form of f(y). Such methods are termed one-step
methods to distinguish them from multistep methods which use information from several
preceding time steps. A time-stepping procedure is referred to as a numerical integratoror
scheme.

There are several approaches to the construction of integrators. The simplest and
oldest method is based on the rectangle rule for approximation of an integral. Consider
the special case of (1.2) with f(t, y) = f(t) (f is independent of y). The rectangle rule is
just yn+1 = yn+hf(tn). Generalizing this to y-dependent problems is straightforward, and

9
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results in Euler’s method
yn+1 = yn + hf(tn, yn). (2.1)

Euler’s method can be interpreted in several other ways: (1) as the direct extrapolation of
the local slope through (tn, yn), (2) as the single term truncation of a Taylor expansion, or
(3) as a finite difference. For the last case, consider the definition of the derivative:

dy

dt
= lim

h→0

y(t+ h)− y(t)

h
= f(t, y),

and to approximate, simply do not take the limit. Different interpretations can be used to
generalize Euler’s method and construct other methods. We will see some of these in later
chapters.

To program this method, we write a loop and compute the successive iterates as follows:

Algorithm 2.1.1 (Euler’s Method) Given: initial time t0, initial value y0, stepsize h,
a vector field f , and a number of time steps N ,
Output: y1, y2, . . . , yN approximating the solution of dy

dt
= f(y, t) at equally spaced points

t1 := t0 + h, t2 = t0 + 2h, . . ..
for n = 0, 1, . . . , N − 1

tn+1 := t0 + nh;
yn+1 := yn + hf(yn, tn);

end �

Let us apply Euler’s method to solve the Lotka-Volterra model (1.6) with r = 2. Take
the initial value to be (n, p) = (0.5, 0.5). The relationship between predators and prey is
shown in Figure 2.1. This figure is troublesome because it appears to show a trajectory
which spirals out, which seems to suggest a problem with the model (if this trend continues,
both populations may grow unbounded, which is not the kind of behavior we would expect
from an isolated ecological system.) The cause of this behavior becomes more clear if we
consider the effect of decreasing the stepsize, as shown in the right panel of Figure 2.1,
where stepsizes h = 0.1, h = 0.01 and h = 0.001 are compared. Evidently the growth of
the solution is in fact a consequence of growing solution error. A solution with a small
stepsize of h = 0.001 appears to close up, suggesting the correct trajectory is a periodic
orbit.

This obviously raises a very serious question. Since many studies of dynamical systems
now rely heavily on computer experiments, there is a serious risk of drawing completely
wrong conclusions, when the numerical dynamics and the true continuous dynamics are
doing different things. A goal of this course is to understand what sort of properties a
numerical method should have so that we can trust the computed results.

2.2 Trapezoidal rule

Before concluding this chapter with some example codes in Matlab, we introduce a second
numerical method. From elementary calculus, you may remember that a better approxima-
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Figure 2.1: The locus curve of predators and prey for the Lotka-Volterra model, left with
h = 0.1 and right, with h = 0.1 (100 steps), h = 0.01 (1000 steps) and h = 0.001 (10000
steps).

tion than the rectangle rule is the trapezoidal rule. Again consider the equation dy
dt

= f(t).
The trapezoidal rule approximation is yn+1 = yn + h

2
(f(tn+1) + f(tn)). Generalizing to the

ODE (1.2), the trapezoidal rule is

yn+1 = yn +
h

2
(f(tn, yn) + f(tn+1, yn+1)) . (2.2)

Notice that this method is of a character very different from Euler’s method. It is not
possible to evaluate the last term in the equation without knowing yn+1, and it is not
possible to compute yn+1 without evaluating this term. The trapezoidal rule defines yn+1

implicitly as function of yn. In other words, we must solve the typically nonlinear system
of algebraic equations

0 = r(y) := y − yn +
h

2
(f(tn, yn) + f(tn+1, y)) (2.3)

for y to determine yn+1. Such methods are termed implicit methods, and generally demand
much more work from the computer per time step than an explicit method such as Euler’s
method. Methods for solving systems of algebraic equations are covered in an appendix
to these notes. Obviously an implicit method must be significantly advantageous in some
other sense to justify its increased computational cost. We will say more about this in later
chapters. Also, it is uncertain if (2.3) will have any real solutions, and if so, how many. For
h = 0, there is the unique solution y = yn, and for h small enough, the implicit function
theorem assures us there is a unique solution. For larger h, uniqueness and existence are
not guaranteed.
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2.3 Matlab Code

The following m-file computes the value of the vector field of the Lotka-Volterra model
(1.6) at a given point.
lv.m

function yprime = lv(t,y)

% lotka volterra vector field

r=2; %coefficient

yprime =[0;0]; %creates a column vector with two elements

yprime(1) = r*y(1)*(1 - y(2));

yprime(2) = y(2)*(y(1) - 1);

The following m-file implements Euler’s Method.
euler.m

function [ylist,tlist] = euler(y0, t0, m, vf, h, N)

% solves dy/dt = f(y,t) in R^m starting from y(t0)=y0, using N steps of size h

% the initial condition should be an m-dimensional column vector

% vf(y,t) should evaluate the vector field f at the point (y,t)

% results are returned in tlist and ylist, the latter in the form of a matrix, each

% of whose columns represent the numerical solution at a timestep

tlist = zeros(1,N+1);

ylist = zeros(m, N+1);

tlist(1) = t0;

ylist(:,1) = y0;

for nn=1:N,

tlist(nn+1) = t0 + nn*h;

ylist(:,nn+1) = ylist(:,nn) + h*feval(vf, tlist(:,nn), ylist(:,nn));

end

A typical run would be performed and plotted as follows.

>> t0 = 0; y0=[0.5; 0.5];

>> [ylist,tlist] = euler(y0,t0,2,’lv’,0.1,100);

>> plot(tlist,ylist,’o-’);



Chapter 3

Solutions

Main concepts: In this chapter we discuss the well-posedness of initial value problems and
the convergence of Euler’s method. Keywords are: norms, Lipschitz continuity, convergence
of Euler’s method, existence and uniqueness

To illustrate the subject of this chapter, we consider two scalar initial value problems
for which the solution can be obtained explicitly. These are purely concocted problems,
not related to any specific model.

3.1 Illustrative examples

The first example looks innocent enough:

y′ = −2
√

1− y, y(0) = 1. (3.1)

You can check that the solution

y(t) = 1− t2,

is valid for all t. However, if you try the constant solution

y(t) ≡ 1,

you will see that this function also satisfies the differential equation and initial condition,
and is also valid for all t. This shows that the initial value problem (3.1) has no unique
solution. If we attempt to integrate (3.1) using Euler’s method with step size h, we obtain
the iterates

y1 = y0 + h · (−2)
√

1− y0 = 1

y2 = y1 + h · (−2)
√

1− y1 = 1

...

13
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The trapezoidal rule, on the other hand, yields for the first time step

y1 = y0 +
h

2
(−2)

(√
1− y0 +

√
1− y1

)
= 1− h

√
1− y1.

One can check that the solutions to this nonlinear equation are y1 = 1 and y1 = 1 − h2.
This means that the trapezoidal rule will give a solution without error, but the solution
chosen will depend on how one solves the nonlinear equation.

Our second example is the initial value problem

y′ = y2, y(0) = y0. (3.2)

This differential equation has the trivial solution y ≡ 0 for y0 = 0. For y0 6= 0, you can
directly solve this equation to obtain

y(t) =
1

1
y0
− t

.

If y0 < 0, the solution exists for all (positive) time. However, for any y0 > 0, we have

lim
t→1/y0

y(t) =∞,

so the solution ceases to exist at time 1/y0. What happens if you integrate (3.2) with
Euler’s method? The sequence

yn+1 = yn + hy2
n

is well defined for any yn ∈ R. Therefore the numerical solution will exist for all t inde-
pendent of y0! For trapezoidal rule one obtains the quadratic equation

yn+1 = yn +
h

2
(y2
n + y2

n+1).

You can check that this equation has real roots so long as

hyn <
√

2− 1 ≈ 0.4.

For y0 negative the numerical solution always exists. For y0 positive, the numerical solution
grows in magnitude until this condition is no longer satisfied. This is reminiscent of the
behavior of the exact solution. (Another possibility is to continually reduce the stepsize h
such that the condition above is satisfied for each step. One will then find that there is
some time t∗ > 0 which the numerical solution will never reach.)

These examples illustrate the issues of existence and uniqueness of solutions of dif-
ferential equations, and of numerical solutions. A related issue is the convergence of the
numerical solution to that of the differential equation, when a unique solution to the latter
exists. We will tackle all of these questions at once, using the following plan:



3.2. NORMS, GRONWALL LEMMAS, LIPSCHITZ CONTINUITY 15

1. First we will show that, under appropriate assumptions on the function f , the nu-
merical solution of Euler’s method for the initial value problem (1.3) converges to a
continuous function Y (t) on [t0, t0 + T ] in the limit h→ 0.

2. Next we will show that Y (t) is a solution to the initial value problem (1.3) on [t0, t0 +
T ].

3. Finally we will show that Y (t) is the unique solution of (1.3).

This proof is based on the original existence and uniqueness proof of Cauchy, who also
used Euler’s method. It is somehow satisfying to appreciate that this fundamental result
in analysis is grounded in a numerical method.

We begin the analysis with some background concepts.

3.2 Norms, Gronwall lemmas, Lipschitz continuity

Recall that a norm on a vector space V ⊆ Cd is a function ‖ · ‖ : V → R that satisfies, for
all y, x ∈ V , a ∈ C,

1. ‖y‖ ≥ 0, with equality holding only if y = 0,

2. ‖ay‖ = |a|‖y‖,

3. ‖y + x‖ ≤ ‖y‖+ ‖x‖.

The most common examples are the 2-norm ‖y‖2 = (y∗y)1/2 and the maximum norm
‖y‖∞ = maxi=1,...,d |y(i)|.

On a finite dimensional vector space all norms are equivalent in the sense that if ‖ · ‖
and ||| · ||| are any two norms, there exist positive constants c and C such that for all y ∈ V ,

c‖y‖ ≤ |||y||| ≤ C‖y‖.

For a given vector norm ‖ · ‖ there is an associated matrix norm on Cd×d defined by

‖A‖ := max
‖y‖=1

‖Ay‖.

Matrix norms on Cd×d are also all equivalent.
Consider an open, convex set D ⊆ R × Rd. A vector field f(t, y) : D → Rd is said to

satisfy a Lipschitz condition on D if there exists a constant L > 0 such that

‖f(t, y)− f(t, x)‖ ≤ L‖y − x‖, ∀(t, x), (t, y) ∈ D

We also say that f is Lipschitz continuous on D, and call L the Lipschitz constant.
Lipschitz continuity implies uniform continuity, but is a weaker property than con-

tinuous differentiability. Therefore, if f is continuously differentiable, it is also Lipschitz
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continuous. Intuitively, the Lipschitz constant L is a bound on how much the function f
can change along a path from x to y. In the scalar (d = 1), autonomous case one has

|f(y)− f(x)| ≤ L|y − x| ⇐⇒
∣∣∣∣f(y)− f(x)

y − x

∣∣∣∣ < L

from which it is obvious that if f(y) satisfies a Lipschitz condition then L places an upper
bound on the derivative of f(y). If f(t, y) is differentiable on a compact set D ⊂ R× Rd,
then we can take L to be the maximum value obtained by the norm of the Jacobian of f
on D:

L = max
(t,y)∈D

‖∂f
∂y

(t, y)‖ <∞. (3.3)

(For d = 1, the proof of this statement is by contradiction, using the mean value theorem.)
Next, consider the following

Lemma 3.2.1 (Gronwall Lemma) Let the following differential inequality hold for the
scalar function z(t) : R→ R:

dz

dt
≤ az + b, z(0) = z0 > 0

for a > 0 and b constants. Then

z(t) ≤ eatz0 + a−1(eat − 1)b. (3.4)

If a = 0, z(t) ≤ z0 + bt

Proof Bear in mind that if f(t) > g(t) holds on some interval [t0, t1], then f(t) − g(t) is
positive on that interval, and therefore∫ t1

t0

f(t)− g(t) dt =

∫ t1

t0

f(t) dt−
∫ t1

t0

g(t) dt

is also positive. The proof of (3.2.1) is

dz

dt
− az ≤ b

e−at
dz

dt
− ae−atz ≤ e−atb

d

dt

(
e−atz(t)

)
≤ e−atb∫ τ

0

d

dt

(
e−atz(t)

)
dt ≤

∫ τ

0

e−atb dt

e−aτz(τ)− z(0) ≤ a−1(1− e−aτ )b
z(τ) ≤ eaτz0 + a−1(eaτ − 1)b.

The case a = 0 is obvious. �
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A similar lemma holds for discrete series:

Lemma 3.2.2 (Discrete Gronwall Lemma) Let a positive sequence {zn}Nn=0 satisfy

zn+1 ≤ azn + b, ∀n = 0, . . . , N − 1

for some constants a and b with a > 0. Then for a 6= 1

zn ≤ anz0 +
b

a− 1
(an − 1), ∀n = 0, . . . , N,

and for a = 1
zn ≤ nb+ z0, ∀n = 0, . . . , N.

Proof The proof is by induction with the case a = 1 obvious. Take a 6= 1. The result
holds for n = 0. Assume it is true for n = k. Then

zk+1 ≤ azk + b ≤ ab

a− 1
(ak − 1) + ak+1z0 + b =

b

a− 1
(ak+1 − 1) + ak+1z0.

�

Lemma 3.2.1 can be used to bound the divergence of two solutions of a differential
equation with Lipshitz continuous f . Suppose y(t) and z(t) satisfy

y′(t) = f(t, y(t)), y(0) = y0, t ∈ [t0, t0 + T ]

z′(t) = f(t, z(t)), z(0) = z0, t ∈ [t0, t0 + T ]

Define e(t) = ‖y(t)− z(t)‖. Then

e′(t) = ‖y′(t)− z′(t)‖ ≤ ‖f(t, y)− f(t, z)‖ ≤ L‖y(t)− z(t)‖ = Le(t),

and Lemma 3.2.1 tells us that these solutions diverge by at most

‖y(t)− z(t)‖ ≤ eLt‖y0 − z0‖ (3.5)

so long as y(t) and z(t) remain in D.
Similarly, Lemma 3.2.2 can be used to bound the divergence of two numerical solutions.

Consider Euler’s method applied with stepsize h = T/N to (1.3) with initial conditions y0

and z0

yn+1 = yn + hf(tn, yn)

zn+1 = zn + hf(tn, zn).

Subtracting and applying the triangle inequality:

yn+1 − zn+1 = yn − zn + h(f(tn, yn)− f(tn, zn))

‖yn+1 − zn+1‖ ≤ (1 + hL)‖yn − zn‖ ≤ (1 + hL)n‖y0 − z0‖ ≤ enhL‖y0 − z0‖ (3.6)
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3.3 Convergence of Euler’s method, existence and unique-

ness

The proof in this section is an adaptation of that of Hairer, Nørsett and Wanner. See the
references at the end of the chapter.

Introduce the shorthand notation fn ≡ f(tn, yn). For a given integer N > 0, let yn,
n = 0, . . . , N, denote the iterates of Euler’s method applied to the initial value problem
(1.3) with step size h = T/N . Then the continuation of the Euler iterates is defined by
the piecewise linear function

yN(t) = yn +
t− tn
h

(yn+1 − yn) = yn + (t− tn)fn, tn ≤ t ≤ tn+1.

In the rest of this chapter we will consider the cylinder

D = {(t, y) ∈ R× Rd : t0 ≤ t ≤ t0 + T, ‖y − y0‖ ≤M}, (3.7)

associated with the IVP (1.3). We assume the vector field f(t, y) is Lipschitz with constant
L on D. Under this condition we will show that the IVP has a unique solution on D and
that Euler’s method converges to this solution. However, the result holds for any domain
upon which f is Lipschitz, and which can be covered by a finite number of such cylinders
(for the autonomous case, see Figure 3.1).

In light of what we have said before, it follows from the theorems below that for any
continuously differentiable function f , the associated initial value problem has a unique
solution on the closure of any bounded open set. If f is Lipschitz on the whole of Rd ×R,
then we say it is globally Lipschitz, and a unique soluiton exists everywhere.

First, since f is Lipschitz on D, it is continuous. Let A = sup(t,y)∈D ‖f(t, y)‖. Choose
T ≤ M/A. Then from Lemma 3.2.1 for any N , the Euler iterates (tn, yn) remain in D for
all n = 0, 1, . . . , N ; see Figure 3.2.

Lemma 3.3.1 If f is Lipschitz with constant L on D, and there exists ε such that ‖f(t0, y0)−
f(t, y)‖ ≤ ε on D, then ‖yN(t)− (y0 + (t− t0)f(t0, y0)) ‖ ≤ ε(t− t0).

Proof Fix t < T and let n be the largest integer such that tn < t. Then

yN(t)− yn = (t− tn)fn

yn − yn−1 = hfn−1

...

y1 − y0 = hf0

Summing these up and subtracting (t− t0)f0 ≡ (t− tn)f0 + hf0 + · · ·+ hf0 gives

yN(t)− y0 − (t− t0)f0 = (t− tn)(fn − f0) + h(fn−1 − f0) + · · ·+ h(f0 − f0).
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Figure 3.1: Covering of connected open set by compact rectangular sets D (3.7).

Applying the triangle rule and the given bound on f yields

‖yN(t)− (y0 + (t− t0)f0)‖ ≤ ε(t− t0). (3.8)

�

Theorem 3.3.1 If f is Lipschitz with constant L on D, then the continuation of the Euler
iterates converges to a continuous function Y (t), i.e. limN→∞ yN(t) = Y (t).

Proof Since f(t, y) is Lipschitz, it is uniformly continuous on D. Therefore, for every ε > 0
there exists δ > 0 such that |t− t∗| ≤ δ and ‖y− y∗‖ ≤ Aδ imply ‖f(t, y)− f(t∗, y∗)‖ ≤ ε.
Choose N large enough that h = T/N ≤ δ.

Suppose we replace the first Euler step of size h with two steps of size h/2. Denote the
resulting piecewise linear continuation function by yN,1(t) (i.e. this function is piecewise
linear with discontinous first derivative at h/2, h, 2h, . . . ). The result (3.8) gives ‖yN(t1)−
yN,1(t1)‖ ≤ εh. The rest of the interval is just two Euler processes with different initial
conditions, so we can use (3.6) to get

‖yN(t)− yN,1(t)‖ ≤ eL(t−t1)εh, t1 ≤ t ≤ t0 + T.

(Alghough strictly speaking (3.6) gives the divergence at the discrete times, our linear
interpolation ensures the above formula holds at the intermediate times as well.)

Next, refine the second interval: [t1, t2] by again taking two steps of size h/2. Denote
the resulting continuation function (i.e., starting with 4 steps of size h/2, followed by steps
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of size h) by yN,2(t). Note that yN,1(t) and yN,2(t) are identical on [t0, t1]. Applying (3.8)
again yields ‖yN,1(t2)− yN,2(t2)‖ ≤ εh. On the rest of the interval we have, due to (3.6),

‖yN,1(t)− yN,2(t)‖ ≤ eL(t−t2)εh, t2 ≤ t ≤ t0 + T.

We continue in this way, refining each subsequent interval until we arrive at a solution
obtained by 2N steps of size h/2, which is denoted y2N(t), and the bound, valid on the
interval tn ≤ t ≤ tn+1,

‖y2N(t)− yN(t)‖ ≤ ε
(
heL(t−t1) + heL(t−t2) + · · ·+ heL(t−tn) + (t− tn)

)
≤ ε

∫ t

t0

eL(t−s) ds =
ε

L

(
eL(t−t0) − 1

)
, (3.9)

where the last inequality is illustrated in Figure 3.3. Since ε can be made arbitrarily small,
the sequence yN(t), y2N(t), . . . converges uniformly to a continuous function Y (t). �

Theorem 3.3.2 Under the conditions of Theorem 3.3.1, the function Y (t) is the unique
solution of the initial value problem (1.3) on D.

Proof To show existence, define

ε(δ) = sup {‖f(t, y)− f(t∗, y∗)‖ : |t− t∗| ≤ δ, ‖y − y∗‖ ≤ Aδ; (t, y), (t∗, y∗) ∈ D} .

Then for a given N we have, from item 3 above,

‖yN(t+ δ)− yN(t)− δf(t, yN(t))‖ ≤ ε(δ)δ.

Taking the limit N →∞ we get

‖Y (t+ δ)− Y (t)− δf(t, Y (t))‖ ≤ ε(δ)δ.

Since ε(δ)→ 0 for δ → 0, Y is differentiable and satisfies Y ′(t) = f(t, Y (t)).
To show uniqueness, suppose Z(t) is a second solution to the initial value problem on

D, and denote by y
(n)
N (t) the piecewise linear continuation of an Euler method: applied to

the initial value problem (1.2) on [tn, t0 +T ] with initial condition Z(tn) (there are N such
functions). Since

Z(t) = Z(tn) +

∫ t

tn

f(s, Z(s)) ds

it follows that
‖Z(t)− y(n)

N (t)‖ ≤ ε|t− tn|, tn ≤ t ≤ tn+1.

Using the same reasoning as for part 4 it follows that

‖Z(t)− yN(t)‖ ≤ ε

L

(
eL(t−t0) − 1

)
.

In the limits N →∞ and ε→ 0, this gives Z(t)→ Y (t). �



3.4. REFERENCES 21

y0

t 0 0t   + T

y(t)M

D

A

1

Figure 3.2: A solution with slope bounded by A cannot leave D in time T ≤M/A.
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Figure 3.3: The right hand rectangle rule applied to a decreasing function (3.9).

3.4 References

The analysis in this chapter is adapted from Cauchy’s proof as presented in

E. Hairer, S.P. Nørsett & G. Wanner, Solving Ordinary Differential Equations
I: Nonstiff Problems, 2nd Ed., Springer, 1993.

3.5 Exercises

1. Discuss the two example problems at the beginning of this Chapter in light of the
theory of the last section. In what way do the examples fail to meet the prerequisites
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for the theorem. Which of the conclusions of the theorem fail as a result.

2. There are other existence and uniqueness proofs for differential equations. Suppose
that you are given the fact that (1.3) with Lipschitz f has a unique solution Y (t)
on D. Can you construct an easier convergence proof for Euler’s method. (Hint:
use Taylor’s theorem applied to Y (t), define the error iterates en = Y (tn) − yn,
n = 0, . . . , N , and show that ‖en‖ ≤ Ch and therefore,

lim
N→0
‖en‖ = 0.

3. Choose one of the models in Chapter 1 and use Theorem 3.3.2 to discuss exis-
tence/uniqueness of solutions for your model.



Chapter 4

The Matrix Exponential

Main concepts: In this chapter we solve systems of linear differential equations, introduc-
ing the matrix exponential and related functions, and the variation of constants formula.

In general it is possible to exactly solve systems of linear differential equations with
constant coefficients using the variation of constant forumula. Because linear systems
are of both theoretical and practical importance, will delve into this in some detail. Some
numerical techniques for nonlinear problems that we will encounter later require integrating
linear systems exactly. To begin, we derive the solution in the scalar case.

4.1 The general scalar, linear equation in the complex

plane.

Consider the linear, scalar ODE with constant coefficients in C

ẋ = λx+ c, (4.1)

λ, c ∈ C, x(t) : R→ C.
We solve this equations as follows:

(ẋ(s)− λx(s)) e−λs = ce−λs,

d

dt

(
x(s)e−λs

)
= ce−λs,∫ t

0

x(s)e−λs ds = c

∫ t

0

e−λs ds,

x(t)e−λt − x(0) = − c
λ

(e−λt − 1),

yielding

x(t) = eλtx(0) +
1

λ
(eλt − 1)c. (4.2)

23
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4.2 Systems of linear ODEs

Next we consider linear differential equations of the form

ẏ = Ay + b (4.3)

where y(t) : R→ Cd, A ∈ Cd×d, b ∈ Cd.

4.2.1 Diagonalizable systems

First, let us suppose that the eigenvectors of A span Cd. Thus, there are d linearly inde-
pendent eigenvectors zi ∈ Cd, i = 1, . . . , d, and corresponding eigenvalues λi ∈ C satisfying

Azi = λizi, i = 1, . . . , d (4.4)

We can construct a square matrix Z whose columns are the zi:

Z = [z1| . . . |zd]

and, since the zi are linearly independent, Z is invertible. Let Λ = diag(λ1, . . . , λd) be the
diagonal matrix with the ordered eigenvalues on the diagonal. Equation (4.4) is equivalent
to

AZ = ZΛ,

from which is follows from the invertibility of Z that

A = ZΛZ−1.

Inserting this into (4.3) gives

ẏ = ZΛZ−1y + b.

Next let us introduce the transformation x(t) = Z−1y(t), c = Z−1b. The equation above
transforms to

ẋ = Λx+ c.

However, since Λ is diagonal, the above differential equation can be written as the folowing
system of decoupled scalar equations

ẋ(i) = λix
(i) + c(i), i = 1, . . . , d.

