Mathematical Modelling

Lecture 3
The Big Picture (regular perturbations)



Regular expansions

Consider the solutions of the quadratic equation
v’ +2ex—1=0 (e < 1)

where € is a small parameter.

Import are:

|. we are interested in the class of solutions as a function of €.

2. we are interested in obtaining approximate solutions as € tends to zero.

The number of solutions is 2, also in the limit € — O (regular perturbation).
Consider instead the singular perturbation problem:

el 412 —1=0



Regular expansions

Consider the solutions of the quadratic equation

v’ +2ex—1=0 (e < 1)

where € is a small parameter.

Import are:

|. we are interested in the class of solutions as a function of €.
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2. we are interested in obtaining approximate solutions as € tends to zero.

1 1
Recall that (1+:13)1/2:1+§33—§332+---, (x < 1)

(for common expansions, see Table 2.1). Hence,
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Regular expansions

Consider the solutions of the quadratic equation

4+ 2x—1=0 (e < 1)

where € is a small parameter.

Suppose we did not know the solution of the quadratic. We expect the
solution to depend on €. Generalizing Taylor’s theorem, we try an
expansion

ZC(S) ~ xo + %21 —|—€B£C2—|—-°-
Assumptions:
-Well-ordering 0 < a < g < ---

- Coefficients Zo, X1, X2, - do not depend on &

Note that 2% ~ (zg + €%z + e’ xo + -+ )(zg + %2y +Pag +--+)

~ x(Q) + 2e%xox + 2ePxome + 520‘:13% + .-



Regular expansions

Consider the solutions of the quadratic equation

v’ +2ex—1=0 (e < 1)

where € is a small parameter.
Substituting the expansion into the quadratic equation gives
x(e) ~ xg + % +ePag + - -
33(2)—|—250‘:130331—|—-~-—|—2€(:1:0—|—5aa:1—|—---)—1:0

Taking the limit € — 0 yields the relation
0(1) :I:‘(Z) —1=0 = x9==1

_eaving 2¢%xoxr1 + -+ 2e(xg + %21+ ) =0

f the expansion is to hold as € tends to zero, the terms of the same order
in € must equate independently. The term 2exy must be balanced by 2:%xqx

= a =1
0(8) 2001 + 220 =0 = x1=-—1



Regular expansions

Consider the solutions of the quadratic equation

v’ +2ex—1=0 (e < 1)

where € is a small parameter.

Continuing this way yields
O(1) z5—-1=0 = x¢==I
O(e) 2v0r1 +200=0 = a1 =-1
O(e?) 2roTs + 5 — 221 =0 = T9=4-

1 1 1
Compare = —¢= (1—|——€2——84—|—°-°> =+ —e=x 582

2 8
Formally, we require: L
(1 — —(1—-e+ 3¢
im 22079 g qim 2 2°)

— 5 =0
e—0 > e—0 3

i.e. the truncated expansions converge as € — 0.
But the (infinite) expansion typically does not converge for fixed €.




Expansion of functions

Compound function:
f(g) = sin(e®)
Start with the innermost function

1
6€:1+5+%52+--- Sin(ee)zsin<1+6+§52+--->

. . 15 .
From Table 2.1 sin(1l + y) ~ sin(1) + ycos(1) — 53/2 sin(1) + - - -

2
1 1 1
sin(e®) ~ sin(1) 4 cos(1) <5+ 582 +> — §sin(1) (5+ 562 +> I

sin(e®) ~ sin(1) + e cos(1) + %52 lcos(1) —sin(1)] 4+ - - -



Expansion of functions

Compound function: |

fle) = 1 — cos(e)]?

Start with the innermost function
1 1

~1— 224 A,
cos(€) 5 ¢ —|—24€ +

1 1 2 1
1—cos(e) 2e2—het+.- 21— Ee24 ...

