Mathematical Modelling

Lecture 4
The devil’s in the details (singular perturbations)



Review of regular perturbations
* Asymptotic expansions: r o~ ez e+
e Assumed: ap<ai <---
* Collecting terms: e fo(x;) +e* fi (i) +--- =0, 0<e<eg, z€ED
e Consequently,  fo(z;) =0, fi(z;) =0, ---
* ap, a1, - chosen to achieve balance, starting at the lowest order in ¢

* Leads to a hierarchy of approximations, e.g.
r =~ X
T~ Tog+ ETq

r =~ Xog+ EXq —|—52m2

e Convergence in epsilon, divergent series

* Initial value problems (expansion of ODE and initial conditions)



Singular perturbations

Consider the solutions of the quadratic equation

ex® +2r —1=0 -

where ¢ is a small parameter.

—

—
—
—

1 — 22 = ex?

One root converges to |/2, one diverges in the limit € — 0

Using a regular perturbation expansion, we can approximate the root at
x=1/2, but not the other root.

Instead we introduce a rescaling T = £Z. The problem becomes
7° 427 —e=0

for which both roots exist in the limit ¢ — 0, and regular expansions can
be applied.



Boundary layers

Singular perturbation problems arise also in differential equations.
Typically when & multiplies the highest derivative.

ey’ (x) + 2y (x) +2y(x) =0, O0<z<1
y(O) = 0, y(l) =1

Again the character of the problem changes for ¢ = 0: Both boundary

conditions cannot be satisfied.
eT+T _ oT-7

Exact solution y(x) = ;o ore = (—1E£+1—2¢)/¢

Solution varies (rapidly) over
a region of width ~ ¢

Solution

“ ” A
Boundary layer osl

Solution has two parts: R B B
inner and outer layers



Boundary layers

Singular perturbation problems arise also in differential equations.
Typically when & multiplies the highest derivative.

ey’ (x) + 2y (x) +2y(x) =0, O0<z<1
y(O) = 0, y(l) =1

To obtain the outer solution we just apply the regular perturbation
method: Y ~ Yo (x) -+ EY1 (CE') + ..

e(yo (z) +eyy (w) +- - ) +2(yp(x) +eyy (x) +- -+ ) +2(yo(x) +eyr(x) +---) =0

Y0(0) +ey1(0) +--- =0, yo(l) +eyi(1)+---=1

O1):  2yp+2y0=0, (0)=0, yo()=1 = yo(x) =ae”

. 11—
One free parameter, can satisfy only one bc. = Yo(z) =¢ "

Oe):  w+2n+201=0, ;=1 = y(z)=(b—z/2)e""
= yi(x)=(1—-2)e'"%/2



Boundary layers

Singular perturbation problems arise also in differential equations.
Typically when & multiplies the highest derivative.

ey’ (x) + 2y (x) +2y(x) =0, O0<z<1
y(O) = 0, y(l) =1

Next we consider what happens in a neighborhood of the left boundary.

We rescaleinx: = d dz d 1 d d? 1 d?
xr = — E— = — — — =
v’ dr dxdr e7dr’ dx? @ e27 dz?
Y(Z) = y(x)
elTY £ 2e7Y 42V =0
D @ ®)

We want to choose y such that the first term remains as € — 0.

We balance @ with either @ or® at the lowest order.



Boundary layers
e1TY 4 2e77Y +2Y =0
Balance D~ @: 1-2y=-— = y=1,0(""), & ~0O(1)
D~@: 1-2y=—-0 = v=1/2,0(1), @~ O"?
Y 4+92Y"+2¢Y =0
Y =Yy +eY; + -

Y +eY! + - +2(Y) +eY] +- ) +2(Yg+eYi +---) =0
Y5(0) +€Y1(0) =0
O1): Y +2Y]=0, Yo(0)=0 = Yy=A+Be >

=  Yy(z) = A1 — e )