These are of the form (4.1) and so we can make use of the exact solution (4.2) to determine
x(i)(t). Given the time evolution of the x(i) we can then reconstruct the solution from the
relation y(t) = Zx(t).

The case for general A is not much more difficult. But we need some background on
the matrix exponential function first.
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4.2.2 The matrix exponential

The exponential of a square matrix A ∈ Cd×d is defined as

expA :=
∞∑
k=0

1

k!
Ak, (4.5)

where A0 = I, the identity matrix on Cd.
The series in (4.5) converges for any matrix A. To see this, let M > 0 satisfy

|Aij| ≤M, i, j = 1, . . . , d.

Note that for all i, j,
|(A2)ij| ≤ dM2

and in fact
|(Ak)ij| ≤ dk−1Mk ≤ (dM)k

It follows that

| expAij| ≤
∞∑
k=0

(dM)k = edM <∞.

We also use the notation eA for expA.
You can check that the matrix exponential satisfies the following properties:

• Commutativity with A: AetA = etAA

• For any A, eA is nonsingular and (eA)−1 = e−A.

• For t ∈ R, d
dt
etA = AetA.

4.2.3 Variation of constants formula

Now we return to (4.3). Equipped with the matrix exponential, we basically construct the
solution as in the scalar case. We can also handle the case of time dependent b = b(t)

(ẏ − Ay)e−As = e−Asb,

d

dt
(e−Asy) = e−Asb,∫ t

0

d

dt
(e−Asy) ds = (

∫ t

0

e−Asb(s) ds),

e−Aty(t)− y(0) = (

∫ t

0

e−Asb(s) ds),

resulting in the variation of constants formula

y(t) = eAty(0) + (

∫ t

0

e(t−s)Ab(s) ds) (4.6)
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When b is constant, this simplifies to

y(t) = eAty(0) + tθ(At)b, (4.7)

where for invertible A and t 6= 0 the function θ(At) can be written

θ(At) = (At)−1(eAt − I)

For singular A, θ is given by the series expansion

θ(A) =
∞∑
k=0

1

(k + 1)!
Ak.

You can check that this series also converges for any matrix A.
Example. We calculate exp(At) for the matrix

A =

[
0 ω
−ω 0

]
.

The eigenvectors of A are z1 = (1, 1)T , z2 = (1,−1)T , with corresponding eigenvalues
λ1 = iω, λ2 = −iω. Thus,

Z =

[
1 1
1 −1

]
, Z−1 =

[
1
2

1
2

1
2
−1

2

]
,

and Λ = diag{iω,−iω}. We compute

exp(At) = exp(ZΛZ−1t) = Z exp(Λt)Z−1

[
1 1
1 −1

] [
cosωt+ i sinωt 0

0 cosωt− i sinωt

] [
1
2

1
2

1
2
−1

2

]
, or

exp(At) =

[
cosωt sinωt
− sinωt cosωt

]
(4.8)

Exercise. Consider the system(
dq
dt
dp
dt

)
=

[
0 1
−k2 0

](
q
p

)
= A

(
q
p

)
.

Show that the exponential of A in this example is

exp tA =

[
cos kt k−1 sin kt
−k sin kt cos kt

]
. (4.9)

4.3 Computing the exponential of a matrix

Scaled and squared Padé approximation, exercise caution, counterexample . . .



Chapter 5

Flow Maps and Dynamical Systems

Main concepts: In this chapter we introduce the concepts of continuous and discrete
dynamical systems on phase space. Keywords are: classical mechanics, phase space, vector
field, linear systems, flow maps, dynamical systems

Figure 5.1: A solar system is well modelled by classical mechanics. (source: Wikimedia
Commons)

In Chapter 1 we encountered a variety of ODEs in one or several variables. Only in
a few cases could we write out the solution in a simple closed form. In most cases, the
solutions will only be obtainable in some approximate sense, either from an asymptotic
expansion or a numerical computation. Yet, as discussed in Chapter 3, many smooth
systems of differential equations are known to have solutions, even globally defined ones,

27
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and so in principle we can suppose the existence of a trajectory through each point of phase
space (or through “almost all” initial points). For such systems we will use the existence
of such a solution to define a map called the flow map that takes points forward t units in
time from their initial points. The concept of the flow map is very helpful in exploring the
qualitative behavior of numerical methods, since it is often possible to think of numerical
methods as approximations of the flow map and to evaluate methods by comparing the
properties of the map associated to the numerical scheme to those of the flow map.

In this chapter we will address autonomous ODEs (recall 1.13) only:

y′ = f(y), y, f ∈ Rd (5.1)

5.1 Classical mechanics

In Chapter 1 we introduced models from population dynamics. In this chapter we consider
another field that is rich with dynamical systems: classical mechanics. Classical mechan-
ics consists of those phenomena that can be accurately modelled using Newton’s laws of
motion, the second of which is:

The time rate of change of momentum of a body is equal to the net force applied
to it.

If the position of the body in question is given by x(t) ∈ R3, its velocity is ẋ(t) ≡ dx
dt

,
and its momentum p(t) is the product of mass m (assumed constant here) and velocity.
Assuming the force F is given as a field on R3, the mathematical statement of the first law
is

dp

dt
=

d

dt
(mẋ(t)) = F (x(t)).

The momentum can be eliminated in favor of the acceleration ẍ(t) ≡ d2x
dt2

to give

mẍ(t) = F (x(t)). (5.2)

Because of the second derivative, this is an example of a second order differential equation.
In general we can write any higher order differential equation of the form

dpx

dtp
= g(t, x, ẋ, ẍ, . . . ,

dp−1x

dtp−1
)

in the first order form (1.2) by introducing additional dependent variables. Let X(1) denote
x(t), X(2) denote ẋ(t), etc. Then

Ẋ(1) = X(2)

Ẋ(2) = X(3)

...

Ẋ(p) = g(t,X(1), X(2), . . . , X(p)).
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Using the momentum p(t) = mẋ(t), Newton’s second law can be written as the first
order system

ẋ(t) =
1

m
p(t) (5.3a)

ṗ(t) = F (x(t)). (5.3b)

To define an initial value problem for this system, we need to specify the initial position
x0 and momentum p0 at time t = 0.

Let us consider the specific example of a mass on a spring. The force exerted by a
spring is proportional to its displacement (this is essentially the definition of a “spring” in
mechanics).

F (x(t)) = −k2x(t), x, F ∈ R

Applying Newton’s second law gives

mẍ = −k2x

Assume m = 1. The first order system that arises is also known as the harmonic oscillator

ẋ = p, ṗ = −k2x. (5.4)

The solution

x(t) = x0 cos kt+
p0

k
sin kt.

is periodic with frequency k.

More complex mechanical models have nonlinear forces F (x(t)) and may involve the
coupling of a number of bodies. For example, in molecular dynamics, one may study
the motion of a large number of interacting atomic particles. Atomic motion has several
different types of forces. There are long range attracting forces and short range repelling
forces. The Lennard-Jones model incorporates both of these. If we consider two particles
iteracting on a line via a Lennard-Jones potential, and take one particle fixed in space, the
force on the other particle at a distance x(t) ∈ R away is F (x) = 12(x−13 − x−7). This
yields the Lennard-Jones oscillator

ẋ = p, ṗ = 12(x−13 − x−7). (5.5)

The motion x(t) ∈ R2 of a satellite of mass m subject to the gravitational pull of a
cellestial body positioned at the origin is governed by the Kepler problem

ẋ =
1

m
p, ṗ = −g x

(xTx)3/2
. (5.6)

This system has dimension d = 4.
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5.2 Phase Space

In multidimensional autonomous systems (5.1) we sometimes refer to the underlying space
Rd as the phase space. The phase portrait for a differential equation is the collective
graph of trajectories of the differential equation in the phase plane. Obviously we cannot
draw all the trajectories, so in typical parlance, the phase portrait is just a simplified graph
showing several trajectories. The phase portrait for the Lennard-Jones oscillator (5.5) in
R2 is shown in the left panel of Figure 5.2. For this system, all of the trajectories are closed
curves, indicating that the solutions of the Lennard-Jones oscillator are periodic in time.
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Figure 5.2: On the left, the phase portrait of the Lennard-Jones oscillator (5.5). On the
right, vector field for the differential equation ẍ = 2x− x2 − ẋ/2 with some trajectories.

Two trajectories in phase space may not intersect, as this would imply that the solution
is nonunique at the point of intersection. Furthermore, the solution traverses a curve in
phase space in one direction only. It cannot “turn around” as this too would contradict
uniqueness.

The function f(y) : Rd → Rd defines a vector field on the phase space. That is, to
each point y ∈ Rd is associated a vector f(y) ∈ Rd. An example for a representative ODE
is shown in the right panel of Figure 5.2. Every solution of (5.1) is everywhere tangent to
the vector field f , as depicted in the figure. A solution is said to be a trajectory or orbit
or integral curve of the vector field.

5.3 The Group of Flow Maps

Consider the solution (4.7) of the linear ODE (4.3). One way of using this function is
to compute the time evolution of an initial value problem associated with (4.3). In other
words, given y0, the function

y(t) = exp(tA)y0 + tθ(tA)b, 0 ≤ t ≤ T,
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maps out a continuous curve in the phase space Rd.
However, we could use the solution in a different way. Specifically, consider a fixed time

t = τ and the function
Φτ (y) = exp(τA)y + τθ(τA)b :

The function Φτ : Rd → Rd maps initial conditions of (4.3) to final conditions after an
interval [0, τ ].

To generalize this idea, let us take an autonomous ODE system (5.1). Given a fixed time
τ , we can consider any point of phase space, y0, as a starting point of a trajectory (y(t; y0))
which is continued up to time τ , assuming the solution exists on the entire interval. We
think of the action of solving the differential equation as defining a map from starting
points of trajectories to their endpoints. Associated to a differential equation (5.1) we
define the flow map

Φτ (y0) = y(τ)

where y(t) is the solution of the initial value problem

y′(t) = f(y), y(0) = y0, t ∈ [0, τ ].

When the system is nonlinear there is usually not a simple formula for the flow map.
Nonetheless the concept is valuable.

Consider solving the ODE (5.1) with initial condition y(0) = y0 for a time t1. Denote
solution at t1 by y1. Next, solve initial value problem (5.1) with initial condition y(0) = y1

on the interval [0, t2]. Denote the solution at time t2 by y2. Because of the invariance of
the autonomous system to a translation of time, it is clear that y2 is also the same solution
you would obtain if you would solve (5.1) with initial condition y(0) = y0 over the interval
[0, t1 + t2]. In terms of the flow map,

Φt2 ◦ Φt1 = Φt1+t2 = Φt1 ◦ Φt2 , t1, t2 > 0.

Thus the composition of the two maps is another map of the same family. If we can solve
the differential equations for all positive or negative time, then we can write

Φt ◦ Φ−t = Φt+−t = Φ0,

but Φ0 is evaluated by solving the differential equations over a zero length interval, so is
just the identity map. Hence we see that Φ−t = Φ−1

t . The set of all such maps {Φt | t ∈ R}
is what is termed a one-parameter group with the (commutative) group operation being
composition of maps.

The flow map can also be applied to an open set B ⊂ Rd, and then we view the flow
map as a function taking sets on phase space to other sets on phase space, t time units
later. In other words, each element of B is taken as the initial condition of (5.1), and is
mapped to the solution at the end of the interval of time t.

Φτ (B) = {z ∈ Rd : z = Φτ (y); y ∈ B}
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Implicit in this usage is the assumption that the trajectories through every point of B exist
for at least t units of time.

For example, in Figure 5.3 a rectangular set of initial conditions in R2 is mapped under
the flow map Φτ of the Lennard-Jones oscillator (5.5) for τ = 0, 0.35, 0.9. In general, and
especially in higher dimensions, such a set will become stretched and folded in on itself in
a very complicated way.

Figure 5.3: Evolution of a rectangular set B under the flow map of the Lennard-Jones
oscillator (5.5) at times t = 0 (yellow), t = 0.35 (red) and t = 0.9 (blue).

5.4 Dynamical systems

It is important to note that the flow map Φτ (y) only makes sense if the solution through
y exists up to time t. In Chapter 3 we showed that a sufficient condition for existence of
a solution on a set D ⊆ Rd is that the vector field f be Lipschitz on D. However, this
condition alone does not specify to what time t the solution will continue to exist. We will
be interested in two special cases in which the solution is known to exist for all time t > 0.
First, we say a vector field f is globally Lipschitz if it is Lipschitz with constant L <∞
on all of Rd. In this case, a solution through any point y exists and is unique for all time.
This is often not a very realistic assumption. Instead, consider a set D with the property:
A set D ⊂ Rd is said to be positively invariant under the flow map Φt if

Φt(D) ⊆ D ∀t ≥ 0.

(The stipulation “for all t > 0” is not really restrictive. It is sufficient if Φt : D → D on
any interval [0, τ), τ > 0, since this implies invariance for all t > 0.) If f is Lipschitz on
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a set D that is positively invariant under the flow map, then there the unique solution for
any initial condition y0 ∈ D exists for all time. Given a set D ⊆ Rd, a map Φt : D → D
defines a dynamical system on D. Clearly the flow map of a differential equation defines
a dynamical system whenever the vector field f is globally Lipschitz, or Lipschitz on a
positively invariant set.

For some differential equations, the solution may also exist for negative time t < 0 and
hence for all time t ∈ R. If D is invariant under the negative time flow of a differential
equation, we say D is negatively invariant. A set that is both positively and negatively
invariant is said to be invariant.

The ω-limit set of y is the set of points x such that there exists a sequence of times
tn → ∞, such that Φtn(y) → x. This set is denoted ω(y). Similarly the α-limit set of y
is the set of such points for tn → −∞. Examples of such sets are equilibrium points, limit
cycles, periodic orbits and attractors. We also use ω(B) and α(B) to denote the union of
the ω and α limit sets of all initial conditions in an open set B.

For example, in the right panel of Figure 1.2, solutions of the predation model (1.5) are
shown. For the values r = 0.1 and r = 0.6, the set D = {n0 > 0} has ω(D) a single point.
For r = 0.25, ω(D) contains two points. For the Lotka-Volterra model (1.6), all solutions
are periodic, the ω and α limit sets coincide, and are precisely the solution curves.

5.5 Discretization and Approximate Flow Maps

When we discretize an ODE, we normally replace it by a difference equation which describes
in an approximate sense how the solution evolves from timestep to timestep. For example,
recall Euler’s method (2.1) from Chapter 2

yn+1 = yn + hf(yn).

Here yn represents a numerical approximation of y(tn).
We could regularly sample the exact solution on a succession of time intervals of length

h, according to the rule
y(tn+1) = Φh(y(tn))

If y(t; y0) represents the solution of the differential equation (5.1) with initial condition
y(0) = y0 after t units of time, we can write

y(h; y0) = Φh(y0).

Moreover,
y(2h; y0) = Φh ◦ Φh(y0),

and so on. This means that we can view the iteration of Φh as producing snapshots of
the solution at equally spaced points in time. Similarly, Euler’s method can be seen as
iteration of a map

Ψh(y) = y + hf(y)
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which approximates the flow map Φh. We refer to Ψh as the numerical flow map for
Euler’s method.

Do the mappings Ψh form a one-parameter group? The answer is no. Quite simply,

Ψh1 ◦Ψh2 6= Ψh1+h2 .

Indeed, even
Ψh ◦Ψh 6= Ψ2h.

This is a fundamental difference between the exact flow map and its numerical approxi-
mation.

There are a wide variety of numerical methods available for solving the ODE (1.2) or
(5.1). In some cases these are based on using the values of solutions computed at two
or more successive points in time (so-called multistep methods). While such schemes offer
benefits for certain types of computations, only in the case that the numerical method
computes the approximation based only on the approximate solution at the previous time
point can we directly compare the method’s properties to those of the flow map. For
this reason, we restrict in this course to generalized one-step methods which can always be
associated to the recurrence relation

yn+1 = Ψh(yn). (5.7)

The discrete approximation would satisfy

y1 = Ψh(y0), y2 = Ψh(y1) = Ψh ◦Ψh(y0),

and so on. It is useful to have a notation for applying a map n times, recursively. We will
use a superscript to indicate this:

Ψ2
h = Ψh ◦Ψh, Ψ3

h = Ψh ◦Ψh ◦Ψh,

etc.
For explicit methods such as Euler’s method, the numerical flow map is obvious. For

implicit methods such as the Trapezoidal rule (2.2) introduced in Chapter 2, it is unclear in
advance whether such a map is well-defined. It follows from the implicit function theorem
that for h small enough and appropriate f , there exists a solution to the trapezoidal rule,
but it may not be unique. Typically, there is a branch of solutions that converge to yn as
h→ 0. If we take this branch, then the flow map (5.7) is well-defined.

As in the case of the continuous flow map, we use the notation Ψh(B) to denote the
set obtained by applying Ψh to every element of an open set B. Given a set D ⊆ Rd, if a
discrete map Ψh satisfies Ψh(D) ⊆ D, then it defines a discrete dynamical system on
D.

In this course we will study the dynamics of numerical flows Ψh. This will give us an
appreciation of the qualitative behavior of different methods. Generally we will attempt to
compare the properties of Ψh with those of the exact flow Φt. However, since the numerical
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map does not satisfy the group property, the size of h plays a special role in numerics. In
particular there are practical restrictions on the maximum allowable step size h. And in
general we will have to compare the iterated map Ψn

h with the exact flow Φnh. In the
theory of continuous dynamical systems, one is often concerned with the limit behavior of
solutions as t→ ±∞, and roughly speaking, we would like to recover this behavior in the
iterated numerical map. Besides the dynamics of the numerical flow map, however, there
is an additional issue—unique to numerics—of approximation. Whereas when studying
dynamics we are often interested in the dynamic limit

T →∞, h fixed, (5.8)

when studying approximation we look instead at the approximation limit

h→ 0, T fixed. (5.9)

Before turning to the dynamical systems limit, we will first be concerned with the approx-
imation limit in the next few chapters.

5.6 References

The definitive work on dynamical systems aspects of numerical integrators is

A. M. Stuart and A. R. Humphries, Dynamical Systems and Numerical Anal-
ysis, Cambridge, 1996.

5.7 Exercises

1. Can a globally Lipschitz vector field have a solution that grows unbounded? Give an
example or counterexample to support your answer.

2. Show that for any H the ellipse E(H) = {(x, p) : k2x2 + p2 = H} is invariant under
the flow map of the harmonic oscillator (5.4). Is such an ellipse also invariant under
the flow map of Euler’s method (2.1) applied to this problem? Trapezoidal rule (2.2)?

3. Show that any ellipsoidal disc D(H) = {(x, p) : k2x2 + p2 ≤ H} is invariant under
the flow map of the damped spring (??). Is such a disc also invariant under the flow
map of Euler’s method applied to this problem? For what range of stepsizes?

4. Consider the logistic equation (1.4) and the open interval X = (0, 1). What is ω(X)?
What is α(X)?
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Chapter 6

Convergence of One-Step Methods

Main concepts: In this chapter we prove the convergence of a large class of one-step
methods to the exact flow map. Keywords are: Taylor series, local error, convergence
theory for one-step methods.

6.1 Approximation

A numerical method is an approximation of the exact flow map of a differential equation.
As such, there is always an element of error in the numerically generated solution. If the
method is to be useful, we must be able to control this error, at least on short enough time
intervals. In this chapter we consider convergence of the numerical flow map Ψh to the
exact flow map Φh in the approximation limit h→ 0.

We define the global error after n time steps to be the difference between the discrete
approximation and the exact solution

en := yn − y(tn). (6.1)

For an approximation we want the error to be small in norm at each step of simulation,
that is, we would like to satisfy

max
n=0,1,...N

‖en‖ ≤ δ,

for some user-specified tolerance δ. For a given vector field f , initial value y0 and time
interval T , we have only one free parameter, the timestep h = T/N , which we can vary to
make sure the norm of the error meets our tolerance. If the method is going to be useful,
we must be able to vary h to meet any tolerance we choose.

Given a Lipschitz vector field f , a method is said to be convergent if, for every T ,

lim
h→0,
h=T/N

max
n=0,1,...,N

‖en‖ = 0.

37
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(Note that this definition considers only discrete values of h which are integral fractions of
the time interval. Equivalently we could take the limit as N →∞ with h = T/N .) In this
chapter we establish conditions for the convergence of a large class of one-step methods.

A tool of singular importance in numerical analysis is Taylor’s series, for which the
relevant form here is

y(t+ τ) = y(t) + τy′(t) +
τ 2

2
y′′(t) + · · · (6.2)

for a perturbation τ > 0 around t. For a scalar function (d = 1), assuming y(t) is ν-times
continuously differentiable, Taylor’s theorem says there is a point t∗ ∈ [t, t+ τ ] such that

y(t+ τ) =
ν−1∑
i=0

τ i

i!

diy

dti
(t) +

τ ν

ν!

dνy

dtν
(t∗).

For a vector function (d > 1), such a statement holds for each component, but in general
the mean value will be attained at a different t∗ for each component. Nonetheless the norm
of the last (remainder) term is bounded on [t, t+ τ ], and we have

‖τ
ν

ν!

dνy

dtν
(t)‖ ≤ Cτ ν

so we write

y(t+ τ) =
ν−1∑
i=0

τ i

i!

diy

dti
(t) +O(τ ν). (6.3)

in general.

6.2 Convergence of generalized one-step methods

Define the local error of a numerical method as the difference between the flow-map and
its discrete approximation:

le(y, h) = Ψh(y)− Φh(y).

The local error measures just how much error is introduced in a single timestep of size h.
Let us assume that, on our (invariant) domain of interest D, we can expand le in powers
of h (typically using Taylor series), and that it satisfies

‖le(y, h)‖ ≤ Chp+1, (6.4)

where C is a constant that depends on y(t) and its derivatives, and p ≥ 1. A method that
meets this criterion is said to be consistent.

We will further suppose that f is Lipschitz with constant L.
The error can be viewed as the difference between n iterations of Ψh and n iterations

of Φh, thus we define it to be
en = yn − y(tn),
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so
en+1 = yn+1 − y(tn+1) = Ψh(yn)− Φh(y(tn)).

To this expression we subtract and add Φh(yn), which is the exact solution started from a
point on the numerical trajectory, then take norms to obtain

‖en+1‖ = ‖Ψh(yn)− Φh(yn) + Φh(yn)− Φh(y(tn))‖
≤ ‖Ψh(yn)− Φh(yn)‖+ ‖Φh(yn)− Φh(y(tn))‖.

Now we use assumption (6.4) to bound the first term, and the Gronwall Lemma (3.2.1) to
bound the second term (cf. 3.5), obtaining

‖en+1‖ ≤ Chp+1 + ehL‖yn − y(tn)‖
= ehL‖en‖+ Chp+1.

Next applying the discrete Gronwall Lemma (3.2.2) yields

‖en‖ ≤ eLhn‖e0‖+
Chp+1

eLh − 1
(eLhn − 1).

Note that for positive h and L,
1

ehL − 1
≤ 1

hL
.

Furthermore, on our integration interval 0 ≤ nh ≤ T implies eLnh ≤ eLT . If we assume the
initial condition is exact e0 = 0, we get the uniform bound

‖en‖ ≤ hp
C

L
(eLT − 1), (6.5)

which proves convergence at order p. We summarize this result in an important convergence
theorem:

Theorem 6.2.1 (Convergence of One-Step Methods) Given a differential equation
(1.13) with Lipschitz vector field f and a consistent one-step method Ψh, the global error
satisfies

max
n=0,...,N=T/h

‖Ψn
h(y0)− Φhn(y0)‖ = O(hp).

This theorem is powerful. Without specifying anything about the structure of the
method, it guarantees the convergence of any consistent one-step method.

As an example, let us use Theorem 6.2.1 to prove the convergence of Euler’s method
(2.1) for smooth vector fields f . Consider a compact domain D ⊂ Rd and suppose f
is smooth on D and has Lipschitz constant L on D (since f is smooth, we can take
L = maxD ‖∂f∂y‖).

The exact solution satisfies

Φh(y) = y + h
dy

dt
+
h2

2

d2y

dt2
+O(h3) = y + hf(y) +

h2

2

d2y

dt2
+O(h3)
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Therefore the local error is

le(y, h) = y + hf(y)−
[
y + hf(y) +

h2

2

d2y

dt2
+O(h3)

]
= O(h2),

and we can apply Theorem 6.2.1 with C = maxD ‖d
2y
dt2
‖ to show that Euler’s method is

convergent with order p = 1.
In the proof of the Theorem 6.2.1, the relation (6.5) indicates that the magnitude of the

global error bound will be reduced in proportion to hp. For example, when using Euler’s
method in practice, we typically observe that halving the stepsize reduces the error by a
factor of two. We say for this reason that Euler’s method is 1st order accurate. The error
incurred in each time step is O(hp+1), and in fact this bound holds for any fixed number
of time steps. The loss of one order of h occurs because the number of time steps needed
to cover a fixed interval of length T increases as h→ 0 at a rate proportional to 1/h.

Note the proof suggests that—although in the approximation limit h→ 0, T fixed, the
error can be made as small as possible—in the dynamics limit T →∞, h fixed, the global
error may grow at an exponential rate.