1 8 1 S8 1
~— (1T ) = (1 2
1 —cos(g)]? &b ( + 128 + > g0 ( + 48 + )



Expansion of equations

Algebraic/transcendental equation: D o
75 +ee” —14¢e° =0 /
r~exrg+--- 7] 71‘1\\ »
xwaio+€o‘x1+---/ e

(87 (87
el ~u eivo—l—c‘: T+t eT0 o€ 1+

T 1 2

1
= ™" <1+(6O‘x1+---)+§(8O‘:61+---)2+-~)

=e (1421 +---)

3 3 o ,.2
x° ~ Ty + 3 Xxgxy + -

=  xp+ 3%zt +et e (14 + )~ 146" =0



Expansion of equations

Algebraic/transcendental equation: A

= x5+ 3e“2iz + - +efe (14 ) =14+ =0

O1) zp-1=0 = x¢=1

1
O(e?) 3xoxy + €0 = = T1=-ge€
1.1
Two-term apprloximation: 1
- 0.9F
r~1—=c’e4--- s |
3 = 0.8
o
@ o7t
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Expansion of initial value problems

Rescaled projectile problem from the first lecture

d?x 1 dx v%

@~ (renp  TO=0 GO=1 =g

In this case, expansion coefficients are functions of t:
x(t;e) ~ xo(t) + a1 (t) + ePaa(t) + - -

1
Note: —1—92x +3%2%2+ ...
(1+ex)?
N1—25(azo+6o‘x1+---)+3€2(azo+---)2+---
=1—2ecx9+ -

The expansion of the differential equation is
ry +e%x] + - =—1+2ex9+ -

The expansions of the initial conditions are
20(0) +e%21(0) +--- =0, z,(0)+e“27(0)+--- =1



Expansion of initial value problems

The expansion of the differential equation is
vy +e“x{ +-- = —1+4+2ex9+---
The expansions of the initial conditions are

20(0) +e%21(0) +--- =0, 25(0)+e“27(0)+--- =1

Consistency conditions:
O(1) rog =—1 x9(0) =0, z4(0)=1

1 06 ‘ ‘ ‘

by // 8=?.1

(term 2cxy must balance with e“x7, = «a =1)

O(e) r] =2x9 x1(0)=0, z7(0)=0

¢ =0.01

oy (t) = 1—12753(4 4

. 1 1
Two-term solution: z(t) ~ t(1 — §t) 1 Egt3(4 —t) 4




Expansion of initial value problems

We can apply the same approach to systems

d_uzl—ueg(q_na u(0) =0 u~ uo(t) +eur(t) + -
0 0~ qo(t) + cqu(t) + -
d_z :ueg(q_l) — (, Q(O) — ()
1
ec(a—1) N1—|‘5(C]—1)—|—§s2(q—1)2—|—-.-
1
N1+€(q0+5q1—|——1)—|—§82(QO—|—5Q1—|—_1)2

uesld—b) ~ (up+eur +---)[1+e(gop—1)+--]

~ug+€lug(qo — 1) +up] + - --

u6+€u’1——---:1—u0—5(u0(q0—1)—|—u1)—|—---

Gy +eqy +--=up—qo+e(uo(go—1)+u —qr)+ -



Expansion of initial value problems

up +euy + - =1—up—e(uo(qo — 1) +ur) +---

do + ¢y + - =uo—qo+e(uolgo — 1) +ur —q1) + -+

Consistency conditions

O(l) U/O =1 — Ug q(/) — Uo — {qo, ’LLQ(O) — qo(O) =0
= up(t) =1—e ", qt)=1—(1+t)e"
0(8) Ull = —Uj —UO(QO—l) C]’1 — _Q1‘|"UJ1‘|‘UO(QO_1)7
u1(0) = q1(0) =0

1
= w(t) = 5(752 +2t —4)e t+ (2+t)e
1
q1(t) = 6(753 — 18t + SO)e_t — (2t + 5)6_2t
u(t) 1 —e b4 e (%(# +2t —4)e™t 4 (24 t)e_2t> N

1
qt) ~1—(1+te " +e (6(t3 — 18t +30)e " — (2t + 5)6_2t> 4.