6.3 Exercises

1. Use Theorem 6.2.1 to establish convergence of the trapezoidal rule (2.2) and the
explicit trapezoidal rule:

yn+1 = yn +
h

2
[f(yn) + f (yn + hf(yn))]

for a vector field f with Lipschitz constant L.



Chapter 7

Collocation Methods

Main concepts: Polynomial interpolation, quadrature, collocation methods

7.1 Construction of one-step methods

One-step methods for (1.3) can be constructed in a variety of ways. A natural approach is
to integrate both sides of the differential equation over one timestep,

y(t+ h)− y(t) =

∫ t+h

t

f(y(τ))dτ,

and then to approximate the integral on the right by a finite sum. For example, the
simplest approximation is ∫ t+h

t

f(y(τ))dτ ≈ hf(y(t)). (7.1)

The general idea in discretization is to replace the approximate relation satisfied by the
true solution

y(t+ h)− y(t) ≈ hf(y(t))

by an exact equation relating the approximate values,

yn+1 − yn = hf(yn).

In this case, we see that the choice (7.1) leads to Euler’s method (2.1).
A numerical method to approximate a definite integral of one independent variable is

known as a numerical quadrature rule. We can approximate the integral by any of a variety
of different numerical quadrature methods, yielding in this way various methods which
may have better accuracy, or other favorable properties. For example, the trapezoidal rule
approximation to the integral is∫ t+h

t

f(y(τ))dτ ≈ h

2
(f(y(t)) + f(y(t+ h))),

41
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which results in the trapezoidal rule numerical method (2.2).
In this chapter we introduce one-step methods derived using quadrature over polynomial

interpolants, using collocation. We begin with a review of polynomial interpolation.

7.2 Polynomial interpolation

Let Ps denote the space of real polynomials of degree ≤ s. Given and set of s distinct
abscissa points c1 < · · · < cs, ci ∈ R, and corresponding data g1, . . . , gs, there exists a
unique polynomial P (x) ∈ Ps−1 satisfying P (ci) = gi, i = 1, . . . , s. This polynomial is
called the interpolating polynomial.

The Lagrange interpolating polynomials `i, i = 1, . . . , s for a set of abscissae are defined
by

`i(x) =
s∏
j=1
j 6=i

x− cj
ci − cj

. (7.2)

The ith Lagrange interpolating polynomial `i is the interpolating polynomial corresponding
to the data {gi = 1; gj = 0, j 6= i}, The set of Lagrange interpolating polynomials form a
basis for Ps. In this basis, the interpolating polynomial P (x) assumes the simple form

P (x) =
s∑
i=1

gi`i(x). (7.3)

7.3 Numerical quadrature

Now consider a smooth function g on the real line. We can approximate the definite integral
of g on the interval [0, 1] by exactly integrating the interpolating polynomial of order s− 1
based on s points 0 ≤ c1 < c2 < . . . < cs ≤ 1. The points ci are then known as quadrature
points. The data are the values of g at the quadrature points gi = g(ci), i = 1, . . . , s.

Defining the weights

bi =

∫ 1

0

`i(x) dx,

the quadrature formula becomes∫ 1

0

g(x) dx ≈
∫ 1

0

P (x) dx =
s∑
i=1

big(ci). (7.4)

To approximate the integral
∫ t0+h

t0
g(t) dt, we define a function t(x) = t0 + hx. Then

dt = h dx, and (7.4) becomes∫ t0+h

t0

g(t) dt =

∫ 1

0

g(t0 + hx)hdx ≈ h

s∑
i=1

big(t0 + hci). (7.5)
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By construction, a quadrature formula using s distinct abscissa points will exactly integrate
any polynomial in Ps−1. However, with a judicious choice of the abscissae we can do even
better. We say that a quadrature rule has order p if it exactly integrates any polynomial
in Pp−1. It can be shown that p ≥ s always holds, and, for optimal choice of the ci, one
has p = 2s.

7.4 One-step collocation methods

A very elegant approach to constructing one-step methods of given order of accuracy uses
the idea of collocation. We will construct the method for the first time step interval
[t0, t0 + h].

Let 0 ≤ c1 < c2 < · · · < cs ≤ 1 be distinct nodes on the unit interval. The collocation
polynomial u(t) ∈ Rd is a (vector-valued) polynomial of degree s satisfying

u(t0) = y0

u′(t0 + cih) = f(u(t0 + cih)), i = 1, . . . , s (7.6)

and the numerical solution of the collocation method over the interval [t0, t0 + h] is given
by y1 = u(t0 + h). In other words, we contruct a polynomial that passes through y0 and
agrees with the ODE (1.3) at s nodes on [t0, t1]. Then we let the numerical solution be the
value of this polynomial at t1. See Figure 7.1.

t

y

t tc c c 11 32

u(t)

0

Figure 7.1: The collocation polynomial u(t).
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Let Fi be the values of the (as yet undetermined) interpolating polynomial at the nodes:

Fi := u′(t0 + cih), i = 1, . . . , s.

Now we use the Lagrange interpolation formula (7.3) to define the polynomial u′(t) passing
through these points:

u′(t) =
s∑
i=1

Fi`i(
t− t0
h

) (7.7)

Integrating this equation over the intervals [0, ci] (and introducing the change of variables
x = (t− t0)/h, i.e., dt = h dx) gives

u(t0 + cih) = y0 + h
s∑
j=1

Fj

∫ ci

0

`j(x) dx, i = 1, . . . , s. (7.8)

Let us denote

aij :=

∫ ci

0

`j(x) dx, bi :=

∫ 1

0

`i(x) dx, i, j = 1, . . . , s.

Substituting (7.8) into the collocation conditions (7.6) gives

Fi = f(y0 + h
s∑
j=1

aijFj), i = 1, . . . , s.

Similarly integrating (7.7) over [0, 1] gives

y1 := u(t0 + h) = y0 + h
s∑
i=1

Fi

∫ 1

0

`j(t) dt = y0 + h
s∑
i=1

biFi.

To summarize, the collocation method is written

Fi = f

(
yn + h

s∑
j=1

aijFj

)
, i = 1, . . . , s, (7.9a)

yn+1 = yn + h
s∑
i=1

biFi. (7.9b)

One first solves the coupled, sd-dimensional nonlinear system (7.9a). Subsequently, the
update (7.9b) is explicit.

Remark 7.4.1 Collocation methods have the useful feature that we obtain a continuous
approximation of the solution u(t) on each interval [tn, tn+1].
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Remark 7.4.2 In terms of order of accuracy, the optimal choice is attained by using so-
called Gauss-Legendre collocation methods and placement of the nodes at the roots of a
shifted Legendre polynomial. For s = 1, 2 and 3, the quadrature points are:

c1 = 1
2
, p = 2,

c1 = 1
2
−
√

3
6
, c2 = 1

2
+
√

3
6
, p = 4,

c1 = 1
2
−
√

15
10
, c2 = 1

2
, c3 = 1

2
+
√

15
10
, p = 6.

In the next chapter, we consider the class of Runge-Kutta methods, of which the collo-
cation methods presented here are but a small subclass. For this reason, the convergence
analysis of collocation methods is postponed to the next chapter.

7.5 Exercises

1. Find the coefficients aij, bi of the two-stage (s = 2) Gauss-Legendre collocation
method. (Use Maple to evaluate the integrals).
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Chapter 8

Runge-Kutta Methods

Main concepts: Generalized collocation method, consistency, order conditions

In this chapter we introduce the most important class of one-step methods that are
generically applicable to ODES (1.2). The formulas describing Runge-Kutta methods look
the same as those of the collocation methods of the previous chapter, but are abstracted
away from the ideas of quadrature and collocation. In particular, the “quadrature nodes”
need no longer be distinct and collocation conditions need not hold at each stage.

8.1 The Family of Runge-Kutta Methods

Recall from the previous chapter the definion of a collocation method (7.9)

Fi = f

(
yn + h

s∑
j=1

aijFj

)
, i = 1, . . . , s,

yn+1 = yn + h

s∑
i=1

biFi.

For collocation methods, the coefficients bi and aij are defined by certain integrals of the
Lagrange interpolating polynomials associated with a chosen set of quadrature nodes or
abscissae ci, i = 1, . . . , s.

A natural generalization of collocation methods is obtained by allowing the coeffcients
ci, bi, and aij, i = 1, . . . , s to take on arbitrary values, not necessarily related to quadrature
rules. In fact, we no longer assume the ci to be distinct1 The result is the class of Runge-
Kutta methods. The formulas above still hold; however, an alternative form introduces
the stage values Yi which can be viewed as intermediate values of the solution y at time
tn + cih and are defined by Yi = yn + h

∑
j aijFj, so that Fi = f(Yi) holds for each i. We

1In the formulation for autonomous ODEs, the ci do not appear explicitly. However, we will assume
the internal consistency condition ci =

∑s
j=1 aij to hold throughout.

47
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have,

Yi = yn + h
s∑
j=1

aijf(Yj), i = 1, . . . , s, (8.1a)

yn+1 = yn + h
s∑
i=1

bif(Yi). (8.1b)

Here, s is termed the number of stages of the Runge-Kutta method, the bi, i = 1, . . . , s are
the weights, and aij are the internal coefficients.

It is easy to see that with this definition, Euler’s method and trapezoidal rule are
Runge-Kutta methods. For example Euler’s method can be put into the form (8.1b)-(8.1a)
with s = 1, b1 = 1, a11 = 0. Trapezoidal rule has s = 1, b1 = b2 = 1/2, a11 = a12 = 0,
a21 = a22 = 1/2.

Each Runge-Kutta method generates an approximation of the flow map. To see this,
note that from the formula (8.1a) it follows that each Yi has a functional dependence on
yn and h, Yi = Yi(yn, h). Thus the Runge-Kutta method can be viewed as

yn+1 = yn + h
s∑
i=1

bif(Yi(yn, h)),

and the method generates a discrete flow-map approximation

Ψh(y) = y + h
s∑
i=1

bif(Yi(y, h)).

8.1.1 Some Runge-Kutta methods

Let s = 2 and choose c1 = 0 and c2 = 2/3, b1 = 1/4, b2 = 3/4. We need Y1 ≈ y(tn) and
Y2 ≈ Y (tn + 2

3
h). The latter can be obtained using an Euler step:

Y1 = yn,

Y2 = yn +
2

3
hf(Y1),

yn+1 = yn + h

(
1

4
f(Y1) +

3

4
f(Y2)

)
. (8.2)

The vectors Y1 and Y2 are called stage vectors. They are intermediate values computed
within each step and discarded at the end of the step. Another example with s = 2 is the
popular method due to Heun:

Y1 = yn,

Y2 = yn + hf(Y1),

yn+1 = yn +
h

2
(f(Y1) + f(Y2)). (8.3)
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The most famous Runge-Kutta method has four stages (this method is sometimes
referred to as the Runge-Kutta method):

Y1 = yn,

Y2 = yn +
h

2
f(Y1),

Y3 = yn +
h

2
f(Y2),

Y4 = yn + hf(Y3),

yn+1 = yn + h

(
1

6
f(Y1) +

1

3
f(Y2) +

1

3
f(Y3) +

1

6
f(Y4)

)
. (8.4)

The formulas above are often represented schematically in a Butcher table:

c A

bT
=

c1 a11 · · · a1s
...

...
...

cs as1 · · · ass
b1 · · · bs

where A = (aij), b = (bi) and c = (ci). For instance, the methods (8.2), (8.3) and (8.4)
listed in this section are represented by

0
2/3 2/3

1/4 3/4
,

0
1/2 1/2

0 1
,

0
1/2 1/2
1/2 0 1/2
1 0 0 1

1/6 1/3 1/3 1/6

It is standard practice to leave the trailing zero elements in the matrix A blank in the
Butcher table.

The previous examples of this subsection are all explicit methods. A method for which
the matrix A = (aij) is strictly lower triangular is explicit. A simple example of an implicit
RK method is the implicit midpoint rule

1/2 1/2
1

, Y1 = yn +
h

2
f(Y1), yn+1 = yn + hf(Y1)

which can also be written in simplified form as (just substitute Y1 = (yn+1 + yn)/2 in the
above wherever it occurs):

yn+1 = yn + hf(
yn+1 + yn

2
) (8.5)

The class of collocation methods from the previous section are a subset of the class of
Runge-Kutta methods.
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8.1.2 Local accuracy of Runge-Kutta methods

We will now investigate the accuracy of the methods introduced above in terms of their
approximation of the numerical solution over one timestep.

To do so, we need to work with higher order derivatives of the function f(y) : Rd → Rd.
We will denote by f ′ the Jacobian matrix

f ′ = (
∂fi
∂yj

),

which can be seen as an linear operator: Rd → Rd.
The second derivative

f ′′ = (
∂2fi
∂yj∂yk

)

is a bilinear operator. We denote its contraction by

f ′′(a, b) =
∑
j,k

∂2fi
∂yj∂yk

ajbk, a, b ∈ Rd.

This contraction is symmetric by the equivalence of mixed partial derivatives, so the order
of the arguments a and b is irrelevant. The third derivative is similarly trilinear and
symmetric in all three arguments, denoted f ′′′(·, ·, ·).

In general, we cannot have an exact expression for le(y;h), but we can approximate
this by computing its Taylor series in powers of h. For the continuous dynamics (i.e. the
exact solution of (1.13)) we have the Taylor series expansion

y(t+ h) = y(t) + hy′(t) +
1

2
h2y′′(t) +

1

6
h3y′′′(t) +O(h4).

The derivatives can be related directly to the solution itself by using the differential equa-
tion

y′(t) = f(y(t))

y′′(t) = f ′(y(t))y′(t)

y′′′(t) = f ′′(y(t))(y′(t), y′(t)) + f ′(y(t))y′′(t)
...

Then we can recursively use the differential equation again to obtain

y′ = f,

y′′ = f ′f,

y′′′ = f ′′(f, f) + f ′f ′f,
...
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where we have dropped the arguments of the various expressions. In all cases, y and its
derivatives are assumed to be evaluated at t and f and its derivatives at y.

Alternatively, we can write

Φh(y) = y + hf +
h2

2
f ′f +

h3

6
[f ′′(f, f) + f ′ff ] +O(h4) (8.6)

The same procedure can be carried out for the Runge-Kutta method itself. For example,
for Euler’s method, we have

Ψh(y) = y + hf(y)

(that is it!). This means that the discrete and continuous series match to O(h2) and the
local error expansion can be written

le(y, h) =
h2

2
f ′f +O(h3).

again, we have dropped the argument y of f for notational compactness.
For trapezoidal rule, and other implicit schemes, the derivatives need to be computed

by implicit differentiation. For simplicity, with y fixed, write z = z(h) = Ψh(y). Then z(h)
must satisfy the implicit relation

z = y +
h

2
(f(y) + f(z))

Observe that z(0) = y. Next we differentiate the expression for z,

z′ = dz/dh =
1

2
(f(y) + f(z)) +

h

2
f ′(z)z′, (8.7)

(Note that z does not satisfy the differential equation, so we cannot replace z′ here by
f(z)!) For h = 0, the last term of (8.7) vanishes and we have

z′(0) = f(y).

Differentiate (8.7) once more with respect to h to obtain

z′′ =
1

2
f ′(z)z′ +

1

2
f ′(z)z′ +

h

2
(f ′′(z)(z′, z′) + f ′(z)z′′), (8.8)

for h = 0, the last term of (8.8) drops out and we have

z′′(0) = f ′(z(0))z′(0) = f ′(y)f(y).

Using these expressions, we may write the first few terms of the Taylor series in h of Ψh(y):

Ψh(y) = z(h) = z(0) + hz′(0) +
h2

2
z′′(0) + . . . = y + hf +

h2

2
f ′f + . . . (8.9)
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Comparing this with the expansion for the exact solution (8.6) we see that the first few
terms are identical. Thus the local error vanishes to at least O(h3). To get the next term
in the local error expansion, we differentiate (8.8):

z′′′ = f ′′(z)(z′, z′) + f ′(z)z′′ + (1/2) (f ′′(z)(z′, z′) + f ′(z)z′′) +

h

2
(f ′′′(z)(z′, z′, z′) + 2f ′′(z)(z′, z′′) + f ′′(z)(z′, z′′) + f ′(z)z′′′) ,

which evaluates to

z′′′(0) = (3/2) (f ′′(f, f) + f ′f ′f) ,

which means that the expansions (8.9) and (8.6) do not match in the term of 3rd order:
for trapezoidal rule, we have

le(y, h) = − 1

12
(f ′′(f, f) + f ′f ′f)h3 +O(h4).

8.1.3 Order conditions for Runge-Kutta methods

The methods discussed above were relatively simple in that they could be written with-
out using the Runge-Kutta formalism. Nonetheless the same procedure can be used to
determine order conditions in the general case; we just need to compute the derivatives of
Ψh(y) = z(h). To do this we write the general RK method in the following form:

z(h) = y + h
s∑
i=1

biFi,

where

Fi = f(Yi), (8.10)

Yi = y + h

s∑
j=1

aijFj. (8.11)

Now the calculations required are straightforward, viewing Fi, Yi, and z as functions of h
with y assumed fixed (i.e. the prime denotes differentiation with respect to h):

z′ =
s∑
i=1

biFi + h
s∑
i=1

biF
′
i .

which immediately tells us that

z′(0) =
s∑
i=1

biFi(0) =
s∑
i=1

bif(Yi(0)) = (
s∑
i=1

bi)f(y).
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For the method to have order p = 1, we must have

s∑
i=1

bi = 1. (8.12)

This is the first of what are termed the “order conditions”. Any RK method satisfying
(8.12) is consistent, and by Theorem 6.2.1, convergent independent of the aij. To get the
next one, we compute the second derivative of z:

z′′ =
s∑
i=1

biF
′
i +

s∑
i=1

biF
′
i + h

s∑
i=1

biF
′′
i (8.13)

= 2
s∑
i=1

biF
′
i + h

s∑
i=1

biF
′′
i .

(8.14)

From (8.10)-(8.11) we obtain

F ′i = f ′(Yi)Y
′
i ,

Y ′i =
s∑
j=1

aijFj + h
s∑
j=1

aijF
′
j .

At h = 0, we have

Y ′i (0) =
s∑
j=1

aijFj(0) =
s∑
j=1

aijf(y)

Let ci =
∑s

j=1 aij, so Y ′i (0) = cif(y). Then

F ′i (0) = cif
′(y)f(y)

and

z′′(0) = 2(
s∑
i=1

bici)f
′(y)f(y).

For this term to cancel with y′′, we must have

s∑
i=1

bici =
1

2
. (8.15)

For p = 2, we must therefore have both conditions (8.12),(8.15).
To continue this process, we would need to differentiate (8.13). This is a bit tedious.

To make it a little simpler, we will not bother to compute terms which vanish when we
evaluate at h = 0:

z′′′ = 3
s∑
i=1

biF
′′
i + h(. . .).
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Then

F ′′i = f ′′(Yi)(Y
′
i , Y

′
i ) + f ′(Yi)Y

′′
i

Y ′′i = 2
s∑
j=1

aijF
′
j + h(. . .).

Now we evaluate everything at h = 0 and find

z′′′(0) = 3
s∑
i=1

bi(f
′′(Yi(0))(Y ′i (0), Y ′i (0)) + f ′(Yi(0))Y ′′i (0))

Recall from the earlier work that Yi(0) = y, Y ′i (0) = cif(y), and we also have

Y ′′i = 2
s∑
j=1

aijF
′
j(0) = 2

s∑
j=1

aijcjf
′(y)f(y)

so finally,

z′′′(0) = 3
s∑
i=1

bi

(
c2i f
′′(y)(f(y), f(y)) + 2(

s∑
j=1

aijcj)f
′(y)f ′(y)f(y)

)

which means that, for the method to have order p = 3, we must have two more conditions
satisfied (in addition to (8.12) and (8.15)):

s∑
i=1

bic
2
i =

1

3
,

s∑
i=1

s∑
j=1

biaijcj =
1

6
.

The number of order conditions explodes with increasing order. For order 4, there are
four additional conditions or 8 in all, there are 17 at order 5, 37 at order 6, 85 at order 7, and
200 at order 8. The task of enumerating the conditions can be greatly simplified by using
techniques from graph theory (“Butcher trees,” the ingenious invention of one J. C. Butcher
from New Zealand who has pioneered much of the study of Runge-Kutta methods). In
order to actually find methods, it is not enough to work out the order conditions: we need
to identify sets of coefficients, aij and bi which allow us to exactly satisfy a large system
of multivariate polynomials. Butcher also developed a set of simplifying conditions, which
greatly ease the development of higher order methods.

There exist explicit methods of order p = s for up to four stages (s ≤ 4). It can
be shown that the conditions for order 5 cannot be solved with only 5 stages under the
restriction that the method be explicit. (aij = 0, j ≥ i). Obviously, from the previous
chapter, it is clear that an implicit s-stage method can reach the maximum order p = 2s.
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8.2 Exercises

1. Compute the leading terms of the local error expansions for the methods (8.2) and
(8.3).

2. Show that the “traditional Runge-Kutta” method (8.4) satisfies all the conditions
mentioned for order 3, and, additionally, the four equations

s∑
i=1

bic
3
i =

1

4
, (8.16)

s∑
i=1

s∑
j=1

biciaijcj =
1

8
, (8.17)

s∑
i=1

s∑
j=1

biaijc
2
j =

1

12
, (8.18)

s∑
i=1

s∑
j=1

s∑
k=1

biaijajkck =
1

24
. (8.19)

which are the order 4 conditions.

3. Determine the order of the two-stage Gauss collocation method from Chapter 7.

4. Choose a Runge-Kutta method of order at least two and demonstrate the order by
integrating the (nonlinear, nonscalar, smooth) initial value problem of your choice
over a fixed interval with successively smaller step sizes until the predicted conver-
gence rate is observed. (In other words, choose an interval [t0, t0+T ] and a number of
time steps Nk = 2kN0, k = 0, 1, . . . for some N0 > 0. For each k, choose a time step
hk = T/Nk and compute the solution over Nk time steps. Denote the solution at the
end of the interval by ȳNk . Approximate the error in the kth solution by comparing it
with the (k+ 1)th, i.e. errk = ‖ȳNk+1 − ȳNk‖. Continue in this way until you observe
the predicted convergence rate.)
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Chapter 9

Equilibrium Points and Fixed Points

Main concepts: Equilibrium points, fixed points for RK methods, convergence of fixed
points for one-step methods

Equilibrium points represent the simplest solutions to differential equations. In terms
of the solution operator, they are the fixed points of the flow map. In this chapter we
address the question of whether the equilibrium points of differential equation are retained
as fixed points of the numerical method.

9.1 Equilibrium Points and Stability for Scalar ODEs

Definition 9.1.1 An equilibrium point x∗ of the scalar differential equation dx/dt =
f(x) is a point for which f(x∗) = 0. �

It is a simple fact that the equilibria are themselves solutions of the ordinary differential
equation. Assume f is a C ′ function and suppose all the equilibria x1 < x2 < . . . of

x1 x2

x1
f

x2

t

Figure 9.1: The shape of solutions near equilibrium points can be inferred from knowledge
of f

an autonomous scalar equation dx/dt = f(x) are known. Then, as we shall see in the
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following chapter, we can often understand a great deal about the solutions of the system
by evaluating the derivative (or derivatives) of f at the equilibrium points. For example,
if we know that f ′(x1) > 0, then we know that in a small neighborhood of x1, the function
f is increasing. For x a little below x1, we must have

dx/dt = f(x) < 0

and
d2x/dt2 = f ′(x)f(x) < 0

This tells us that a little below x1, x is decreasing and concave down. Similarly, a little
above x1 the graph of x is increasing and concave up. If, moreover, f ′(x2) < 0, then, with
the assumed smoothness of f , the solutions of the differential equation can be inferred to
have the appearance shown on the right of Figure 9.1.

The arrows on the solution curves sketched in Figure 9.1 indicate the direction of time.
Notice that curves tend away from x1 and towards x2. Loosely speaking, we say that
an equilibrium point x∗ is asymptotically stable if, for all values u sufficiently close to x∗,
the solution through u tends asymptotically to x∗ as t → ∞. If instead nearby solutions
tend away from the equilibrium point we say it is unstable. Thus x1 in Figure 9.1 would
correspond to an unstable equilibrium point and x2 to an asymptotically stable one. We
will define this concept more precisely in the next chapter.

Given an autonomous system (1.13) in Rd, we say that a point y∗ ∈ Rd is an equilibrium
point if

f(y∗) = 0,

in which case the solution y(t) with initial condition y(t0) = y∗ satisfies y(t) ≡ y∗ (for all
t).

An equilibrium point of the ODE corresponds to a fixed point of the flow map, i.e. a
point y∗ ∈ Rd such that

Φt(y
∗) = y∗, ∀t > 0.

We denote the set of fixed points of Φt by F :

F = {y ∈ Rd : f(y) = 0}

For example, one can check that the Lotka-Volterra model (1.6) has the following
equilibrium points:

F = {(p = 0, n = 0), (p = 1, n = 1)}.

9.2 Fixed Points of Numerical Methods

For a numerical method with map Ψh, the fixed points may depend on h as well as f . We
denote the set of fixed points of Ψh by Fh:

Fh = {y ∈ Rd : Ψh(y) = y}.



9.2. FIXED POINTS OF NUMERICAL METHODS 59

An important practical question is whether the sets F and Fh coincide.
Consider first Euler’s method (2.1)

Ψh(y) = y + hf(y).

Suppose y ∈ F . Then f(y) = 0 and therefore Ψh(y) = y. Thus, F ⊆ Fh. Suppose,
conversely, that y ∈ Fh. Then, Ψhy = y = y + hf(y), so hf(y) = 0. It follows that for
h > 0, Fh ⊆ F and therefore, for Euler’s method, Fh = F .

Similarly, consider the implicit midpoint rule (8.5)

yn+1 − yn
h

= f

(
yn+1 + yn

2

)
.

First, suppose yn and yn+1 are such that (yn+1 + yn)/2 is an equilibrium. The right hand
side evaluates to zero and therefore (for positive h) yn+1 = yn, i.e. yn is a fixed point of
the method. Thus, F ⊆ Fh. Conversely, if yn is a fixed point of the implicit map Ψh, then
the left side evaluates to zero, and we are left with f(yn+1) = f(yn) = 0, so again Fh ⊆ F
and the sets are equivalent.

Next, consider take the explicit Runge-Kutta method with Butcher table

0
1
0 1

,

which we can write simply as

yn+1 = yn + hf (yn + hf(yn)) .

It is clear that if f(yn) = 0, then yn+1 = yn, so F ⊆ Fh here. The converse is not necessarily
true, however, as we illustrate next. We apply this method to the logistic equation (1.4)

y′ = y(1− y)

to obtain the map

Ψhy = y + h [y + hy(1− y)] [1− y − hy(1− y)] .

For y ∈ Fh we have
[y + hy(1− y)] [1− y − hy(1− y)] = 0,

so one of the terms in square brackets must equal zero. In the first case, we have

y(1 + h(1− y)) = 0 ⇒ {y = 0 or y = 1 +
1

h
},

In the second case,

1− y − hy(1− y) = 0 ⇒ {y = 1 or y =
1

h
}.
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Hence, Fh = {0, 1, 1+h−1, h−1}. The fixed points 1+h−1 and h−1, which are not equilibrium
points, are termed extraneous fixed points. Note that the extraneous fixed points become
very large as the time step is refined.

While the set of fixed points of a numerical method Fh = {y ∈ Rd : y = Ψh(y)} is not
generally the same as the set of fixed points F = {y ∈ Rd : f(y) = 0} of the flow map, for
many classes of methods, the fixed points of the numerical method are a superset of those
of the flow map: Fh ⊇ F . For example, we can easily show this for Runge-Kutta methods:

Theorem 9.2.1 For Runge-Kutta methods, Fh ⊇ F .

Proof Recall the form of a Runge-Kutta method

yn+1 = yn + h
s∑
i=1

bif(Yi)

where

Yi = yn + h
s∑
j=1

aijf(Yj)

Let yn = y∗ be an equilibrium point, so f(y∗) = 0. If we set Y1 = Y2 = . . . = Ys = y∗, then
we see that all the internal equations are satisfied. Moreover, yn+1 = yn, implying that
yn = y∗ is a fixed point of the numerical method. �

Thus Fh includes all the fixed points of F but it may have some extraneous ones. Notice
that the existence of extranous fixed points depends not only on the method but on the
differential equation we are solving.

You might think that a Runge-Kutta method which admits extraneous fixed points
would be of limited interest, since it is then quite possible that a numerical trajectory
converges to a point that is nowhere near the stable equlibria of the original dynamical
system. Nonetheless, such methods are used frequently in dynamical systems studies. For
example, the 4th order Runge-Kutta method (8.4) is arguably the most popular method
of all for dynamical studies, and yet you can check that it admits extraneous fixed points.

The reason that we can use methods like this is that in general (as in the example
above), as h → 0, all the extraneous fixed points tend to infinity. This gives us a simple
way to test for extraneous fixed points: we simply vary the timestep and solve the problem
repeatedly. The fixed points which stay put regardless of stepsize are genuine. This is also
true of typical methods encountered in practice which are not of Runge-Kutta type.

To show this, we define the ε neighborhoods of the equilibrium and fixed points as
follows

F(ε) := {y ∈ Rd : ‖f(y)‖ ≤ ε}, Fh(ε) := {y ∈ Rd : ‖Ψh(y)− y‖ ≤ hε}.

In the following theorem, we assume that for an arbitrary bounded set B, there is a
continuous interval of time steps h ∈ (0, h∗), where h∗ > 0 may depend on B, for which
the numerical map Ψh(y) exists for all y ∈ B.
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Theorem 9.2.2 Let Ψh be a consistent method for the the differential equation (1.13),
and suppose for any bounded set B ⊂ Rd there exists h∗(B) > 0 such that Ψh(B) exists for
all h ∈ (0, h∗). Then, for h ∈ (0, h∗),

Fh(ε) ∪B ⊆ F(ε+Kh). (9.1)

In particular,
Fh ∪B ⊆ F(Kh). (9.2)

Proof Given y such that ‖Ψh(y)− y‖ ≤ hε, we wish to bound ‖f(y)‖. Note that1

‖hf(y)‖ ≤ ‖Ψh(y)− y‖+ ‖Ψh(y)− y − hf(y)‖.

The last term on the right is the difference between a step with Ψh and one with Euler’s
method, which we denote by ΨE

h . Since by assumption Ψh is a consistent method, we have

‖Ψh(y)−ΨE
h (y)‖ = ‖Ψh(y)− Φh(y) + Φh(y)−ΨE

h (y)‖ ≤ ‖le(y, h)‖+ ‖leE(y, h)‖ ≤ Kh2.

for some positive K dependent on B.
Inserting this into the previous relation we have

h‖f(y)‖ ≤ ‖Ψh(y)− y‖+Kh2,

and since y ∈ Fh(ε),
h‖f(y)‖ ≤ hε+Kh2,

or,
‖f(y)‖ ≤ ε+Kh.

This proves (9.1). Letting ε→ 0 gives (9.2). �

Let y∗(h) denote a continuous branch of fixed points of Ψh parameterized by h ∈ (0, h∗).
Either this set is unbounded as h → 0, or there exists a set B containing y∗(h). In the
latter case, the theorem shows that y∗(h) converges to a point in F(ε).

1Triangle inequality ‖b − a‖ ≤ ‖b‖ + ‖a‖. Let c = b − a to get ‖c‖ ≤ ‖b‖ + ‖b − c‖. Take c = hf and
b = Ψh(y)− y.
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Chapter 10

Stability of Runge-Kutta Methods

Main concepts: Stability of equilibrium points, stability of maps, Runge-Kutta stability
function, stability domain.

In the previous chapter we studied equilibrium points and their discrete couterpart,
fixed points. A lot can be said about the qualitative behavior of dynamical systems by
looking at the local solution behavior in the neighborhood of equilibrium points. In this
chapter we study stability of these points and the related stability of fixed points of Runge-
Kutta methods.

10.1 Stability of Equilibrium Points

We now define the stability of an equilibrium point. In general, the stability concerns the
behavior of solutions near an equilibrium point in the long term. Given an autonomous
system of differential equations (1.13), denote the solution of the system with the initial
condition y(0) = y0 by y(t; y0).

(1) The equilibrium point y∗ is stable in the sense of Lyapunov (or just stable) for the
given differential equation if ∀ε > 0, ∃δ > 0, T > 0 such that, if ‖y0 − y∗‖ < δ then

‖y(t; y0)− y∗‖ < ε, t > T.

(2) The equilibrium point y∗ is asymptotically stable if there exists γ > 0 such that, for
any initial condition y0 such that ‖y0 − y∗‖ < γ,

lim
t→∞
‖y(t; y0)− y∗‖ = 0

(3) The equilibrium point y∗ is unstable if it is not stable (in the sense of Lyapunov).
Note: any asymptotically stable equilibrium point is also stable.
The simplest way to illustrate the types of situations that can arise is to consider the

linear systems

d

dt
y =

[
−1 0
0 −1

]
y,

d

dt
y =

[
−1 0
0 1

]
y,

d

dt
y =

[
0 1
−1 0

]
y.
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The origin is the only equilibrium point in each case. For the first system it is asymptot-
ically stable (and also stable), for the second it is unstable, and for the third it is stable
but not asymptotically stable. See Figure 10.1.

Figure 10.1: Some phase diagrams for linear systems in R2.

One sometimes hears it said in engineering or science that a certain system is stable.
This use of the term may be the same as that used above but suggesting that the equilibrium
point of interest is understood, or it may be a different usage of the term entirely. (Some
caution is urged.)

There are a number of methods for analyzing stability in general. One of these is the
Poincaré-Lyapunov Theorem and is based on looking at the eigenvalues of the linear part
of the problem. We state a simplified version here, without proof, which also is sometimes
called the Linearization Theorem.

Theorem 10.1.1 (Linearization Theorem) Consider the equation in Rd:

dy/dt = Ay + F (y) (10.1)

subject to initial condition y(0) = y0. Assume A is a constant d×d matrix with eigenvalues
having all negative real parts and the function F is C1 in a neighborhood of y = 0, with
F ′(0) = F (0) = 0, where F ′(y) is the Jacobian matrix of F . Then y = 0 is an asymptoti-
cally stable equilibrium point. If A has any eigenvalues with positive real part, then y = 0
is an unstable equilibrium point.

Although the conditions on A and F may at first appear restricitve, Theorem 10.1.1 is
actually quite powerful. First, if we have an equilibrium point y∗ of a differential equation
(1.13) which is not at the origin, we can always shift it to the origin by introducing a
translation. Define ỹ = y − y∗ and then we have

dỹ

dt
=
dy

dt
= f(ỹ + y∗) ≡ f̃(ỹ),

which is in the form (1.13) but has an equilibrium point at ỹ = 0.
Second, consider an arbitrary differential equation (1.13) with C2 vector field and an

equilibrium point at the origin. We may proceed as follows to use Theorem 10.1.1. First
expand f in a Taylor series expansion about 0:

f(y) = f(0) + f ′(0)y +R(y).
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Because 0 is an equilibrium point, we have f(0) = 0, and we set A = f ′(0). Define
F (y) = R(y). We see that we can write our equation in the form

dy

dt
= Ay + F (y),

and it is easy to verify that F (0) = F ′(0) = 0. If the eigenvalues of A have negative
real parts, then we can conclude that the origin is asymptotically stable. Let us state an
alternative form of the Linearization Theorem based on this:

Theorem 10.1.2 (Linearization Theorem II) Suppose that f in (1.13) is C2 and has
an equilibrium point y∗. If the eigenvalues of

J = f ′(y∗)

all lie strictly in the left complex half-plane, then the equilibrium point y∗ is asymptotically
stable. If J has any eigenvalue in the right complex half-plane, then y∗ is an unstable point.

10.2 Stability of Fixed Points of Maps

We have seen in the introduction two versions of stability for equilibrium points of dynam-
ical systems. These concepts have natural analogues for fixed points of maps.

Definition 10.2.1 Consider a map Ψ on Rd and a fixed point y∗: y∗ = Ψ(y∗). Define
yn(y0) as the iteration of the map n times applied to y0, so y1(y0) = Ψ(y0), y

2(y0) =
Ψ(Ψ(y0)), etc. We say that (1) y∗ is stable in the sense of Lyapunov (or just stable) if
∀ε > 0, ∃δ > 0, N > 0 such that, if ‖y0 − y∗‖ < δ then

‖yn(y0)− y∗‖ < ε, n > N.

(2) y∗ is asymptotically stable if there exists γ > 0 such that, for any initial condition
y0 such that ‖y0 − y∗‖ < γ,

lim
n→∞

‖yn(y0)− y∗‖ = 0

(3) y∗ is unstable if it is not stable (in the sense of Lyapunov). �

It is easy to see that these definitions agree with the previous definitions for continuous
dynamics. That is, let us take Ψ ≡ Φt, the time-t exact flow map of the differential
equation. Then, if an equilibrium point of the continuous dynamics is stable, then it is
also a stable fixed point for Ψ.

Next consider a more general map Ψ, not necessarily the flow map. What are the con-
ditions for stability of a fixed point y∗? In other words: when does the sequence of iterates
obtained by successively applying Ψ starting from a point near y∗ eventually converge to
y∗?
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First consider a scalar linear iteration, Ψ(y) = ay, a ∈ R, started from a point y0 6= 0.
The iteration of Ψ yields the sequence yn = any0. Then we have (i) |yn| → 0, if |a| < 1,
(ii) |yn| ≡ |y0|, if |a| = 1, (iii) |yn| → ∞, |a| > 1. The fixed point is at the origin, so we see
that we have (i) asymptotical stability, (ii) stability, and (iii) instability.

Now consider a linear iteration in Rd. Then we have Ψ(y) = Ky, K ∈ Rd×d. We
consider the convergence to the fixed point at the origin of the sequence of points y0, y1, . . .
generated by

yn = Kyn−1.

We have y1 = Ky0, y2 = Ky1 = K2y0, etc. The question concerns the norms of powers of
K:

‖Kny0‖.

Let ρ(K) denote the spectral radius of the matrix K, i.e. the radius of the smallest
circle centered at the origin an enclosing all eigenvalues of K. We have a standard theorem
of linear iterations to apply to this case:

Theorem 10.2.1 Let zn = ‖Kny0‖. Then (i) zn → 0, as n→∞, if and only if,

ρ(K) < 1

Moreover, (ii) zn →∞ for some y0, if

ρ(K) > 1

Finally, (iii) if ρ(K) = 1 and eigenvalues on the unit circle are semisimple, then {zn}
remains bounded as n→∞.

When the eigenvectors of K form a basis of Rd, then all parts are easy to prove by
diagonalizing the matrix. When K does not have a basis of eigenvectors, we use the
Jordan canonical form for this purpose. Recall that an eigenvalue is semisimple if the
dimension of its largest Jordan block is 1.

Finally we turn our attention to a more general iteration of the form

yn = Ψ(yn−1), (10.2)

where Ψ is a map on Rd.
Note that

y∗ = Ψ(y∗). (10.3)

Take the difference of (10.2) and (10.3) to obtain

yn − y∗ = Ψ(yn−1)−Ψ(y∗).

Next, we use Taylor’s Theorem for functions from Rd to Rd to obtain

yn − y∗ = Ψ′(y∗)(yn−1 − y∗) +R(yn−1 − y∗).
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Ψ′(y∗) here refers to the Jacobian matrix of Ψ. R(∆) is a remainder term which goes to
zero quadratically:

R(∆) = O(‖∆‖2)
When ∆ = yn−1 − y∗ is small in norm, its squared norm is very small. It is natural to

think of simply neglecting the remainder term R(yn−1 − y∗), i.e.,

yn − y∗ ≈ Ψ′(y∗)(yn−1 − y∗).

in which case the convergence would appear to be related to convergence of a linear itera-
tion.

Whether we can neglect the remainder depends on the eigenvalues of Ψ′. It is possible
to show the following theorem:

Theorem 10.2.2 Given a smooth (C2) map Ψ, (i) the fixed point y∗ is asymptotically
stable for the iteration yn+1 = Ψ(yn) if

ρ(Ψ′(y∗)) < 1.

(ii) the fixed point y∗ is unstable if ρ(Ψ′(y∗)) > 1.

The marginal case ρ(Ψ′) = 1 is delicate and must be considered on a case-by-case basis.

10.3 Stability of Numerical Methods: Linear Case

For a linear system of ODEs
dy/dt = Ay,

where A is a d × d matrix with a basis of eigenvectors, it can easily be shown that the
general solution can be written in the compact form

y(t) =
d∑
i=1

Cie
λitui,

where λ1, λ2, . . . , λd are the eigenvalues, u1, u2, . . . , ud are the corresponding eigenvectors,
and C1, C2, . . . , Cd are coefficients. It is easy to see that this means that stability is deter-
mined by the eigenvalues. For example, if all the eigenvalues lie in the left half plane, then
the origin is stable in the sense of Lyapunov. Also, if all the eigenvalues have negative real
part, then the origin is asymptotically stable.

A related statement can be shown to hold for many of the numerical methods in common
use. For example, consider Euler’s method applied to the linear problem dy/dt = Ay:

yn+1 = yn + hAyn = (I + hA)yn.

If we let yn be expanded in the eigenbasis (say u1, u2, . . . , ud), we may write

yn = α
(n)
1 u1 + α

(n)
2 u2 + . . .+ α

(n)
d ud.
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If we now apply Euler’s method, we find

yn+1 = (I + hA)(α
(n)
1 u1 + α

(n)
2 u2 + . . .+ α

(n)
d ud),

= α
(n)
1 (I + hA)u1 + α

(n)
2 (I + hA)u2 + . . .+ α

(n)
d (I + hA)ud

Now, as ui is an eigenvector of A, we have

(I + hA)ui = ui + hAui = ui + hλiui = (1 + hλi)ui

and this implies

yn+1 =
d∑
i=1

α
(n)
i (1 + hλi)ui.

We may also write

yn+1 =
s∑
i=1

α
(n+1)
i ui,

and, comparing these last two equations and using the uniqueness of the basis representa-
tion, we must have

α
(n+1)
i = (1 + hλi)α

(n)
i .

It follows from this that the origin is a stable point if |1 + hλi| ≤ 1, i = 1, 2, . . . , d, and
is asymptotically stable if |1 + hλi| < 1, i = 1, 2, . . . , d. The condition for stability can be
stated equivalently as requiring that for every eigenvalue λ of A, hλ must lie inside a disk
of radius 1 centred at z = −1 in the complex plane. This region is sketched below. We
call it the region of absolute stability of Euler’s method.

Thus, given the set of eigenvalues of A, this condition implies a restriction on the
maximum stepsize h that can be used if the origin is to remain stable for the numerical
map. This is illustrated in Figure 10.2.

10.3.1 Stability functions

To develop a general theory, let us consider first the scalar case. When applied to y′ = λy,
Euler’s method has the form

yn+1 = P (hλ)yn,

where P (µ) = I+µ. Many methods, including all explicit Runge-Kutta methods, have the
form yn+1 = P (λ)yn, for some polynomial P (x), when applied y′ = λy. More generally, all
Runge-Kutta methods, including the implicit ones, when applied to y′ = λy can be written
in the form

yn+1 = R(hλ)yn,

where R(µ) is a rational function of µ, i.e. the ratio of two polynomials

R(µ) = P (µ)/Q(µ),
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Euler stability region
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Figure 10.2: The spectrum of A is scaled by h. Stability of the origin is recovered if hλ is
in the region of absolute stability |1 + z| < 1 in the complex plane.

where P and Q are two polynomials. R is called the stability function of the RK method.
To see this, apply a general Runge-Kutta method to the linear test problem y′ = λy.

We get for the internal stages the relations

Yi = yn + µ

s∑
j=1

aijYj, i = 1, . . . , s.

Introducing the vector 1 = (1, . . . , 1)T ∈ Rs, the above system can be cast in matrix form
(with Y = (Y1, . . . , Ys)

T and A the matrix with entries aij),

Y = yn1− µAY,

which means Y = yn(I − µA)−11. Similarly we can write

yn+1 = yn + µ

s∑
j=1

bjYj = yn + µbTY.

Combining these expression yields the desired stability function R:

yn+1 = R(µ)yn, R(µ) = 1 + µbT (I − µA)−11 (10.4)
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That this function is a rational function in µ follows from Kramer’s rule for computing the
inverse of a matrix.

Next, Consider applying the general RK method to y′ = Ay:

yn+1 = yn + h
s∑
i=1

biAYi,

where

Yi = yn + h
s∑
j=1

aijAYj.

Now expand yn, yn+1 and Yi, i = 1, . . . , s in the eigenbasis (a linearly independent set of
d eigenvectors) of A. For simplicity, we write the eigenvectors as columns of a matrix U ,
so that AU = UΛ, where Λ is the diagonal matrix of eigenvectors. So U−1AU = Λ is the
diagonalization of A. We define zn and Zi, i = 1, . . . , s by

yn = Uzn, Yi = UZi, i = 1, . . . , s,

then we can rewrite our Runge-Kutta method as

Uzn+1 = Uzn + h
s∑
i=1

biAUZi,

or

zn+1 = zn + h
s∑
i=1

biΛZi.

Now for the internal variables, we have

UZi = Uzn + h
s∑
j=1

aijAUZj,

or

Zi = zn + h
s∑
j=1

aijΛZj.

We may observe that, since Λ is a diagonal matrix, the system completely decouples into d
independent scalar iterations: this is equivalent to the application of the same Runge-Kutta
method to the d scalar (complex) differential equations

dz(i)

dt
= λiz

(i),

where y = Uz and zT = (z(1), z(2), . . . , z(d)).
The result of all this is that we can analyze the stability of the origin for a given

numerical method by just considering the scalar problem dx/dt = λx. We state this in a
theorem:
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Theorem 10.3.1 Given the differential equation y′ = Ay, where we suppose that the d×d
matrix A has a basis of eigenvectors and the eigenvalues λ1, λ2, . . . , λd, consider applying a
particular Runge-Kutta method. The RK method has a stable (asymptotically stable) fixed
point at the origin when applied to

dy

dt
= Ay,

if and only if the same method has a stable (asymptotically stable) equilibrium at the origin
when applied to each of the scalar differential equations

dx

dt
= λx,

where λ is an eigenvalue of A.

Since we know that a Runge-Kutta method applied to dx
dt

= λx can be written

xn+1 = R(hλ)xn

we have the following corollary:

Corollary 10.3.1 Consider a linear differential equation dy/dt = Ay with diagonalizable
matrix A. Let an RK method be given with stability function R. The origin is stable for
the numerical method applied to dy/dt = Ay (at stepsize h) if and only if

|R(µ)| ≤ 1

for all µ = hλ, where λ ∈ σ(A).

10.3.2 Stability regions, A-stability and L-stability

Evidently the key issue for understanding the long-term dynamics of Runge-Kutta methods
near fixed points concerns the region where R̂(µ) = |R(µ)| ≤ 1. This is what we call the
stability region of the numerical method. Let us examine a few stability functions and
regions:

Euler’s Method:
R̂(µ) = |1 + µ|

The stability region is the set of points such that R̂(µ) ≤ 1. The condition

|1 + µ| ≤ 1

means µ lies inside of a disc of radius 1, centred at the point −1.
Trapezoidal rule: the stability region is the region where:

R̂(µ) =

∣∣∣∣1 + µ/2

1− µ/2

∣∣∣∣ ≤ 1.
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This occurs when
|1 + µ/2| ≤ |1− µ/2|,

or, when µ/2 is closer to −1 than to 1, which is just the entire left complex half-plane.
Another popular method: Implicit Euler,

xn+1 = xn + hλxn+1

R̂(µ) = |1− µ|−1.

which means the stability region is the exterior of the disk of radius 1 centred at 1 in the
complex plane. These are some simple examples. All three of these are graphed in Figure
10.3.
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Figure 10.3: Stability Regions: (a) Euler’s method, (b) trapezoidal rule, (c) implicit Euler

For the fourth-order Runge-Kutta method (8.4), the stability function is found to be:

R(µ) = 1 + µ+
1

2
µ2 +

1

6
µ3 +

1

24
µ4.

Note that as we would expect, R(hλ) agrees with the Taylor Series expansion of exp(hλ)
through fourth order; the latter gives the exact flow map for dx/dt = λx. To graph R we
could use the following trick. For each value of µ, R is a complex number. The boundary
of the stability region is the set of all µ such that R(µ) is on the unit circle. That means

R(µ) = eiθ,

for some θ ∈ [0, 2π]. One way to proceed is to solve the equation R(µ) = eiθ for various
values of θ and plot the points. There are four roots of this quartic polynomial equation,
and in theory we can obtain them in a closed form expression. Unfortunately they are a
bit tedious to work out in practice. Certainly we will need some help from Maple.

A second approach, more suited to MATLAB than Maple, is to just plot some level
curves of R̂ viewed as a function of x and y, the real and imaginary parts of µ. In fact, the
single level curve R̂ = 1 is just precisely the boundary of the stability region! It is useful
to have the nearby ones for a range of values near 1. In Matlab, we can achieve this as
follows:
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>> clear i;

>> [X,Y] = meshgrid(-5:0.01:5,-5:0.01:5);

>> Mu = X+i*Y;

>> R = 1 + Mu + .5*Mu.^2 + (1/6)*Mu.^3 + (1/24)*Mu.^4;

>> Rhat = abs(R);

>> contourplot(X,Y,Rhat,[1]);

Figure 10.4 shows stability regions for some Runge-Kutta methods up to order 4. The
shading in the figure indicates the magnitude |R(z)| within the stability region.
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Figure 10.4: Explicit Runge-Kutta Stability Regions

What is the meaning of these funny diagrams? They tell us a huge amount. Consider
first a scalar differential equation dx/dt = λx, with possibly complex λ. We know that
for the differential equation, the origin is stable for λ lying in the left half plane, or, if we
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think of the map Φh = ehλ as defining a discrete dynamics, the origin is stable independent
of h if λ is in the left half plane. For a numerical method, the origin is stable if hλ lies in
the stability region. This is not usually going to happen independent of h, even if λ lies in
the left half plane. For the methods seen above, this is only true of trapezoidal rule and
implicit Euler. For Euler’s method and for the 4th order RK method the origin is only
stable for the numerical method provided h is suitably restricted. Note that, in the case of
the Euler method, if λ lies strictly in the left half plane, you can see that for h sufficiently
small, we will have R̂(hλ) < 1, since the rescaling of λ by a smaller value of h moves the
point hλ towards the origin.

On the other hand, observe that this will be impossible to achieve if λ lies on the
imaginary axis. Thus Euler’s method is a very poor choice for integrating a problem like
dx/dt = iωx, where ω is real. A very interesting question is whether the 4th order Runge-
Kutta method has an unstable point at the origin for λ on the imaginary axis and h→ 0.
The operative question is: does the RK-4 stability region of 10.4 contain a segment on
the imaginary axis containing 0? The answer is not obvious from the picture, although it
certainly appears to be plausible.

The fact that a linear system can be decomposed into scalar linear problems (involving
the eigenvalues as coefficients) means that we can apply the same approach to analyze the
stability of a system by applying the scalar argument to each of the eigenvalues.

A very valuable feature if we are interested in preserving the asymptotic stability of
the origin under discretization is if the stability region includes the entire left half plane.
In this case we say that the method is A-stable. An A-stable numerical method has the
property that the origin is stable regardless of the stepsize.

Another important issue is whether the numerical method matches the asymptotic
behavior as µ → ∞. If, in the scalar differential equation dx/dt = λx, the coefficient λ
tends to −∞, then we know that the solution will decay increasingly fast. We could ask
that the numerical method have a similar property. We say that a method is L-stable if it
has the properties (1) it is A-stable, and (2) R(µ)→ 0, as µ→∞.

10.4 Oscillatory Systems

An important special case for stability analysis is that of oscillatory linear systems, which
have all their eigenvalues on the imaginary axis. For the moment, we will consider just a
harmonic oscillator

dx

dt
= u, (10.5)

du

dt
= −ω2x. (10.6)

To understand the asymptotic behavior of, for example, Runge-Kutta methods for
the harmonic oscillator we need only compute the eigenvalues of this 2nd order problem
(converting first to a 2-dimensional first order system) and we find that these are±iω. Thus
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the behavior of an RK method is just determined by the approximation of the stability
region to the imaginary axis.

However, it is also of interest to consider some methods constructed in alternate ways
and for which the stability region must be defined differently. One such method is the
Störmer-Verlet or leapfrog method which is applicable to problems of the form dx/dt = u;
du/dt = f(x):

xn+1 = xn + hun+1/2, (10.7)

un+1/2 = un +
h

2
f(xn), (10.8)

un+1 = un+1/2 +
h

2
f(xn+1). (10.9)

We will therefore consider various numerical methods applied directly to (10.5)-(10.6)
and analyze their asymptotic behavior directly.

Applying the leapfrog method to the harmonic oscillator results in the propagator

Ψh

([
x
u

])
=

[
1− h2ω2

2
h

−hω2
(

1− h2ω2

4

)
1− h2ω2

2

][
x
u

]
≡M(θ)

[
x
u

]
, θ = hω. (10.10)

The matrix M(θ) has eigenvalues

λ± = 1− 1

2
θ2 ±

√
θ2(

1

4
θ2 − 1),

λ+λ− = 1 for all µ ≥ 0, hence detM(θ) is equal to one. For θ2 < 4, the eigenvalues are
complex, and

|λ±|2 = (1− 1

2
θ2)2 + θ2(1− 1

4
θ2) = 1.

When θ2 > 4, both of the eigenvalues are real and one always has modulus greater than
unity. This implies that, for the leapfrog method applied to the harmonic oscillator, the
origin is a stable equilibrium point if

h2ω2 < 4. (10.11)

As h increases from h = 0, the eigenvalues of the leapfrog method move around the
unit circle until h = 2/ω, at which point the eigenvalues are both at −1. As we continue
to increase h, one eigenvalue tends toward the origin, while the other increases without
bound along the negative real axis. The situation is diagrammed in Figure 10.5, below.

This discussion can be extended to a 2d-dimensional linear systems of differential equa-
tions of the form

d

dt
q = v, (10.12)

d

dt
v = −Kq. (10.13)
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h=0

Figure 10.5: Eigenvalues of the leapfrog method for the harmonic oscillator: as h increases,
the complex conjugate pair moves around the unit circle, separating into two real eigen-
values at hω = 2.

Here K is an d×d symmetric matrix. The stability of the equilibrium point at the origin in
a linear system like this depends on the eigenvalue–eigenvector structure of the matrix K.
When the dimension d is large, there will be many eigenvalues (2d of them, to be precise)
but the stability of the origin under discretization is determined by the highest frequency
term. Linear systems like (10.12)-(10.13) arise naturally through linearization of nonlinear
systems of the form

M
d2x

dt2
= −∇V (x)

near equilibrium points.

10.5 Exercises

1. Use Theorem 10.1.1 to show that the pendulum equation with damping

d2θ

dt2
+ µ

dθ

dt
+ (g/L) sin θ = 0

has an asymptotically stable equilibrium at the origin in the phase plane. What does
the theorem tell us about the undamped case µ ≡ 0?

2. Consider the following system of differential equations expressing damped mechanical
motion in a double-well potential:

q̇ = p, ṗ = −q(q2 − 1)− 2p.

Determine the equilibrium points and their stability.
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3. Compute the stability functions and sketch the stability regions for (a) Heun’s Method
(8.3), (b) the implicit midpoint method

yn+1 = yn + hf((yn + yn+1)/2),

(c) the RK method with Butcher diagram:

1
3

1
3

0
1 1 0

3
4

1
4

,

Which of these three methods (a), (b), (c) are A-stable? L-stable?

4. Prove that an A-stable Runge-Kutta method is necessarily implicit.

5. Why does it not matter in which direction µ tends to ∞ in the definition of L-
stability?

6. Show that the following family of Runge-Kutta methods all are second order (α > 0
is a free parameter). Compute the stability function and graph the stability regions
for α = 1/2, 3/4.

0
(2α)−1 (2α)−1

1− α α
,



78 CHAPTER 10. STABILITY OF RUNGE-KUTTA METHODS



Chapter 11

Interlude: Linear Multistep Methods

Main concepts: Linear multistep methods, accuracy, root condition, stability.

In this chapter we introduce one of the two main classes of numerical integrators for
dynamical systems: the linear multistep methods. The chapter contains an overview of
the analytical issues relevant to these methods. In subsequent chapters, we will address
the other major class: one step methods.

Assuming the solution has been computed for some number of time steps, the main
idea of multistep methods is to use the last k step values to approximate the solution at
the next step. A linear k-step method is defined as

k∑
j=0

αjyn+j = h
k∑
j=0

βjf(yn+j). (11.1)

For a linear k-step method, we require that αk 6= 0 and either α0 6= 0 or β0 6= 0. Further-
more, the coefficients in (11.1) are not uniquely defined, since multiplication through by a
constant defines the same method. Usually the coefficients are normalized such that either
αk = 1, or

∑
j βj = 1.

When using (11.1) in a computer code, at time step n + k − 1 it is assumed that the
values yn+j, j = 0, . . . , k − 1 are already computed, so yn+k is the only unknown in the
formula. If βk is nonzero the method is implicit, otherwise it is explicit. Since the initial
value problem (1.3) only specifies y0 = y(t0), it is necessary to first generate data yj,
j = 1, . . . , k − 1 before the formula (11.1) can be applied. This is done, for example, by
using forward Euler or another one-step method in the first k − 1 steps.

11.1 Examples

Some examples of linear multistep methods are:

• The θ-method generalizes all linear one-step methods

yn+1 − yn = h(1− θ)f(yn) + hθf(yn+1). (11.2)

79
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Here we have α0 = −1, α1 = 1, β0 = 1 − θ and β1 = θ. Important methods are
forward Euler (θ = 0), backward Euler (θ = 1) and trapezoidal rule (θ = 1/2). For
any θ > 0, this method is implicit.

• Leapfrog is an explicit two-step method (k = 2) given by α0 = −1, α1 = 0, α2 = 1
and β1 = 2:

yn+2 − yn = 2hf(yn+1) (11.3)

• The class of Adams methods have αk = 1, αk−1 = −1 and αj = 0 for j < k − 1.
Adams-Bashforth methods are explicit, additionally satisfying βk = 0. Examples of
1, 2 and 3-step methods are (using notation fn ≡ f(yn)):

yn+1 − yn = hfn (11.4)

yn+2 − yn+1 = h

(
3

2
fn+1 −

1

2
fn

)
(11.5)

yn+3 − yn+2 = h

(
23

12
fn+2 −

4

3
fn+1 +

5

12
fn

)
(11.6)

Adams-Moulton methods are implicit, with βk 6= 0.

• The Backward differentiation formulae (BDF) are a class of linear multistep methods
satisfying βj = 0, j < k and generalizing backward Euler. The two-step method
(BDF-2) is

yn+2 −
4

3
yn+1 +

1

3
yn = h

2

3
f(yn+2). (11.7)

11.2 Order of accuracy and convergence

Associated with the linear multistep method (11.1) are the polynomials

ρ(ζ) =
k∑
j=0

αjζ
j, σ(ζ) =

k∑
j=0

βjζ
j. (11.8)

These are important for understanding the dynamics of multistep methods, and will be
used later.

The residual of a linear multistep method at time tn+k may be defined in a number
of ways. We obtain it by substituting the exact solution y(t) of (1.3) at times y(tn+j),
j = 0, . . . , k into (11.1), i.e.

rn :=
k∑
j=0

αjy(tn+j)− h
k∑
j=0

βjy
′(tn+j). (11.9)

(This is actually the residual accumulated in the (n + k − 1)th step, but for notational
convenience we will denote it rn.) A linear multistep method has maximal order of accuracy
p if rn = O(hp+1) for all sufficiently smooth f .
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Write the Taylor series expansions of y(tn+j) and y′(tn+j) as

y(tn+j) =
∞∑
i=0

(jh)i

i!
y(i)(tn), y′(tn+j) =

∞∑
i=0

(jh)i

i!
y(i+1)(tn),

where in this chapter y(i)(t) means the ith derivative of y(t). Substituting these into (11.9)
and manipulating,

rn =
k∑
j=0

αj

∞∑
i=0

(jh)i

i!
y(i)(tn)− h

k∑
j=0

βj

∞∑
i=0

(jh)i

i!
y(i+1)(tn)

=
k∑
j=0

αjy(tn) +
∞∑
i=1

k∑
j=0

αj
(jh)i

i!
y(i)(tn)−

∞∑
i=1

k∑
j=0

βj
(jh)i

j(i− 1)!
y(i)(tn)

=
k∑
j=0

αjy(tn) +
∞∑
i=1

1

i!
hiy(i)(tn)

[
k∑
j=0

αjj
i − i

k∑
j=0

βjj
i−1

]
.

Equivalent conditions for a linear multistep method to have order of accuracy p are:

• The coefficients αj and βj satisfy (where 00 = 1)

k∑
j=0

αj = 0 and
k∑
j=0

αjj
i = i

k∑
j=0

βjj
i−1 for i = 1, . . . , p. (11.10)

• The polynomials ρ(ζ) and σ(ζ) satisfy

ρ(ez)− zσ(ez) = O(zp+1). (11.11)

• The polynomials ρ(ζ) and σ(ζ) satisfy

ρ(z)

log z
− σ(z) = O((z − 1)p). (11.12)

The first of these follows from the considerations above. For proofs of the second and third
forms, see Hairer, Nørsett and Wanner (1993).
Examples. The method (11.3) has order 2. The methods (11.5) and (11.6) have orders 2
and 3, respectively. The method (11.7) has order 2.

11.2.1 The root condition, a counter-example

Earlier we saw that for Euler’s method, convergence follows from the fact that the residual
is O(h2), leading to a global error of O(h) on a fixed interval. For linear multistep methods,
first order accuracy is insufficient to ensure convergence. We will not prove convergence
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for this class of methods, but will simply state the convergence theorem and show where
it can go wrong.

The method (11.1) is said to satisfy the root condition, if all roots ζ of

ρ(ζ) = 0,

lie on the unit disc (|ζ| ≤ 1), and any root of modulus one (|ζ| = 1) has multiplicity one.
Furthermore, a linear multistep method is incomplete without a starting procedure to

generate the first k − 1 iterates y1, . . . , yk−1.

Theorem 11.2.1 Suppose a linear multistep method (11.1) is equipped with a starting
procedure satisfying limh→0 yj = y(t0 + jh) for j = 1, . . . , k−1. Then the method converges
to the exact solution of (1.3) on a fixed interval as h → 0 if and only if it has order of
accuracy p ≥ 1 and satisfies the root condition.

The proof of this theorem will not be handled in these notes. See, e.g., the monograph
of Hairer, Nørsett, & Wanner (1993).

To illustrate the necessity of the root condition, consider the method

yn+3 + yn+2 − yn+1 − yn = h

(
8

3
f(yn+2) +

2

3
f(yn+1) +

2

3
f(yn)

)
. (11.13)

Substituting ρ(ζ) = ζ3 + ζ2 − ζ − 1 and σ(ζ) = 8
3
ζ2 + 2

3
ζ + 2

3
into (11.11) gives

ρ(ez)− zσ(ez) =
1

3
z4 +O(z5),

so the method is third order accurate. Now applying the method to the easiest of all initial
value problems

y′ = 0, y(0) = 1, t ≥ 0

yields the linear difference equation

yn+3 + yn+2 − yn+1 − yn = 0. (11.14)

If the roots ζ1, ζ2 and ζ3 of the characteristic polynomial ρ(ζ) = 0 were distinct, the exact
solution of such a recursion would be

yn = c1ζ
n
1 + c2ζ

n
2 + c3ζ

n
3 .

If any root ζi had modulus greater than 1, then the recursion would satisfy |yn| → ∞ unless
the corresponding constant ci were identically 0. For the current case, ρ(ζ) = (ζ−1)(ζ+1)2,
and there is a double root at −1. For a double root ζ3 ≡ ζ2, the solution of the recursion
(11.14) becomes

yn = c1ζ
n
1 + c2ζ

n
2 + c3nζ

n
2 .

One still has |yn| → ∞ (but with linear growth), unless c3 = 0.
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The constants c1, c2 and c3 are determined by the initial conditions necessary to start
the multistep method. Suppose we take y0 = y1 = y2 = 1, consistent with the exact
solution. Then this yields

c1 = 1, c2 = c3 = 0,

and the solution is yn = 1, for all n. The method is exact.

Suppose, however, that the initial conditions are perturbed slightly. We take y0 = 1+ε,
y1 = y2 = 1. Then we find

c1 = 1 +
3

4
ε, c2 =

1

4
ε, c3 = −1

2
ε,

and the solution is unbounded. The numerical solution sequence is unstable to perturba-
tions in the initial conditions. As a consequence, any errors incurred will destabilize the
solution. The method works only for the trivial differential equation, y′ = 0, and then only
if the starting procedure is exact. It fails to converge for all other differential equations.

As an example we compute the solution of y′ = −y, y(0) = 1, t ∈ [0, 1.5] using (11.13)
for h = 1/10, 1/100 and 1/1000. The instability gets worse as h decreases.

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
τ=1/1000
τ=1/10
τ=1/100

Figure 11.1: Solution of y′ = −y, y(0) = 1 with (11.13) for various h.

Theorem 11.2.2 The maximum order of a k-step method satisfying the root condition is
p = k for explicit methods and, for implicit methods, p = k + 1 for odd k and p = k + 2
for even k.



84 CHAPTER 11. INTERLUDE: LINEAR MULTISTEP METHODS

11.3 Stability

As we will see later in the course, an important criterion for distinguishing between different
methods is their ability to preserve the stability of a stable equilibrium. To test this, we
check under what conditions the numerical solution converges to zero when we apply (11.1)
to the scalar linear test problem y′ = λy:

k∑
j=0

αjyn+j = hλ

k∑
j=0

βjyn+j.

Letting z = hλ we write
k∑
j=0

(αj − zβj)yn+j = 0.

For any z this is a linear difference equation with characteristic polynomial

k∑
j=0

(αj − zβj)ζj = 0 = ρ(ζ)− zσ(ζ).

The stability region S of a linear multistep method is the set of all points z ∈ C such
that all roots ζ of the polynomial equation ρ(ζ) − zσ(ζ) = 0 lie on the unit disc |ζ| ≤ 1,
and those with modulus one are simple.

On the boundary of the stability region S, precisely one root has modulus one, say
ζ = eiθ. Therefore an explicit representation for the boundary of S is easily derived:

∂S =

{
z =

ρ(eiθ)

σ(eiθ)
, θ[−π, π]

}
.

Figure 11.2 shows plots of the stability regions for the Adams-Bashforth methods of
orders p = 1, 2 and 3.

A linear multistep method is called A-stable (or unconditionally stable) if the stability
domain S contains the entire left half-plane

{z ∈ C : Re z ≤ 0} ⊂ S.

Theorem 11.3.1 An A-stable linear multistep method has order p ≤ 2.

This restriction on the maximum order of a linear multistep method was an important
result in numerical analysis, proved by G. Dahlquist.

For stiff problems in which the stiff components have eigenvalues near the real axis,
A-stability is too strong a requirement. Instead a weaker concept is introduced:

The linear multistep method (11.1) is A(α)-stable, for α ∈ (0, π/2), if the stability
domain contains a wedge in the left half-plane:

{z ∈ C : | arg(z)− π| < α} ⊂ S.
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Figure 11.2: Stability regions of the Adams-Bashforth methods of orders p = 1 (blue), 2
(green) and 3 (red).

The important point is that for λ lying within the wedge of stability, the method is un-
conditionally stable (norm-nonincreasing for any h).

Figure 11.3 shows plots of the stability regions for the Backward differentiation formulae
(BDF) of orders p = 1, . . . , 6. The first and second order methods are A-stable. The rest
are A(α)-stable with α (approximately):

Order, p α
3 86.03◦

4 73.35◦

5 51.84◦

6 17.84◦

11.4 Implementation issues

11.4.1 Starting process.

As mentioned briefly in section 11.2, a linear k-step method needs a starting procedure to
generate the first k− 1 solution values. This is typically done using either k− 1 steps of a
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Figure 11.3: Stability regions of the BDF methods of orders p = 1, . . . , 6. For BDF-1
(blue) S is everything outside the white region; for BDF-2 (green) it is everything outside
the blue region; etc.

one-step (Runge-Kutta) method, or applying successively `-step methods with ` = 1, 2, . . . .
For example, to start a 4-step Adams-Bashforth scheme, the methods (11.4), (11.5), (11.6)
could be applied in succession, for n = 0. For problems with discontinuous f , it is necessary
to apply the starting procedure after each discontinuity.

11.4.2 Variable stepsize implementation.

The order conditions (11.10)–(11.12) only hold for constant stepsize h. If the stepsize varies
over the interval [tn, tn+k], i.e. hj = tn+j+1 − tn+j, j = 0, . . . , k − 1, with distinct hj, then
the coefficients for a given order become dependent on the hj. In general the stepsize ratio
qj = hj+1/hj will be restricted to some range 0 < qmin < qj < qmax, by the root condition.
There are various techniques for implementing variable stepsize multistep methods. For
more information, see Hairer, Nørsett & Wanner (1993).

In most cases it is not desirable to store all solutions y0, . . . , yN , as this eats up computer
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memory. Instead only the minimum number of ‘back-values’ necessary for the implemen-
tation is kept. The solution is written to disk as often as desired. For this reason, variable
stepsize implementations of multistep methods are problematic. Either the coefficients
have to be modified to suit the local stepsize schedule, or the past solution values have to
be interpolated onto a uniform grid.

An exception is a variable stepsize implementation in which the stepsize is allowed to
change only by a factor of 2. In this case, provided the stepsize is not allowed to double
too often, one can get by with storing the 2k vectors yn−k, . . . , yn+k−1. When the stepsize
is doubled, the values yn+k−2, yn+k−4, . . . are used in formula (11.1) with h replaced by 2h.
When the stepsize is halved, a pth order interpolation can be used to obtain the vectors
yn+k−1/2, yn+k−3/2, . . . needed to apply (11.1) with a stepsize of h/2.

11.4.3 Error estimation.

To estimate the error for the purpose of adaptivity, one technique makes use of a second
linear multistep method, also of order p (but perhaps not a k-step method). Denote the
coefficients of this process with α̃j and β̃j. According to formula (11.11), these methods
must satisfy, assuming the values yn, . . . , yn+k−1 are exact,

y(tn+k)− yn+k = chp+1y(p+1)(tn+k) +O(hp+2),

y(tn+k)− ỹn+k = c̃hp+1y(p+1)(tn+k) +O(hp+2),

for appropriate c, c̃ > 0. Assuming we have chosen the second linear multistep method
such that c 6= c̃, we can combine the above and eliminate y(p+1)(tn+k) to get the local error
estimate

y(tn+k)− yn+k =
c

c− c̃
(ỹn+k − yn+k) +O(hp+2).

For efficiency, it is best to use an explicit method such as an Adams-Bashforth for the
error estimator ỹn+k. Since this value is thrown away after estimating the error, it cannot
alter stability to use an explicit method.

11.4.4 Nonlinear systems.

For implicit methods, the nonlinear system to be solved in each timestep is

αkyn+k = hβkf(yn+k) +

[
k−1∑
j=0

−αjyn+j + hβjfn+j

]
,

where the terms in brackets are explicitly known at time step (n + k − 1). This system
has the same form as discussed Appendix A and is of dimension d. Furthermore, the back
values yn, . . . yn+k−1 can be used with a high order extrapolation formula to generate a good
initial guess for (modified) Newton iteration, so the nonlinear solves are fairly efficient.
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11.5 Exercises

1. Determine the stability region S for the Leapfrog method

yn+1 = yn−1 + 2hf(tn, yn).

2. Derive a 4th order Adams-Bashforth method using one of (11.10)–(11.12). Does it
satisfy the root condition? Determine its stability region.

3. Consider the Lorenz equations:

y′1 = σ(y2 − y1)

y′2 = ry1 − y2 − y1y3

y′3 = y1y2 − by3

Choose the parameters to be σ = 10, b = 8/3, r = 28 and the initial condition
y0 = (0, 1, 0)T . Integrate this system on the interval t ∈ [0, 100]. Use the 4th order
Adams-Bashforth method you derived in the previous problem. Start the integration
with 3 steps of Euler’s method.

(a) Plot the solution in 3D using the built-in matlab function plot3. Use the
rotation tool in the figure window to observe the Lorenz attractor.

(b) Experiment with different stepsizes. Can you observe 4th order convergence? If
not, try integrating over a shorter interval, (say t ∈ [0, 10]). Hint: It may be
helpful to plot the time history of one component (say y2(t)) of the solution, for
several different stepsizes, on the same axes.

(c) Repeat the computation using forward Euler on the whole interval t ∈ [0, 100].
Do you see any advantage to using the fourth order method for solving this
problem on a long time interval?



Chapter 12

Reversibility and Composition
Methods

Main concepts: ρ-reversibility, adjoint of a method, self-adjoint methods, composition
methods

Many physical processes—e.g. those on the molecular scale and on the cellestial scale—
are reversible, a symmetry property of the flow map Φt. It turns out to be useful in such a
case, to use a numerical method whose discrete flow map is also reversible. One reason for
doing so is the simple construction of higher order methods by composition, which will be
treated in this chapter. Another reason is the near preservation of invariants in integrable
problems by reversible methods, which will not be treated in these notes.

12.1 ρ-Reversibility

Let ρ be a linear, invertible transformation on Rd. The autonomous ODE (1.13) is called
ρ-reversible if

ρf(y) = −f(ρy) (12.1)

for all y.
For a ρ-reversible ODE, the solution operator Φt satisfies

ρ ◦ Φt = Φ−t ◦ ρ. (12.2)

In words, evolving the system t units in time and applying the reversal transformation, is
equivalent to applying the reversal transformation and then evolving the system t units
backward in time.

As a consequence of (12.2), and since Φ−t = Φ−1
t ,

ρ−1 ◦ Φt ◦ ρ ◦ Φt = id,

the identity map. So if one evolves the system t units in time, then applies the reversal
transformation, then evolves it t more units in time and again applies the inverse reversal

89
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transformation, the system is returned to its initial state. This situation is illustrated in
Figure 12.1.

φt

φt

ρ

ρ−1

symmetry plane

Figure 12.1: Illustration of a ρ-reversal symmetry. Here, ρ is a simple reflection about the
horizontal axis. The black lines represent phase trajectories of the dynamical system in
question.

Example. Mechanical systems. A large class of reversible problems are those given by
Newton’s second law of motion (5.2)

Mq̈ = F (q), (12.3)

where q ∈ Rd is a position vector, F : Rd → Rd is a vector of forces, and M is a symmetric,
positive definite (mass) matrix. Introducing the momentum p ≡Mq̇, this becomes

q̇ = M−1p, ṗ = F (q).

This system can be written as a first order system (1.3) of dimension 2d:

y =

(
q
p

)
, f(y) =

(
M−1p
F (q)

)
The time-reversal transformation just negates the momentum:

ρ =

[
I
−I

]
.

One can easily check that (12.1) holds. Evolving a mechanical system t units in time, re-
versing its momentum, evolving it again t units in time, and again reversing its momentum,
returns it to its initial state.
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12.2 Adjoint of a Method

The adjoint of a one-step method Ψh such as a Runge-Kutta method, which takes the
solution of (1.3) from tn to tn+1, i.e.

yn+1 = Ψh(yn),

is the method Ψ∗h := Ψ−1
−h, i.e. the inverse of the method with negative time step. We

can derive this method by setting y∗n+1 = yn with y∗n = yn+1 and stepping backward with
stepsize −h,

y∗n = Ψ−h(y
∗
n+1).

Solving for y∗n+1:
y∗n+1 = Ψ−1

−h(y
∗
n) = Ψ∗h(y

∗
n).

Example. The adjoint of Euler’s method is

y∗n = y∗n+1 − hf(y∗n+1).

Rearranging gives:
y∗n+1 = y∗n + hf(y∗n+1),

an implicit method known as backward Euler or implicit Euler.
For a general s-stage Runge Kutta method with coefficients A = (aij) and b = (bi), we

can calculate

y∗n = y∗n+1 − h
s∑
j=1

bjf(Yj),

Yi = y∗n+1 − h
s∑
j=1

aijf(Yj),

or,

y∗n+1 = y∗n + h
s∑
j=1

bjf(Yj),

Yi = y∗n + h

s∑
j=1

(bj − aij)f(Yj).

However, the abscissae ci =
∑

j aij have become reversed (c∗i = 1 − ci), so we replace
Yi by Ys+1−i (to recover the chronological ordering of the stage vectors) and obtain the
coefficients a∗ij and b∗i of the adjoint method:

a∗ij = bs+1−j − as+1−i,s+1−j, b∗i = bs+1−i.

This is again an s-stage Runge-Kutta method. The adjoint of an explicit Runge-Kutta
method is always implicit.
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The order of the adjoint of method is the same as the order of the original method. In
fact, the truncation error of the adjoint method satisfies

le∗(y, h) = (−1)ple(y, h),

where p is the order of the method (i.e. le(y, h) = O(hp+1).)
A method whose adjoint is equivalent to itself (Ψ∗h = Ψh) is called self-adjoint. The

implicit midpoint rule (8.5) is self-adjoint. For a self-adjoint Runge-Kutta method, the
coefficients satisfy

as+1−i,s+1−j + aij = bj

for all i, j. Self-adjoint methods are necessarily implicit and have even order.
A numerical method is called symmetric or time-reversible if it satisfies Ψ−1

h = Ψ−h.
Therefore, self-adjoint methods are time-reversible. More generally, if a numerical method
applied to a ρ-reversible system satisfying (12.1) satisfies

ρ ◦Ψh = Ψ−h ◦ ρ

(and mostly they do), then the method is ρ-reversible if and only if Ψh is symmetric.

12.3 Composition Methods

Recall that the group property of flow maps Φt ◦ Φs = Φs+t does not hold in general for
numerical methods. It turns out we can use this to our “advantage” as follows:

Given a one-step method Ψh and a set of s real numbers γi, i = 1, . . . , s that sum to one∑s
i=1 γi = 1, the method obtained by composing s steps of size γih is called a composition

method
Ψ̄h = Ψγsh ◦ · · · ◦Ψγ1h

If Ψh is of order p, then if
γp+1

1 + · · ·+ γp+1
s = 0,

the composition method is at least of order p+ 1.
This relation has no real solution for p odd. For even p, there is a solution for s = 3.

A popular choice is

γ1 = γ3 =
1

2− 21/(p+1)
, γ2 = − 21/(p+1)

2− 21/(p+1)
, (12.4)

which is of order p + 1. If Ψh is a symmetric method, then this composition is also
symmetric, and the resulting method is actually of order p+ 2.

The approach can be applied recursively. For example, if Ψh is of order 2 and symmetric,
then the Ψ̄h is of order 4 and symmetric. Applying the method recursively (32 = 9 steps of
Ψh) we obtain order 6. Applying it recursively again (33 = 27 steps of the original method)
we obtain order 8. And so on.
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However, other, possibly more efficient, compositions may be constructed directly (with-
out using this recursion), and the above is really only intended to illustrate the possibilities.

Instead of composing the same methods with different stepsizes, we could also imagine
composing different methods. The composition of two steps of equal size with a method
Ψh and its adjoint Ψ∗h, yields a self-adjoint method since

(Ψh ◦Ψ∗h)
∗ = Ψh ◦Ψ∗h.

For example, the composition of a half-step of backward Euler with a half-step of forward
Euler gives either the implicit midpoint rule (8.5) or the trapezoidal rule (2.2) depending
on the order of composition. Because the Euler methods are first order, the composition
must also be at least first order. But since it is symmetric, it must have even order, so we
conclude that it must be at least second order.

Note that (12.4) has γ2 negative. This means that the method must regularly take
backward steps. For some problems backward steps are ill-defined. For this reason, one
would like to avoid them. Unfortunately it has been shown that to obtain order greater
than 2, backward steps are unavoidable. For this reason, higher order composition methods
are almost exclusively used only with reversible problems.

12.4 Exercises

1. Find a ρ-reversible symmetry for the Lotka-Volterra model (1.6) in the case r = 1.

2. Construct the adjoint of Heun’s method (8.3).

3. Show that a self-adjoint Runge-Kutta method must have |R(iy)| = 1 on the imaginary
axis. Use analyticity of the stability function to prove that a symmetric RK method
with Butcher matrix A whose eigenspectrum lies strictly in the positive half of the
complex plane is A-stable.

4. Discuss the relationship between a (long) numerical solution computed with implicit
midpoint, and one computed with trapezoidal rule.
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Chapter 13

Splitting Methods

Main concepts: Linear systems, nonlinear systems, BCH theorem, order conditions

In this section, we present a natural approach to “method building” which is based on
splitting a vector field into integrable parts. This approach is remarkably general and can
be used to construct methods with properties very similar to those of the flow map of the
dynamical system.

13.1 Introduction to Splitting Methods

The idea is simple: divide et impera (divide and conquer). It is probably the most impor-
tant systematic technique for the development of algorithms in general. Suppose we wish
to solve the differential equation

dz/dt = f(z) ≡ f1(z) + f2(z),

where each of two differential equations

dz/dt = f1(z)

and
dz/dt = f2(z)

happen to be completely integrable (i.e. analytically solvable). [Note that dz/dt = f(z) is
not solvable just because the two pieces are! ]

The way this is done is diagrammed in Figure 13.1, below. We first note that at any
point in phase space, the vector field (hence the tangent vector to the solution curve) can
be broken up into the two components f1 and f2. A method can then be constructed
by stepping forward along first one, then a second, solution curve, each time for a small
timestep h.

That is, we start from some point zn and solve first the initial value problem

dz/dt = f1(z), z(0) = zn

95
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zn

f(zn)

f1(z
n)

f2(z
n)

zn

zn+1=z2(h; z*)

z(h; zn)

z* =z1(h; zn)

Figure 13.1: Divide and Conquer: An approximation to the solution is constructed by
following the solutions of the two parts of the vector field

for a time h. This means to compute the exact solution of this part of the system, which
is possible, since f1 is assumed integrable. This takes us to a point z∗ = z1(h; zn), where
z1 represents the exact solution of the differential equations on vector field f1.

Next we start from z∗ and solve the second differential equation initial value problem

dz/dt = f2(z), z(0) = z∗

for a time h. This takes us to the point zn+1 = z2(h; z∗). Denoting the flow maps of the
vector fields f1 and f2 as Φt,f1 and Φt,f2 , we have just computed zn+1 = Φh,f2(Φh,f1(zn)) =
(Φh,f2 ◦ Φh,f1)(zn). Such a method is referred to as a splitting method.

13.1.1 Linear ODEs

As a first step to understanding splitting methods, consider the linear ODE

dy

dt
= Ay

Let A = B + C, then the splitting method defined by solving first

dy

dt
= By

followed by
dy

dt
= Cy

can be written
Ψh(y) = eCheBh

The local error is
le(y;h) = Ψh(y)− Φh(y) = eCheBh − eAh
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Let us work out these formulas in order to estimate the local error. Using the exponential
series, we have

le(y;h) = (I + Ah+
1

2
A2h2 + . . .)− (I + Ch+

1

2
C2h2 + . . .)(I +Bh+

1

2
B2h2 + . . .)

= (I + Ah+
1

2
A2h2)− (I + h(B + C) + h2(CB +

1

2
C2 +

1

2
B2)) +O(h3)

= h2(
1

2
(C +B)2 − (CB +

1

2
C2 +

1

2
B2) +O(h3)

= h2[
1

2
C2 +

1

2
CB +

1

2
BC +

1

2
B2 − CB − 1

2
C2 − 1

2
B2] +O(h3)

=
h2

2
(BC − CB) +O(h3)

=
h2

2
[B,C] +O(h3)

the matrix [B,C] = BC−CB is called the “commutator” of the matrices B and C. If the
commutator is zero, we say that the matrices commute. In that case, it can be shown that
not only the 2nd order term in the local error vanishes, but moreover

ehBehC = eAh

i.e. the splitting method is exact. However, this is a rare situation and in general we expect
that a splitting method defined in this way is convergent by Theorem 6.2.1 with p = 1.

More complicated splitting methods for linear systems can be constructed in several
ways. First, we could imagine splitting the into more parts: A = B+C+D+ . . .. Second,
we could imagine writing

B =
s∑
i=1

βiB

C =
s∑
i=1

γiC

then we could define a splitting method that is based on solving successively

dy

dt
= β1By

dy

dt
= γ1Cy

dy

dt
= β2By

dy

dt
= γ2Cy

etc., each for a step of size h.
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This is equivalent to approximating the exponential ehA by

eγsCheβsBheγs−1Cheβs−1Bh · · · eγ1Cheβ1Bh

It turns out that this composition gives at least a first order method, but the order can be
higher. For example, it can be shown that the so-called Strang splitting (named for the
mathematician Gil Strang)

Ψh(y) = e
h
2
CehBe

h
2
Cy

defines a 2nd order method.

13.1.2 Nonlinear ODEs

Now let f = f1 + f2 be a real-valued function. We will denote the flow map on f by Φh,f

and on each of the two parts by Φh,f1 and Φh,f2 . The question we would like to answer is:
what is the local error associated to the map

Ψh,f = Φh,f2 ◦ Φh,f1?

As before, let z(h) = (Φh,f2 ◦ Φh,f1)(y) = Φh,f2(Φh,f1(y)). Noting that Φ0,•(y) = y, we see
that

z(0) = y

We know that

Φh,f1(y) = y + hf1(y) +
1

2
h2f ′1(y)f1(y) + . . .

and

Φh,f2(y) = y + hf2(y) +
1

2
h2f ′2(y)f2(y) + . . .

Hence,

Φh,f2(Φh,f1(y)) =
[
y + hf1(y) +O(h2)

]
+ hf2

[
y + hf1(y) +O(h2)

]
+O(h2)

= y + hf1(y) + hf2(y) +O(h2),

that is,

z(h) = y + hf(y) +O(h2)

This shows that the method is at least first order.
More generally, it is possible to prove the following result:

Theorem 13.1.1 (Splitting Methods) The splitting method Φh,f2 ◦ Φh,f1, where f =
f1 + f2 has local error

le(y;h) =
h2

2
[f1, f2] +O(h3)

where [f, g] is the commutator of the vector fields f and g, which is another vector field

[f, g] =
∂f

∂y
g − ∂g

∂y
f



13.1. INTRODUCTION TO SPLITTING METHODS 99

The more general form of this result follows from the Baker-Campbell-Hausdorff theo-
rem, which tells how to compute all the terms in the expansion of the product of the two
flow maps. In fact, one can show

Theorem 13.1.2 (Baker-Campbell-Hausdorff) The splitting method Φh,f2◦Φh,f1, where
f = f1 + f2 has local error

le(y;h) =
h2

2
[f2, f1] +

h3

12
([f2, [f2, f1]]− [f1, [f2, f1]]) + . . .

If the vector fields commute, i.e. [f2, f1] = 0, then the splitting is again exact (however,
such flow are not usually very interesting).

Consider the vector field obtained by writing the second order equation ẍ = g(x) in
first order form:

f(x, u) =

[
u
g(x)

]
.

Let f1 and f2 be defined by

f1(x, u) =

[
0

g(x)

]
, f2(x, u) =

[
u
0

]
,

It is easy to see that each of the differential equation systems

d

dt

[
x
u

]
= f1(x, u)

and
d

dt

[
x
u

]
= f2(x, u)

is integrable (Euler’s method gives the exact solution). A first order method arises by
composing the two flows.

With the same vector field decomposition, we can construct a second order method
based on Strang splitting by solving successively

d

dt

[
x
u

]
=

1

2
f1(x, u)

and, then
d

dt

[
x
u

]
= f2(x, u)

and, finally,
d

dt

[
x
u

]
=

1

2
f1(x, u)

This method is referred to as the Leapfrog method. Note that by reversing the order of the
flows, we are actually composing a half-step of the first order splitting with its adjoint (the
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adjoint of an exact flow is the flow itself), so the Leapfrog method (and Strang splitting in
general) is self-adjoint.
Example. For u the population of predators and v the population of prey, an alternative
Lotka-Volterra model can be written

u′ = u(v − 2), v′ = v(1− u)

A simple splitting with y = (u, v)T is

f(y) =

(
u(v − 2)

0

)
, g(y) =

(
0

v(1− u)

)
The exact solution of y′ = f(y) on [0, h] is

u(h) = eh(v(0)−2)u(0), v(h) = v(0).

The exact solution of y′ = g(y) on [0, h] is

u(h) = u(0), v(h) = eh(1−u(0))v(0).

Combining these flows gives the first order method

un+1 = eh(vn−2)un,

vn+1 = eh(1−un+1)vn

A second order, self-adjoint method can be derived by composing a half step of the above
method with its adjoint. Noting that the exact solution of a subproblem is self-adjoint:

un+1/2 = e
h
2
(vn−2)un,

vn+1 = eh(1−un+1/2)vn,

un+1 = e
h
2
(vn+1−2)un+1/2.

With initial conditions u(0) = 6 and v(0) = 2, the solution is periodic with approximate pe-
riod T = 6.336. The solution at time t = 6.4 is u(6.4) ≈ 5.89200351, v(6.4) ≈ 1.45888866.
In Figure 13.2, the solution is illustrated using the 2nd order splitting with h = 0.1. Also
the error behavior for the first and second order splittings is shown.

Clearly, a multiple term splitting is also possible. For example, for the ODE

y′ = f1(y) + · · ·+ fk(y),

the splitting method

yn+1 = Φh
fk
◦ · · · ◦ Φh

f1
yn (13.1)

is first order in general.
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It is not necessary that the split subproblems be solved exactly. Since the composition
is only first order, the subproblems may also be approximated by a first order method.
However, one often looks for an exactly solvable splitting.

The prudent choice of the splitting can make or break a splitting method. For one
thing, if the splitting is such that the exact solution of a subproblem is not known, then it
must be approximated with, for example, an RK method, and there will be approximation
errors in addition to the splitting errors. Furthermore, if two terms are strongly coupled,
then splitting them apart could cause large errors. For example, consider a mechanical
system with two strong opposing forces that nearly balance each other out. The combined
effect of the forces is small. However, each force by itself is large and would cause big
accelerations if split apart. Normally one chooses the splitting based on physical or other
(structural) considerations.

13.2 Exercises

1. Write out the formulas for the splitting method for the differential equation system

dy

dt
= ay +

[
0 −1
1 0

]
y

where a is a scalar, based on solving

dy

dt
= ay

followed by
dy

dt
=

[
0 −1
1 0

]
y

Comment on the order of the resulting method. Repeat the exercise for

dy

dt
=

[
a 0
0 b

]
y +

[
0 −1
1 0

]
y

solving first
dy

dt
=

[
a 0
0 b

]
y

followed by
dy

dt
=

[
0 −1
1 0

]
y

2. Prove that the Strang splitting gives a 2nd order integrator (for nonlinear problems).

3. Discuss the preservation of equilibrium points by splitting methods. Can you think
of a splitting that preserves equilibrium points exactly?
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4. Compare the first and second order splittings for the Lotka-Volterra model and and
Heun’s method (8.3) for a long numerical simulation (say, 10 to 100 periods). Can
you discern any qualitative differences in the solutions? Use a range of step sizes.
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Figure 13.2: One-period of the Lotka-Volterra model: solution (top) and error (bottom).
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Chapter 14

First Integral

Main concepts: First integrals, linear, quadratic, discrete gradients.

14.1 First Integrals

In Chapter 5 we said defined the space Rd to be the phase space of the differential equation
(1.13). Each point in Rd defines a state of the system, and a solution of (1.13) traces a
curve in Rd. Given a function I(y) : Rd → R, we can evaluate this function along a solution
to (1.13), i.e. sampling I(y(t)). For some special functions I we may find that that I is
constant along solutions to (1.2). Such a function is called a first integral of (1.2).

For example, many models from physics are designed to incorporate energy conserva-
tion. In the case of the harmonic oscillator (5.4) the energy is just

E(x, p) =
1

2
p2 +

1

2
ω2x2.

You can easily check that this is constant along solutions of (5.4) by differentiation of the
expression with respect to time, and use of the differential equations:

d

dt
E(x(t), p(t)) = pṗ+ ω2xẋ

= p(−ω2x) + ω2xp = 0.

The energy of a conservative mechanical system is one example of a first integral.
We say that for any differential equation of the form (1.13), a function I(y) is a first

integral if the function I is constant when evaluated along any solution of the differential
equation. Using the equation (1.13), we can easily see that I is a first integral provided,
whenever y = y(t) is a solution of (1.13),

d

dt
I(y(t)) ≡ 0.

105
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Using the chain rule, this just means

∇I(y(t)) · dy
dt

(t) ≡ 0,

or (since dy/dt = f(y) for any solution of (1.13)), simply

∇I · f(y) = 0 or, (∇I)Tf(y) = 0.

Other names for first integrals include: invariant, constant of motion, and conserved quan-
tity.

First integrals play several crucial roles in studies of dynamical systems. For example
it is often the case that first integrals help to define the problem; their values can be
viewed as constants that have specific physical significance. First integrals may confine the
solution to a bounded region of phase space. In many systems, the first integrals are the
only computable measures of the performance of the numerical method – we cannot plot
the error in the solution unless the exact solution is available, but we can almost always
compute and monitor the energy or another first integral, and use this to assess the quality
of the approximation.

Example. The rigid body equations describe the motion of a rotating object in the
absence of external forces. The equations are

dy

dt
= y × Γy, (14.1)

where y(t) = (y1(t), y2(t), y3(t))
T ∈ R3 and Γ = diag(I−1

1 , I−1
2 , I−1

3 ) is a diagonal matrix
and Ij > 0, j = 1, . . . , 3 are the moments of inertia about the principle axes of the object.

For any solution to the rigid body equations the functions:

H(y1, y2, y3) =
1

2

(
y2

1

I1
+
y2

2

I2
+
y2

3

I3

)
and

K(y1, y2, y3) = y2
1 + y2

2 + y2
3

are constant (and equal to H(y(0)) and K(y(0)), respectively). Note that the solution is
constrained to the intersection of the surfaces of a sphere and an ellipsoid, i.e. a closed one-
dimensional submanifold of R3. The preservation of either of these first integrals guarantees
the boundedness of the solution as t→∞.

In this chapter, we discuss the conservation of first integrals by numerical methods.

14.2 First Integrals Under Discretization

Suppose d = 1 in (1.13) then preservation of a first integral means that the scalar equation
I(y) = I0 is satisfied. Such a nonlinear equation, for smooth I, generally has at most just
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some discrete set of point solutions there can be no dynamics. Thus it is clear that in order
to have interesting dynamics with a first integral we must consider systems of dimension
d ≥ 2. In this case, {y|I(y) = I0} defines a manifold, a point set with a continuous
structure. The solution of the differential equations evolves on this manifold. We can
write this, compactly, as

I ◦ Φt = I.

Now consider the preservation of such a first integral by a numerical method, which we
assume to be represented as a map Ψh. Under what circumstances do we have

I ◦Ψh = I?

We will discuss several examples to show that it is possible to have exact conservation.
First suppose a system has a linear first integral. Such an integral can be represented by

I(y) = r + s · y,

where r is a scalar, and s a vector in Rd. We assume that ∇I · f(y) = 0 which just means
that s · f(y) = 0.

If we are given a Runge-Kutta method described by the equations

yn+1 = yn + h
∑
i

biFi, Fi = f(Yi) = f(yn + h
∑
j

aijFj), i = 1, . . . , s,

we can compute the first integral at time tn+1:

I(yn+1) = r + s · yn+1

= r + s · (yn + h
∑
i

biFi)

= r + s · yn + h
∑
i

bis · Fi

= I(yn).

Thus, Runge-Kutta methods preserve arbitrary linear first integrals.
Next consider the Kepler problem

dx

dt
= u

dy

dt
= v

du

dt
= − x

(x2 + y2)3/2

dv

dt
= − y

(x2 + y2)3/2
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We know that the angular momentum

L = xv − yu

is a conserved quantity. To see this, differentiate L to obtain

dL

dt
= xv′ + x′v − yu′ − y′u,

where prime is used to denote differentiation with respect to t. Using the differential
equation, we have

dL

dt
= − xy

(x2 + y2)3/2
+ uv +

yx

(x2 + y2)3/2
− vu = 0.

The Kepler problem can be written more compactly by introducing vectors q = (x, y),
p = (u, v), then the equations of motion become

dq

dt
= p

dp

dt
= − q

‖q‖3

Define
L = q × p

as the cross product of q and p, where these vectors are viewed as extended to vectors in
R3. Only the third component here is nonzero, and

d

dt
L = q × p′ + q′ × p = 0

Discretizing with, say, Euler’s method, does not result in conservation of L. (Check
this!) But if we use the one-sided Euler method, we have

qn+1 = qn + hpn+1

pn+1 = pn − h
qn
‖qn‖3

Now compute

Ln+1 = qn+1 × pn+1

= (qn + hpn+1)× pn+1

= qn × pn+1 + hpn+1 × pn+1

= qn × pn+1

= qn × (pn − h‖qn‖−3qn)

= qn × pn − h‖qn‖−3qn × qn
= qn × pn
= Ln



14.2. FIRST INTEGRALS UNDER DISCRETIZATION 109

Thus the one-sided Euler method exactly conserves the angular momentum in the Kepler
problem. This is quite a remarkable property in itself, but does this hold in more general
cases?

14.2.1 Conservation of quadratic first integrals by Runge-Kutta
methods

The angular momentum above is an example of a quadratic first integral. It is natural to
ask if the one-sided Euler method preserves all such integrals. Unfortunately this cannot be
the case. For example for the harmonic oscillator with frequency ω = 1, the exact solutions
are circles satisfying x2 +p2 = 2E, where E is the energy. It can be easily checked that the
solution using the one-sided Euler method is not a circle, however. Applying the method,
we have xn+1 = xn + hpn+1, pn+1 = pn − hxn, so

x2
n+1 + p2

n+1 = (xn + hpn − h2xn)2 + (pn − hxn)2

= x2
n + 2hxnpn + h2p2

n + h4x2
n − 2h2x2

n − 2h3xnpn + p2
n − 2hxnpn + h2x2

n

= x2
n + p2

n + h2(p2
n − x2

n) +O(h3).

The second order term does not vanish identically, so the energy cannot be conserved.
Remarkably, however, the implicit midpoint rule (8.5) does conserve all quadratic in-

variants
I(y) = yTCy, yTCf(y) = 0, CT = C

This is easily seen by writing (8.5) as

yn+1 − yn
τ

= f(
yn+1 + yn

2
)

and multiplying both sides with 1
2
(yn+1 + yn)TC to get

1

2τ
(I(yn+1)− I(yn)) = (

yn+1 + yn
2

)TCf(
yn+1 + yn

2
) = 0.

More generally, we prove the following theorem:

Theorem 14.2.1 (Quadratic First Integrals) Let dy/dt = f(y) have a quadratic first
integral. A Runge-Kutta method preserves this quadratic first integral if

bibj − biaij − bjaji = 0 (14.2)

We prove this by assuming that I(y) = r+ s · y+ yTTy is such a first integral, where r
is a scalar, s is a vector of dimension d and T is a symmetric d× d matrix. Note that the
condition for I to be a first integral is that ∇I · f ≡ 0, or

s · f + 2yTTf ≡ 0.
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This implies that
s · f ≡ −2yTTf. (14.3)

Applying an RK method to the system we have

yn+1 = yn + h
∑
i

biFi; Fi = f(yn + h
∑
j

aijFj)

thence

I(yn+1) = r + s · (yn + h
∑
i

biFi) + (yn + h
∑
i

biFi)
TT (yn + h

∑
i

biFi)

Expanding this out, we have

I(yn+1) = I(yn) + h
∑
i

bis · Fi + 2h
∑
i

biy
T
nTFi + h2(

∑
i

biFi)T (
∑
i

biFi)

We need to show that, assuming (14.2),

J = +
∑
i

bis · Fi + 2
∑
i

biy
T
nTFi + h(

∑
i

biFi)T (
∑
i

biFi) = 0

Now, by virtue of (14.3),

s · Fi = s · f(Yi) = −2Y T
i Tf(Yi) = −2Y T

i TFi

hence

J =
∑
i

bi(−2)Y T
i TFi + 2

∑
i

biy
T
nTFi + h(

∑
i

biFi)T (
∑
i

biFi)

=
∑
i

bi(yn − Yi)TTFi + h(
∑
i

biFi)T (
∑
i

biFi)

= −h
∑
i

bi
∑
j

aijF
T
j TFi + h(

∑
i

biFi)T (
∑
i

biFi)

Let F T
i Fj = Bij. In general we assume that these terms, which depend on the vector field,

are uncorrelated. In that case J will vanish identically provided each of the coefficients
multiplying the Bij vanishes. This coefficient is

biaij + bjaji − bibj
which concludes the proof.

One class of method which satisfies the conditions (14.2) is the class of Gauss-Legendre
methods, which we have already learned are the optimal order methods for a given number
of stages (they are also fully implicit, and therefore, often, too expensive to use in many
practical examples).

In terms of finding methods that conserve all first integrals of a given class, this is as
good as it gets: we do not have broad classes of methods which preserve cubics, quartics,
etc. Fortunately, quadratics are an important case.

If we are concerned with preserving a first integral, an alternative approach is to design
a method that has this as its specific goal.
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14.3 Discrete Gradient Methods

The conservation of quadratic invariants by Gauss Runge-Kutta methods is automatic.
Any and all such invariants will be conserved whether or not one is aware of them. In this
section we describe a method for conserving a known invariant I(y).

Define the exterior product of two vectors f and v:

f ∧ v = fvT − vfT , (f ∧ v)ij = fivj − vifj.

If I(y) is a first integral of (1.3), then, except at points y∗ where ∇I(y∗) = 0, f can be
written as

f(y) = B(y)∇I(y) =
1

‖∇I(y)‖2
(f ∧∇I)∇I(y),

where B(y) is skew-symmetric: BT = −B.
Let B̄(y, z) satisfy:

• skew-symmetric structure: B̄(y, z)T = −B̄(y, z),

• symmetry with respect to its arguments: B̄(y, z) = B̄(z, y),

• consistency B̄(y, y) = B(y).

Similarly, define v(y) := ∇I(y) and let v̄(y, z) be a discrete gradient of I, i.e. satisfying

v̄(y, z)T (y − z) = I(y)− I(z),

and consistent v̄(y, y) = v(y).
Then the method

yn+1 = yn + τB̄(yn+1, yn) v̄(yn+1, yn)

satisfies
I(yn+1) = I(yn),

since

I(yn+1)− I(yn) = v̄(yn+1, yn)T (yn+1 − yn)

= τ v̄(yn+1, yn)T B̄(yn+1, yn)v̄(yn+1, yn) = 0.

One discrete gradient is the midpoint discrete gradient. Denote yn+1/2 := (yn+1 + yn)/2
and ∆y := yn+1 − yn. Then

v̄(yn+1, yn) := v(yn+1/2) +
I(yn+1) + I(yn)− v(yn+1/2)

T∆y

‖∆y‖2
∆y.

A possible realization of the matrix B̄ is given by

B̄(y, z) = B(
y + z

2
).
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Example. Mechanical systems (12.3) can be written (using a change in variables to
eliminate the mass matrix M) in the form

q̇ = p, ṗ = ∇V (q),

where F (q) = −∇V (q). For y = (qT , pT )T , this defines a gradient system with skew-
symmetric, constant matrix

B =

[
0 id
−id 0

]
,

and first integral

I(q, p) =
p · p

2
+ V (q).

Define the discrete gradient v̄(q̄, p) by

v̄q(qn+1, pn+1, qn, pn) =
I(qn+1, pn)− I(qn, pn)

qn+1 − qn
,

and

v̄p(qn+1, pn+1, qn, pn) =
I(qn+1, pn+1)− I(qn+1, pn)

pn+1 − pn
,

where in both cases the division is understood component-wise.

14.4 Splitting Methods

Consider a skew-gradient system

y′ = B(y)∇I(y),

where B(y)T = −B(y), and suppose we can find a splitting of the form

y′ = (B1(y) + · · ·+Bk(y))∇I(y),

where Bi(y)T = −Bi(y), and each subproblem

y′ = Bi(y)∇I(y), i = 1, . . . , k

is exactly integrable.
Then the splitting method (13.1) with

fi = Bi(y)∇I(y), i = 1, . . . , k

exactly conserves I.
Example. Consider the rigid body equations (14.1). Let us derive a splitting method

that exactly conserves the energy

H(y1, y2, y3) =
1

2

(
y2

1

I1
+
y2

2

I2
+
y2

3

I3

)
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The rigid body equations can be written in the form

y′ = B(y)∇H(y),

with skew-symmetric B(y) split as

B(y) =

 0 −y3 y2

y3 0 −y1

−y2 y1 0

 =

0 0 0
0 0 −y1

0 y1 0

+

 0 0 y2

0 0 0
−y2 0 0

+

 0 −y3 0
y3 0 0
0 0 0

 = B1(y)+B2(y)+B3(y).

Each of the split sub-systems

y′ = Bi(y)∇H(y), i = 1, . . . , 3

is exactly solvable as a harmonic oscillator, and preserves the manifold H = const .

14.5 Exercises

1. What is the energy function for the pendulum? Use the fact that energy is conserved
(and Matlab or a graphing calculator) to sketch the phase portrait for the pendulum.

2. Prove that the Lotka-Volterra system has a first integral:

K(Y,R) = C log Y −DY + A logR−BR.

3. Assume an autonomous differential equation system is given (??)and is known to
have a first integral. Show that any time-rescaling of this differential equation has
the same first integral. To rescale time, we introduce a time-transformation, such as

dt

dτ
= g(y),

where g is a scalar-valued function.

4. Show that the implicit midpoint method and the 2-stage Gauss-Legendre scheme
satisfy the condition (14.2).

5. Can you think of a splitting that conserves the other first integral of the rigid body,
i.e. the total angular momentum I = 1

2
yTy? Can you recall a method that conserves

both H and I?
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Chapter 15

Constraints and Projection

Main concepts: Constrained dynamics, projection, first integrals via projection

15.1 Weak Invariants

In the previous sections we have looked at the case where ∇I(y) · f(y) = 0, so that I(y)
is a conserved quantity associated to any initial condition. Another case of conservation
is one in which there exists an invariant submanifold M of dimension d − m defined by
g(y) = 0, where g : Rd → Rm, such that if the initial condition satisfies y0 ∈ M, then
y(t) ∈M for all t.

The elements gi(y), i = 1, . . . ,m are weak invariants, satisfying ∇g(y) · f(y) = 0 for all
y ∈M (as opposed to all y ∈ Rd for strong invariants.)

Weak invariants can be conserved by projection.

15.2 Projection

The straightforward way to obtain methods to preserve a given first integral is by projec-
tion. To motivate this, consider a vector u ∈ Rd and a linear subspace (a hyperplane P )
defined by the condition

s · y = 0

for some vector s ∈ Rd. We can in general project u into the hyperplane by solving the
following system involving a Lagrange multiplier λ:

y = u+ λs,

0 = s · y.

Plugging the first equation into the second, we have

0 = s · (u+ λs)

115
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so that
λ = −(s · s)−1s · u,

where we have assumed that s is not the zero vector so that s · s = ‖s‖2 6= 0. Now

y = u− ‖s‖−2s · u.

y is called the orthogonal projection of u onto the hyperplane P .
This technique can be extended to the case where the surface of interest is not a

hyperplane but instead some more general manifold of dimension Rd−1 defined by the
condition

I(y) = 0

Then, as before, we introduce a Lagrange multipler, λ and solve the (now nonlinear)
equation system

y = u+ λ∇yI,

0 = I(y).

Solving this system corresponds to minimizing the functional

K(y) = ‖y − u‖2

subject to the condition I(y) = 0. Thus, what we are doing is finding the nearest point
to u on the constraint set M = {y|I(y) = 0}. It can be shown that this projection is
orthogonal in the sense diagrammed in Figure 15.1a.

I(y)=0

u

y

u

y

B

I(y)=0

Figure 15.1: Orthogonal (a) and Oblique (b) projections onto a manifold.

There is a broader class of projections which do not necessarily find the nearest point
(which is not always the essential requirement), but some other point on the constraint
manifold. For example, if we know that B is any vector such that s · B 6= 0, then we can
solve the hyperplane projection problem by finding y and λ (which will be different than
before) such that

y = u+ λB,

0 = s · y
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This type of oblique projection can also be of use for nonlinear manifolds. We can then
use the equations

y = u+ λB,

0 = I(y).

(See Figure 15.1b.)

15.3 Numerical Methods with Projection

Now consider a point in space y0 satisfying I(y0) = 0. We take a step using any pth order
numerical method

ŷ1 = Ψh(y0)

How much error can be introduced in the first integral I(y) = 0 by this step? Since
the numerical method has local error p, we know that ŷ1 differs from Φh(y0) by at most
O(hp+1). Assuming I is a smooth function, and since we know that I ◦ Φh = I, we must
have

I(ŷ1) = I(ŷ1)− I(Φh(y0)) = O(hp+1).

The idea in projection methods is that we try to eliminate the small integral error by
calculating the projection of the numerical solution using Ψ onto the integral manifold.

In an orthogonal projection method, we solve for y1 so that

y1 = ŷ1 + λ∇I(y1)

0 = I(y1)

Here we can see already a problem: even if our original numerical method was explicit,
the method obtained in this way will be implicit, since we must solve this nonlinear equation
system to obtain y1.

There is no way around solving some equations, but we can simplify our lives in many
cases by using an oblique projection. The natural way to define this is to use the direction
∇I(ŷ1) which is available to us after the numerical method step. Thus we think of solving
for λ and y1 from the equations

y1 = ŷ1 + λB(ŷ1) (15.1)

0 = I(y1) (15.2)

where B is a suitable vector valued function of y. The advantage here is that we are able
to compute the step by solving a single scalar nonlinear equation instead of a system of
such equations (as would be the case if we used the orthogonal projection). Once y1 is
found, we use this as the starting point for the new step.

To explain, we use the example of the Lotka-Volterra model (1.6)

du/dt = u(1− v)

dv/dt = v(u− 1)
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which has the first integral (as we know)

K(u, v) = lnu+ ln v − u− v.

An Euler step gives ûn+1, v̂n+1. We then may project this onto the constraint manifold
K(u, v)−K0 = 0 by solving

un+1 = ûn+1 − λ[1− û−1
n+1]

vn+1 = v̂n+1 − λ[1− v̂−1
n+1]

K0 = lnun+1 + ln vn+1 − un+1 − vn+1.

After introducing the first two equations into the third, we are left with a nonlinear equation
to solve for λ. This could be done by Newton iteration.

Define a map Ωh from yn to yn+1 by the equations

ŷn+1 = Ψh(yn)

yn+1 = ŷn+1 + λB(ŷn+1)

I(yn+1) = 0.

It is then a substantial exercise to analyse the conditions under which this map is well-
defined and the convergence and order of accuracy of the resulting iteration scheme. How-
ever, this can be done and under mild assumptions on I and B, it can be shown that Ωh

generally retains the order of accuracy of Ψh.

15.4 Preserving Weak Invariants Under Discretiza-

tion

We introduce the Lagrange multiplier λ ∈ Rm and augment (1.3)

y′ = f(y) + g′(y)Tλ

0 = g(y)

.
Let Ψτ be any one-step method for (1.3), and let y∗n+1 be the output of a single step of

the method with input yn:
y∗n+1 = Ψτyn

In general y∗n+1 6∈ M and so must be projected ontoM by solving a nonlinear problem for
λ:

g(y∗n+1 + g′(y∗n+1)
Tλ) = 0

and correcting:
yn+1 = y∗n+1 + g′(y∗n+1)

Tλ.
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For a pth order method, the distance from y∗n+1 to M is O(τ p+1), so convergence of
Newton iteration is quite fast.

Example. Consider a particle of unit mass in an electric field V (x), constrained to a
sphere. The equations of motion of the free particle are:

ẍ = −∇V (x)

The constraint is
g(x) = ‖x‖2 − 1 = 0.

The constrained equations are

ẋ = v + 2xλ

v̇ = −∇V (x)

0 = g(x)

The constrained version of Euler’s method is

x∗n+1 = xn + τvn

vn+1 = v∗n+1 = vn − τ∇V (xn)

xn+1 = x∗n+1 + 2x∗n+1λ = (1 + 2λ)x∗n+1

0 = g(xn+1)

where the last two equations are solved simultaneously to give λ and xn+1, i.e.

‖xn+1‖2 = 1 = (1 + 2λ)2‖x∗n+1‖2 ⇒ λ =
1

2
(

1

‖x∗n+1‖
− 1),

and xn+1 follows by substitution.

Remark 15.4.1 An important point should be made regarding such projection methods:
we have mentioned in the introduction to the section that a first integral is often our only
way of monitoring the quality of a solution. If we design a numerical method to exactly
conserve the first integral or first integrals of a system, we may destroy our only way of
knowing whether the solution is correct.
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Chapter 16

Symplectic Flows and Maps and
Volume Preservation

Main concepts: Liouville’s equation, cat wash cycles, volume preservation, symplectic
maps, symplectic RK methods, symplectic splitting methods

16.1 Hamiltonian Systems

Hamiltonian systems are pervasive in chemical and physical simulation. These systems
arise at very large scales (celestial mechanics, cosmology) and at small scales (atomic and
molecular simulation).

Suppose that the configuration of some (mechanical) system with d degrees of freedom
can be represented by a set of d real numbers q = (q1, . . . , qd)

T . (Think of the positions
of all nine planets and the sun in our solar system. In some reference frame, the positions
are specified by three real numbers for each body, so d = 3× 10 = 30.)

The motion of the system is given by q(t), a curve in Rd.

Lagrange’s theory of mechanical systems is based on two real (scalar) valued functions,
the kinetic and potential energies

T (q(t), q̇(t)), U(q(t)).

The Lagrangian L is the difference of these

L(q, q̇) = T − U,

and Lagrange’s equations of motion are

d

dt

(
∂L

∂q̇
(q, q̇)

)
=
∂L

∂q
(q, q̇).

121
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Hamilton’s equations of motion are derived from Lagrange’s equations by introducing
a new variable

p =
∂L

∂q̇
(q, q̇), i.e., pi =

∂L

∂q̇i

and the Hamiltonian
H(q, p) = pT q̇ − L(q, q̇), (16.1)

where it is implied that the defining relation for p above is invertible for q̇ for every q, so
that we can express

q̇ = q̇(q, p).

Hamilton’s equations of motion have the antisymmetric form

q̇i =
∂H(q, p)

∂pi
, ṗi = −∂H(q, p)

∂qi
, (16.2)

or simply

q̇ =
∂H(q, p)

∂p
, ṗ = −∂H(q, p)

∂q
.

We can check that these equations are consistent with Lagrange’s equations by differ-
entiating (16.1)

∂H

∂p
= q̇+ pT

∂q̇

∂p
− ∂L

∂q̇

∂q̇

∂p
= q̇,

∂H

∂q
= p

∂q̇

∂q
− ∂L

∂q
− ∂L

∂q̇

∂q̇

∂q
= −∂L

∂q
= − d

dt

(
∂L

∂q̇

)
= −ṗ

Example. The equation for the mathematical pendulum is q̈ = − sin(q). The kinetic

energy is given by T (q̇) = q̇2

2
and the potential energy by U(q) = − cos q. The Lagrangian

is L(q, q̇) = q̇2

2
+ cos q, and Lagrange’s equation is

d

dt
q̇ = − sin q.

For Hamilton’s formulation we find

p = q̇, H = pq̇ − L = p2 − (
p2

2
+ cos q) =

p2

2
− cos q

with equations of motion

q̇ =
∂H

∂p
= p, ṗ = −∂H

∂q
= − sin q.

Example. A particularly important class of Hamiltonians is the N-body problem (here
formulated with qi ∈ Rd, i.e. the full configuration space is of dimension Nd):

H(q, p) =
N∑
i=1

‖pi‖2

2mi

+ V (q1, q2, . . . , qN).
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m1,m2, . . . ,mN are the masses of the N bodies, and V is a potential energy function
that describes their interactions. This type of model is routinely used in drug design and
materials modelling.

The Hamiltonian is a first integral of (16.2). This is easily checked

dH

dt
=
∑
i

∂H

∂qi
q̇i +

∂H

∂pi
ṗi =

∑
i

∂H

∂qi

∂H

∂pi
+
∂H

∂pi
(−∂H

∂qi
) = 0.

In most cases, this first integral can be identified with the energy of the system, so that
its invariance corresponds to the physical principle of conservation of total energy. Indeed,
one often finds H = T (q, p) + U(q).

Sometimes we write (16.2) in the form (1.13) by defining y = (q1, . . . , qd, p1, . . . pd)
T ∈

R2d, whence
dy

dt
= J∇H(y),

with the skew-symmetric matrix J defined by

J =

[
0 I
−I 0

]
, (16.3)

where I is the identity matrix of dimension d. Here, the conservation of H is immediate
from the skew-gradient form introduced in Chapter 14.

16.2 Divergence-Free Vector Fields

Another category of vector field with interesting dynamical features are those with zero
divergence. Let f = f(y), f : Rd → Rd be a vector field. Recall that the divergence of f
is

divf =
∂

∂y1

f1 +
∂

∂y2

f2 + . . .+
∂

∂yd
fd.

It happens in certain situations that divf ≡ 0. As an illustration, the vector field of the
system

dx

dt
= h1(y)

dy

dt
= h2(x)

is clearly divergence free, as is the following one:

dx

dt
= x+ h1(y)

dy

dt
= h2(x)− y



124CHAPTER 16. SYMPLECTIC FLOWS AND MAPS AND VOLUME PRESERVATION

A very important special case of divergence-free vector fields are those associated to
Hamiltonian systems, since, from (16.2), we find

divf =
∂

∂q1

∂H

∂p1

+
∂

∂q2

∂H

∂p2

+ . . .+
∂

∂qk

∂H

∂pk
− ∂

∂p1

∂H

∂q1
− ∂

∂p2

∂H

∂q2
− . . .− ∂

∂pk

∂H

∂qk

which vanishes due to equality of mixed partial derivatives.
The remarkable feature of divergence-free vector fields is that the flow maps associated

to these vector fields are volume preserving.

16.2.1 Volume-preserving flows and Liouville’s theorem

Recall the change of variables theorem tells us that, if we are given a map Φ : Rd → Rd,
and a suitable domain V ⊂ Rd, then

vol V =

∫
V

dx, vol Φ(V ) =

∫
V

∣∣∣∣det
∂Φ

∂x

∣∣∣∣ dx =

∫
V

|detM | dx

where M = Φ′ is the Jacobian of Φ. It follows that the map Φ preserves volume provided
| detM | = 1. We would like to examine the Jacobian determinant of the flow map of a
system. The flow map itself satisfies

d

dt
Φt(y) = f(Φt(y))

On each side of this equation, we have a vector valued function of y and t; compute the
Jacobian matrix of each side, and swap the order of differentiation with respect to t and y:

d

dt
Φ′t(y) = f ′(Φt(y))Φ′t(y)

Or dM/dt = f ′(Φt(y))M . Assuming M is invertible, multiply on the right on both sides
by M−1. Compute the trace of each side:

tr(ṀM−1) = tr[f ′(Φt(y))]

It is a short exercise to show that trf ′ = divf . Jacobi’s formula for the derivative of a
determinant gives

tr(ṀM−1) =
d
dt

detM

detM
Since M(0) = Φ′0(y) = I, it follows that

det Φ′t(y) ≡ 1

Thus we have proved the following theorem:

Theorem 16.2.1 (Liouville’s Theorem) Let a vector field f be divergence free. Then
Φt is a volume preserving map (for all t).

In particular, all Hamiltonian flow maps preserve volume in phase space. This is a sort
of (qualitative) invariant property, but not a first integral.
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16.2.2 Volume-preserving numerical methods

We now ask if there are numerical methods that preserve volume in phase space, i.e.
mimicking the corresponding property for the flow map.

The obvious requirement for such a numerical method Ψh is that

divf = 0⇒ det(Ψ′h) = 1.

Let us start with Euler’s method, yn+1 = yn +hf(yn). The Jacobian matrix of the flow
map is

Ψ′h = I + hf ′(yn)

which only has unit determinant in extraordinary situations. For example, the determinant
is one for Euler’s method applied to the following example:

dx

dt
= 0

du

dt
= f(x)

However, it is not one when Euler’s method is applied to the harmonic oscillator:

dx

dt
= u

du

dt
= −x

On the other hand, there are certain methods that do conserve volume, sometimes
under special conditions.

16.3 Symplectic Structure

It can be shown that Hamiltonian flows possess an even deeper property than volume
preservation: the flow map is a symplectic map. Given any two vectors ξ and η in R2d,
define the quantity

ωi(ξ, η) = ξiηd+i − ξd+iηi.

This quantity can be given a geometric interpretation. The vectors ξ and η span a 2-
dimensional parallelogram in R2d. The quantity ωi is the oriented area of the orthogonal
projection of this parallelogram on the (qi, pi) plane. Here, the word oriented means that
the sign of ωi may be either positive or negative, based on the ‘right-hand rule’ convention
for vector multiplication.

Next, define the bilinear form

ω(ξ, η) =
d∑
i=1

ωi(ξ, η).
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which is the sum of the projected oriented areas of ξ and η. This form can also be written,
making use of the matrix J from (16.3), as

ω(ξ, η) = ξTJη

A symplectic matrix A is one that preserves the bilinear form ω in the sense that

ω(Aξ,Aω) = ω(ξ, ω).

In other words,

ξTATJAη = ξTJη.

Since this must hold for arbitrary vectors ξ and η in R2d, it follows that the condition for
a matrix to be symplectic is

ATJA = J.

Similarly, a map g(y) : R2d → R2d is said to be a symplectic transformation if its Jacobian
g′(y) satisfies

g′(y)TJg′(y) = J.

The fundamental property of Hamiltonian systems is that the flow map is a symplectic
transformation:

(Φ′t)
TJΦ′t = J

Such a map is said to be symplectic. To see that this holds, recall that, with M = Φ′t,

Ṁ = f ′(Φt(y))M

In the case of a Hamiltonian system, we have

f(y) = J∇H(y)

hence

f ′(y) = JHyy,

with Hyy the (symmetric) Hessian matrix of second derivatives ∂2H
∂yi∂yj

, and

Ṁ = JHyyM

Differentiate the matrix

R = MTJM

with respect to time:

Ṙ = ṀTJM +MTJṀ

so

Ṙ = MTHyyJ
TJM +MTJJHyyM
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Noting that J2 = −I and JTJ = I, we have

Ṙ = MTHyyM −MTHyyM = 0.

Since M(0) = Φ′0(y) = I, we must have

R(0) = M(0)TJM(0) = J

Since the matrix R is constant for all time, we must have the desired identity

MTJM = J.

16.4 Symplectic Integrators

It is possible to verify by direct computation that certain numerical methods are symplec-
tic whenever the differential equation being solved is Hamiltonian; in general this means
checking that

(Ψ′h)
TJΨ′h = J.

Within the class of Runge-Kutta methods, it can be shown that the subclass of sym-
plectic methods is equivalent to the subsclass of methods that conserve arbitrary quadratic
invariants. That is, the methods which satisfy (14.2). In particular, the implicit midpoint
rule is symplectic.

An especially fruitful means of constructing symplectic integrators is considered next.

16.4.1 Symplectic splitting methods

The idea of splitting has many practical uses. In some instances it allows us to construct
methods with some desirable property. In this section we illustrate this for Hamiltonian
systems, where splitting may be used to construct symplectic integrators.

Consider a Hamiltonian system

dy

dt
= J∇H(y), H(y) = H1(y) +H2(y)

and suppose the flows
dy

dt
= J∇H1(y),

dy

dt
= J∇H2(y)

can be exactly integrated. Define the corresponding flow maps φt,1(y) and φt,2(y). Since
the exact solution of a Hamiltonian system defines a symplectic map, we have

φ′t,1(y)TJφ′t,1(y) = J, φ′t,2(y)TJφ′t,2(y) = J.

Next consider the numerical method defined by composing these two exact flow maps:

ψh := φt,2 ◦ φt,1
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This map is also symplectic, since

ψ′h(y)TJψ′h(y)T = (φ′t,2(y
∗)φ′t,1(y))TJφ′t,2(y

∗)φ′t,1(y)

= φ′t,1(y)Tφ′t,2(y
∗)TJφ′t,2(y

∗)φ′t,1(y)

= φ′t,1(y)TJφ′t,1(y) = J.

That is, the composition of symplectic maps is again a symplectic map.
Example. A separable Hamiltonian system is one for which H(q, p) = T (p) + U(q). For
this case, the splitting method based on splitting the Hamiltonian into kinetic and potential
energy terms is given by

qn+1 = qn + hT ′(pn), pn+1 = pn + hU ′(qn+1).

This scheme is referred to as symplectic Euler.
The second order, symmetric variant is called the Störmer-Verlet method

qn+1/2 = qn +
h

2
T ′(pn), pn+1 = pn + hU ′(qn+1/2), qn+1 = qn+1/2 +

h

2
T ′(pn+1).

16.5 Exercises

1. Show that the Harmonic oscillator and the Kepler problem are all expressible as
Hamiltonian systems. [ Hint: in each case, start by reformulating the differential
equations in terms of positions and momenta, by using the relation p = mv where m
is mass and v is velocity.]

2. Write the differential equations for the N-body problem.



Chapter 17

Backward Error Analysis

Main concepts: Example with forward euler and arbitrary f. Forward, backward, sym-
plectic Euler and pendulum. Symplectic integrators.

Up to this point, the error analysis in this course has considered the difference between
the numerical sequence yn, n = 0, 1, . . . and the exact solution y(tn) of the differential
equation (1.3) passing through either the initial point y(0) = y0 (global error) or through
an earlier point on the numerical solution, y(tm) = ym, m < n (residual or local error).
This approach to error analysis yields quantitative statements about the solution, but does
not tell us much about the qualitative behavior of a method.

17.1 A Modified Differential Equation

In this section we introduce an alternative approach to error analysis, in which we attempt
to find a different differential equation

ỹ′ = f̃(ỹ) (17.1)

for which the numerical solution is exact: yn = ỹ(tn). This approach is called backward
error analysis, and the differential equation (17.1) is called the modified equation.

17.1.1 A modified equation

Let us procede with an example. Since for any convergent method, we should have f̃ → f
as h→ 0, let us try to find a vector function f1(y) such that

f̃(ỹ) := f(ỹ) + hf1(ỹ) (17.2)

more accurately ‘approximates’ the numerical solution generated by forward Euler(2.1).

129
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The solution to the modified equation (17.1) for this f̃ over a step of size h, can be
expanded in a Taylor series. Denoting ỹn ≡ ỹ(tn) and the Jacobian of f by f ′(y),

ỹn+1 = ỹn + h (f(ỹn) + hf1(ỹn)) +
h2

2
(f ′(ỹn) + hf ′1(ỹn)) f̃(ỹn) +O(h3)

ỹn+1 = ỹn + h (f(ỹn) + hf1(ỹn)) +
h2

2
(f ′(ỹn) + hf ′1(ỹn)) (f(ỹn) + hf1(ỹn)) +O(h3)

ỹn+1 = ỹn + hf(ỹn) + h2

[
f1(ỹn) +

1

2
f ′(ỹn)f(ỹn)

]
+O(h3) (17.3)

For forward Euler, we have
yn+1 = yn + hf(yn),

so, by choosing the term in brackets in (17.3) to be zero, i.e.

f1(ỹ) = −1

2
f ′(ỹ)f(ỹ), (17.4)

we see that forward Euler applied to (1.3), while being only a first order accurate approxi-
mation to the original ODE, is actually producing a second order accurate approximation
to the modified system (17.1), (17.2), (17.4).

We can expect therefore, that statements made about the modified equation (17.1) with
this choice of f̃ will give us additional insight into the qualitative behavior of the forward
Euler method, more so than statements made about the original problem (1.3).
Example. Consider the initial value problem

y′ = y2, y(0) = 1

with exact solution

y(t) =
1

1− t
.

The exact solution exists only for t < 1. On the other hand, if we apply forward Euler to
this problem, the sequence

yn+1 = yn + hy2
n

does exist for all time (On a computer, one would eventually get an overflow error).
The modified differential equation is

ỹ′ = f(ỹ)− h

2
f ′(ỹ)f(ỹ) = ỹ2 − hỹ3.

This system has an unstable equilibrium at y = 0 and an asymptotically stable equilibrium
at y = 1/h. In particular, a solution exists for all time.

Figure 17.1 shows the exact solution, the forward Euler solution and the modified
equation solution for h = 0.1. The modified equation is not much closer to the numerical
solution than the exact solution is, but it does exist for all time.
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Figure 17.1: Exact (black), forward Euler (blue), and 1-term modified equation solutions
to y′ = y2, y(0) = 1.

17.1.2 More modified equations

To get even more accurate modified equations, we can include higher order perturbations
in (17.2) such that the numerical method becomes a better and better approximation. The
m-term modified equation is

f̃(ỹ) := f(ỹ) + hf1(ỹ) + h2f2(ỹ) + · · ·+ h2fm(ỹ) (17.5)

We may also talk about the modified equation for m → ∞, formally, without any spec-
ification of whether or not the series converges. In fact, we have a hierarchy of modified
equations, for m = 1, 2, . . . .

Let us introduce some notation. We denote the Jacobian of f(y) by f ′, the (symmetric)
bilinear form obtained by differentiating f ′(y) with respect to y by f ′′(·, ·), etc. Then,

d

dt
f(y(t)) = f ′f

d2

dt2
f(y(t)) = f ′′(f, f) + f ′f ′f

d3

dt3
f(y(t)) = f ′′′(f, f, f) + 3f ′′(f ′f, f) + f ′f ′′(f, f) + f ′f ′f ′f.

...

We procede to determine f2. We write

ỹ(tn+1) = ỹ(tn) + hf̃ +
h2

2

d

dt
f̃ +

h3

3!

d2

dt2
f̃ ,+O(h4), (17.6)
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where all terms on the right side are evaluated at tn. Then, since

d

dt
f̃ = f ′f̃ + hf ′1f̃ +O(h2)

= f ′f + hf ′f1 + hf ′1f +O(h2)

and

d2

dt2
f̃ = f ′′(f̃ , f̃) + f ′f̃ ′f̃ +O(h)

= f ′′(f, f) + f ′f ′f +O(h),

(17.6) becomes

ỹ(tn+1) = ỹ(tn) + h
[
f + hf1 + h2f2

]
+
h2

2
[f ′f + hf ′f1 + hf ′1f ] +

h3

3!
[f ′′(f, f) + f ′f ′f ] +O(h4)

= ỹ(tn) + hf + h2

[
f1 +

1

2
f ′f

]
+ h3

[
f2 +

1

2
f ′f1 +

1

2
f ′1f +

1

6
f ′′(f, f) +

1

6
f ′f ′f

]
+O(h4).

(17.7)

The modified equation agrees with the iterates of forward Euler if both terms in brackets
above are equal to zero. The first term just gives (17.4). The second term can be solved
for f2 to give

f2 = −1

2
(f ′f1 + f ′1f)− 1

6
[f ′′(f, f) + f ′f ′f ] . (17.8)

Example. Continuing the previous example, by substituing f = ỹ2 and f1 = −ỹ3 into
(17.8) the second term is

f2 =
3

2
ỹ4.

Continuing the procedure outlined above to determine higher order terms (and making use
of symbolic mathematics software) gives the five-term modified equation

ỹ′ = ỹ2 − hỹ3 + h2 3

2
ỹ4 − h3 8

3
ỹ5 + h4 31

6
ỹ6 − h4 157

15
ỹ7.

The m-term modified equations for m = 1, . . . , 5 are plotted in Figure 17.2 for h = 0.05
and h = 0.02. The modified equations with m odd each have an attracting fixed point
proportional to 1/h. Note in the figure that the modified equation solutions ‘converge’ to
the numerical solution very quickly as h become smaller.
Example. As a second example consider the nonlinear pendulum. Let q be the angle,
measured clockwise from the vertical at the lowest point, and let p = q̇. We assume a
scaling of variables such that mass and gravitational acceleration are equal to one. The
equations of motion are

q̇ = p

ṗ = − sin q.
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Figure 17.2: Forward Euler and m-term modified equation solutions to y′ = y2, y(0) = 1.
On the left h = 0.05 and on the right h = 0.02.

And the system conserves the total energy

H =
p2

2
− cos q. (17.9)

We will compare three methods for this problem, forward Euler, backward Euler, and
the following method, which we refer to as symplectic Euler

qn+1 = qn + hpn

pn+1 = pn − h sin qn+1.

Note that this method can be computed explicitly even though q is evaluated at time level
n+ 1 on the right. The method is first order accurate.

The solutions obtained with all three methods are plotted in Figure 17.3. The black
curves are level curves of the energy (17.9). Most solutions are periodic; the pendulum
either swings back and forth or around and around. There is a center equilibrium point at
the bottom of its arc and a saddle point at the top. The saddle points are connected by
separatrices.

The numerical solutions with all three methods were computing using stepsize h = 0.1
for 200 steps, with initial condition q(0) = −3π/4, p(0) = 0. The exact solution through
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this is point is a closed energy level set, the pendulum swings back and forth. The forward
Euler solution is seen to spiral outwards, gaining speed until it crosses the separatrix.
The backward Euler solution spirals inward towards the center equilibrium point. The
symplectic Euler solution appears to be a closed preiodic orbit. What does backward error
analysis tell us about this problem?

The Jacobian for the pendulum is

f ′(q, p) =

[
0 1

− cos q 0

]
.

The O(h) perturbation in the modified vector field for the forward Euler method is

f1 = −1

2
f ′f =

(
−1

2
sin q

−1
2
p cos q

)
.

This vector field is plotted in the leftmost frame of Figure 17.4. Note that the component
of the vector field that is normal to the level sets of constant energy is everywhere pointing
outwards. The center point becomes an unstable equilbrium. The effect of this perturba-
tion is an increase in energy along each trajectory, which is consistent with the behavior
exibited by forward Euler.

It may come as no surprise that the O(h) perturbation of backward Euler is just the
negative of that of forward Euler, as was also the case for the principle term in the local
error of backward Euler. We have

f1 =
1

2
f ′f =

(
1
2

sin q
1
2
p cos q

)
,

and this vector field is plotted in the second frame of Figure 17.4. In this case the pertur-
bation causes a decrease in energy along each trajectory, and the center point becomes a
stable equilibrium.

For the symplectic method, we expand the numerical solution for pn+1 about time tn

qn+1 = qn = hpn

pn+1 = pn − h(sin qn + hq̇n cos qn +O(h2))

= pn − h sin qn − h2pn cos qn +O(h3).

The term f1 must to be chosen such that the first term in brackets in (17.7) agrees with
this:

f1(qn, pn) +
1

2
f ′(qn, pn)f(qn, pn) =

(
0

−pn cos qn

)
,

that is,

f1(q, p) =

(
1
2

sin qn
−1

2
pn cos qn

)
.
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The pendulum equations can be written in the form of a skew-symmetric matrix times a
gradient, as in the previous section, to make it more explicit that (17.9) is conserved. Let
y = (q, p)T ; then

y′ = J∇H(y), J :=

[
0 I
−I 0

]
.

It is interesting that the modified vector field f1 can also be written as a product of J and
a gradient, namely,

f1 = J∇H1(y), H1(q, p) =
1

2
p sin q

It follows that the 1-term modified equation is

ỹ′ = J∇ (H(ỹ) + hH1(ỹ)) ,

which also has a conserved quantity H̃ = H + hH1. In particular, this means that the
1-term modified equation also has periodic solutions. The level sets of H̃ are plotted in
the third frame of Figure 17.4, using a larger stepsize perturbation h = 0.2 to exaggerate
the effect.

Note that H̃ is not a conserved quantitity of the numerical method, since we have
only used a single term in the modified equation expansion. However, since the symplectic
Euler method is a second order accurate approximation to this modified equation, we would
expect that H̃ to be better preserved than H.

We could continue to develop higher and higher order modified equations for the non-
linear pendulum, and we would find that each of them can be written as a product of J
and a gradient. In other words, the symplectic Euler method has a modified equation of
the form

ỹ′ = J∇
(
H(ỹ) + hH1(ỹ) + h2H2(ỹ) + · · ·

)
.

For this problem, this result suggests that the numerical solution lies on a closed loop in
phase space.

17.2 Good News and Bad News

In this section we give some of the theory of backward error analysis, without proofs.
First the bad news: the sequence of modified equations (17.5) for m = 1, 2, . . . diverges

in general. This is suggested by the left frame in Figure 17.2, where for m odd, the modified
equations have asymptotic fixed points which are decreasing in magnitude.

Next the good news: there exists an optimal value of m, dependent on h and denoted
m∗h, for which the difference between the m-term modified equation and the numerical
solution is minimized. m∗h increases like 1/h as h tends to zero, and is usually much larger
than the order p of the numerical method. In other words, the modified equations are
indeed a useful tool in understanding numerical methods.

Specifically, let BR(y0) = {y ∈ Cd : ‖y − y0‖ ≤ r}.
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Figure 17.3: Numerical solutions of the nonlinear pendulum superimposed over the energy
level sets.
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Figure 17.4: Vector field perturbation f1 for forward Euler (left) and backward Euler
(center). On the right are the energy level sets of the 1-term modified equation for the
symplectic Euler method.

Theorem 17.2.1 Suppose f is analytic in B2R(y0) and satisfies ‖f(y)‖ < M there. Also
suppose the coeffecients of the expansion of the numerical method about tn is analytic and
bounded on BR. Then there exists a constant γ dependent only on the method, and a
timestep h0 ∝ R/M such that, for h < ho/4, there is m∗h equal to the largest integer m
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satisfying hm ≤ h0, satisfying

‖Ψhy0 − Φm∗
h
(h)y0‖ ≤ hγm∗he

−h0/h,

where Ψh is the numerical solution map for a step of size h, and Φm∗
h
(h) is the exact

solution of the m∗h-term modified equation (17.5) over an interval of length h.

Backward error analysis has been applied successfully to numerical methods that pre-
serve a Lie group, in which case it can be shown by induction that the modified equations
preserve the Lie group as well.

A different version of backward error analysis introduces a non-autonomous modified
differential equation (effectively increasing the problem dimension by one). This approach
has been used to show under what conditions methods applied to dissipative problems and
gradient flows will preserve the properties of the analogous continuous solutions. See the
book by Stuart & Humphries (Cambridge, 1996).
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Chapter 18

Dissipative Problems

Main concepts:
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Chapter 19

Gradient flows

Main concepts:

19.1 Lyapunov Functions

Another type of function we sometimes encounter is termed a Lyapunov function, named for
its inventor who used it to probe stability in dynamical systems. The Lyapunov function is
not a first integral but a function with known growth/decay along solutions. Let V = V (y)
be a smooth function defined on Rd and satisfying V (0) = 0. If V (y) > 0, y 6= 0, we say
that V is positive definite. If V (y) < 0, y 6= 0, we say it is negative definite. If we only have
that V (y) ≥ 0 (V (y) ≤ 0), we say that V is positive semidefinite (negative semidefinite).

The usefulness of the function V occurs when we know not only something about the
definiteness of V but also something about it’s monotonicity along solutions. Here is an
example of a theorem regarding stability that can be proved using a Lyapunov function.

Theorem 19.1.1 (Lyapunov Stability Theorem) Let V (y) be a positive definite smooth
function on Rd. Suppose the origin is an isolated equilibrium point for (??). (a) Suppose
d
dt
V (y(t)) ≤ 0 where y(t) is any solution of (??) then the origin is a stable equilibrium point

for (??). (b) If, moreover, d
dt
V (y(t)) < 0 (except possibly at the origin) then the origin is

an asymptotically stable equilibrium point.
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Exercise: Consider the system

dx

dt
= u, (19.1)

du

dt
= −x− u3, (19.2)

(a) Sketch the phase portrait
(b) By considering the quantity

V (x, u) = x2 + u2,

can you prove that all solutions tend to the origin by use of Theorem 19.1.1?



Appendix A

Implementation Details

A.1 Solving Nonlinear Systems

There are basically two approaches that are used to solve the nonlinear algebraic equations
arising in the implementation of implicit methods. These are functional iteration and
Newton iteration. We discuss both of these below.

Functional iteration. The nonlinear systems encountered in implicit methods usually
have the form

y = τg(y) + c (A.1)

for some function g and constant vector c. For backward Euler, for example, to determine
yn+1 we have such a relation with g = f and c = yn.

Functional iteration for (A.1) is given by

y(ν+1) := τg(y(ν)) + c. (A.2)

It is clear that for τ = 0 this iteration converges in one step to c. Although the nonlinear
problem (A.1) may have multiple solutions, if the Jacobian of (A.1), i.e. I − τ ∂g/∂y, is
nonsingular as τ → 0, then there is a unique solution for τ small enough (by the implicit
function theorem.)

Convergence of functional iteration requires τ‖∂g/∂y‖ < 1. For stiff problems, ‖∂g/∂y‖
is large, so this criterion severely restricts the stepsize in a similar manner as does stabil-
ity. We have gained nothing. However, for nonstiff problems functional iteration may be
acceptable, if one has another reason for using implicit methods.

Newton iteration. Given a nonlinear system G(y) = 0, Newton iteration is

y(ν+1) := y(ν) −
(
∂G

∂y
(y(ν))

)−1

G(y(ν)). (A.3)

To solve the system (A.1), we take

G(y) = y − τg(y)− c, ∂G/∂y = I − τ∂g/∂y.
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in (A.3). For τ sufficiently small in magnitude, Newton iteration converges quadratically:
if the initial guess y(0) is close enough to a stationary point ȳ of the iteration (A.3), then
there exists a constant C such that

‖y(ν+1) − ȳ‖ ≤ C‖y(ν) − ȳ‖2.

Note that the ‘smallness’ of τ here is much larger than that for functional iteration
just discussed. In particular, for linear G, Newton iteration converges in one iteration,
regardless of stiffness.

In practice, the evaluation of the Jacobian and its inverse in the iteration (A.3) is
prohibitively expensive. Instead, the Jacobian is usually evaluated once per timestep

J =
∂g

∂y
(y(0)),

where the initial guess y(0) is, for example, taken to be the solution from the previous time
step y(0) = yn. The Jacobian can be factored using Gaussian elimination, I − τJ = LU ,
and used repeatedly in (A.3). The resulting method is sometime called ‘modified’ Newton
iteration. The computational cost of Gaussian elimination is O(d3) whereas the solution
of the systems with triangular matrices L and U can be done with a cost of O(d2) for each
system. So re-using the Jacobian results in a factor d savings in computational effort in
succeeding iterations, assuming the convergence is unaffected.

Unfortunately the convergence is affected. In fact, the the modified Newton method is
simply a functional iteration (A.2), with g(y) and c replaced with (I − τJ)−1 (g(y)− Jy)
and (I − τJ)−1c, respectively. Fortunately the reduction in computational expense by
not evaluating and factoring the Jacobian in each step usually outweighs the increase in
expense due to slower convergence rate, and furthermore the inverse of the Jacobian tends
to cancel the effect of stiffness.

Since the convergence of (modified) Newton iteration depends on τ , it may be faster
to take more steps with a smaller stepsize, in each of which Newton converges in a few
iterations, than to take a fewer, large steps in which convergence is sluggish. For this reason,
practical codes usually perform a small number (say 10) modified Newton iterations, and if
the convergence is not sufficient, throw out the whole step and reduce the stepsize. Clearly
this adds additional complexity to the error control procedure we defined earlier.

A.2 Error Control

A.2.1 Error control

In this section we follow the approach to extrapolation and error control in Hairer, Nørsett
& Wanner (1993).

A constant stepsize τ may be sufficient for academic studies. However, real industrial-
strength ODE software makes use of variable steps to keep the error below a user-specified
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tolerance. In this section we develop one approach to stepsize selection based on local error
estimation. We define τn := tn+1 − tn.

As mentioned before, the residual (??) obtained upon substitution of the Taylor ex-
pansion of the exact solution into the difference equation (??) is the incremental error
introduced in the nth time step. Put another way, this is the error incurred in a single
step of Euler’s method for the initial value problem

y′ = f(y), y(0) = yn, (A.4)

The first term of the residual is a good approximation of the incremental error (improving
as τ → 0).

To control the error we first need a good estimate. The first term of the residual, while
accurate, may not be available as computer code, and indeed may be a very complicated
expression, since it involves higher derivatives of the function f . Instead we will determine
a better approximation of the solution of the local problem (A.4).

Richardson extrapolation

For the problem (A.4), a single step of size τ with a method of order p leads to a residual

r1 = Φτ yn − yn+1 = τ p+1κ +O(τ p+2) (A.5)

Consider instead taking two steps of size τ/2. For the first of these we again have

r̂1/2 = Φτ/2 yn − ŷn+1/2 =
(τ

2

)p+1

κ +O(τ p+2),

where the hatted vectors refer to the second process with stepsize τ/2. For the second step
we get

r̂1 = Φτ/2 ŷn+1/2 − ŷn+1 =
(τ

2

)p+1

κ̂ +O(τ p+2) (A.6)

where κ̂ = κ +O(τ) is the residual evaluated at tn+1/2 instead of tn. Now the total error
made in the two steps is due to the propagation of r̂1/2 under the exact solution through
ŷn+1/2 plus r̂1. It can be shown that

Φτ yn − Φτ/2 ŷn+1/2 =
(τ

2

)p+1

κ +O(τ p+2) (A.7)

Adding (A.6) and (A.7) gives

Φτ yn − ŷn+1 = 2
(τ

2

)p+1

κ +O(τ p+2)

The constant κ can be eliminated between the above relation and (A.5) to give an O(τ p+2)
approximation to y(tn+1):

y(tn+1) =
2p ŷn+1 − yn+1

2p − 1
+O(τ p+2).



146 APPENDIX A. IMPLEMENTATION DETAILS

A stepsize selection algorithm

Given the approximate solution yn+1 and a more accurate approximation ȳn+1, obtained
using Richardson extrapolation or otherwise, we wish to determine a stepsize for which the
error remains within a user-specified tolerance. Specifically we want to check that

‖ȳn+1 − yn+1‖ ≤ tol ,

and if this is not so, we reject the result, decrease the stepsize and try again. Defining

err =
‖ȳn+1 − yn+1‖

tol
, (A.8)

the criterion becomes err ≤ 1. Since we expect err ≈ Cτ p+1, the optimal stepsize stepsize
is given by Cτ p+1

opt ≈ 1, we obtain an improved stepsize (by eliminating C)

τopt = τ/err 1/(p+1).

Since rejected steps are expensive, we multiply the last expression by a safety factor fac,
having a value of 0.8 or 0.9 or so. Furthermore it is recommended to place a limit on how
fast the stepsize can grow and decay, giving

τnew = τ ·min(facmax ,max(facmin, fac · (1/err)1/(p+1))) (A.9)

where facmax ≈ 2 and facmin ≈ 0.5.
To apply the above formula in a code, after computing a solution at time tn, the error is

estimated using (A.8) and this is compared against 1. If the err ≤ 1, the step is accepted
and (A.9) gives an estimate for the stepsize τn+1 of the next step. If err > 1, the step is
rejected, and (A.9) gives an estimate of τn for a new attempt.

Example.
We integrate the Van der Pol equation with parameter µ = 5 this time. Figure A.1 shows
the global error as a function of the number of steps. The reduction in the number of steps is
approximately a factor of 3. This does not mean that the computation is a factor of 3 faster
however. In the first place, the Richardson extrapolation involves a second evaluation of the
function f . For large, complex systems, this means the expense of a single step approximately
doubles compared to the method without stepsize control. Furthermore, any discarded steps
are wasted effort, so a real measure of the benefits of error control must take those into account
as well.

Code vareuler.m (http://www.cwi.nl/~jason/numwisk/vareuler.m)

function [Y,T] = vareuler(y0,tau,Tend,fun,param,tol);

%

% [Y,T] = vareuler(y0,tau,Tend,fun,param,tol);

http://www.cwi.nl/~jason/numwisk/vareuler.m
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%

% Integrates the function ’yprime = fun (y,t,param)’

% using Forward Euler.

%

% y0 is the initial condition

% tau is an initial stepsize guess

% Tend is the length of the integration interval

% tol is an absolute tolerance

%

% The output is stored columnwise in the array Y

% The array T contains the temporal grid

%

Y = y0; %% output array

y = y0; %% solution at current time level

T = 0; %% output array

t = 0; %% current time level

facmin = 0.5;

facmax = 2;

fac = 0.8;

while t<Tend, %% Note: we do not know in advance how many steps are needed

remesh = 1; %% Assume remeshing is necessary (1==true, 0==false)

while remesh

%% Euler step

F = fun(y,param);

y1 = y + tau * F;

%% Richardson extrapolation

ya = y + tau/2 * F;

yb = ya + tau/2 * fun(ya,param);

y2 = 2*yb-y1;

%% Error estimate:

err = max(abs(y2-y1))/tol;

if err <= 1

remesh = 0; %% remeshing unnecessary, drop out of the loop

t = t + tau; %% increment time
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end

%% Estimate next timestep

tau = min(Tend-t,tau * min(facmax,max(facmin,fac/sqrt(err))));

end

y = y1;

Y(:,end+1) = y;

T(end+1) = t;

end
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Figure A.1: Solution to Example 1, with µ = 5, using Euler’s method with fixed and
variable stepsize.
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