Boundary layers

Next, we want to match the solutions in the “overlap region”. We require
the matching condition:

lim Yy = lim yq yo(z) =e'"% = e
T — 00 x—0
Yo(Z) = A(1l —e %) > A
A I 0( ) ( )
s | = A=ce
/ — Outer
- - - lnner
100'6 107 107 107 107 107" 10°
X—-axis

Since both solutions are constant outside of their respective regions, we
can construct a composite solution:

3

y~yo(z) + Yo(@) —po(0)
1—2z /e ’ :

=e' T —¢

Solution
—
(@)
~

—— Outer |}
- — - Inner
I 1 1 T
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X-axis



Multiple boundary layers

Our second example illustrates multiple boundary layers and nonconstant

coefficients:

ey +exy —y(x) =—€*, 0<z<1

y(O) = 2, y(l) =1

For € = 0 the solution is simply y(z) = e*, which satisfies neither b.c.

Outer solution: y(x) = €

x
Boundary layer at x=0: * = — 272V LY — Y =7

g
@ ®) 3 @

Balance: O~ ®: 2-2y=1 = v=1/2,0(e), @ ~0O(Q1)
O~B: 2-29=0= v=1,0(1), @~O0O(e)

Y/ +exY’ — Y = —¢7 Y =Yy +eYy+---

O1) Y/ -Yo=-1, Yo(0)=2 = VYo(F)=1+AeT+Be® = B=(l-A)

Matching condition:  lim Yy = lim yg im 1+A4e" =1 = A=0

T— 00 x—0 T—00



Multiple boundary layers

Our second example illustrates multiple boundary layers and nonconstant

coefficients:

ey +exy —y(x) =—€*, 0<z<1

y(O) = 2, y(l) =1

For € = 0 the solution is simply y(z) = e*, which satisfies neither b.c.

Outer solution: y(x) = €

r— 1 )

Boundary layer at x=1: 7 — - S22V L V(] 4 TRV — Y = —e e
3
@ @ ® @

Balance: O ~®: 2-2v=0 = ~1=1,0(1), @~0(1)

Y+ (1+ez)Y' —Y = —! e Y =Yy +eYy+--

Yy 4] 4+ (1 +ex)(Yy4+eY] +--)— (Yo +eYy +---) = —e' 7

YRR y ) . . —1++/5
O(1) Yo +Y,—Yo=—¢, Y(0)=1 = Yyx)=14+Ae"+"4+Be =% 11 = 5

~

Matching condition: _lim Yy = lim o = Yy=e+(1—e)et?

xr— — 00 r—1



Multiple boundary layers

Composite solution:

J ~ yo(z) + Yo (Z) + Yo (&) — yo(0) — yo(1)

— o 4 6—:13/6 4+ (1 o €)€T+(x_1)/€A

y~Yq . Y=
Y= : Y~y
2 I
€= 0 1 ~ 1 ~
_ YO: e : YOZ e
o .
5
o «—>
@ — Numerical \
- - - Composite "\ O(S)
0.9 1

1 | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X-axis

e =0.01

Solution

—— Numerical
- - — Composite

| | |
0.7 0.8 0.9 1

| | | | | |
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X-axis

B



Two time-scales
Pendulum: 6" 4 sin(#) = 0,

Regular perturbation analysis:

9(0)=¢, 6(0)=0

9N8((90—|—8a91—|—"°)

1

sin(f) ~ sin(e(fp + %01 +---)) ~ by + 710, — =205 4 - - -

ey +e* 0] + -+ +ebp + ¥ o) —

£0p(0) + cotlg, (0) + - -

6 (0) + 8O‘+19’1(O) + ...

— £

=0

1
S =0

6

Solution
o

60(0) = Oo(t) = Acos(t+ B) =
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0y = cost



Two time-scales
Pendulum: 60" +sin(d) =0, 6(0)=e¢, 6(0)=0

Regular perturbation analysis: 6 ~ ¢(6y +&%01 + - +)

1
896/ + €a+19/1/ SR 890 + €a+191 — 68388 +...=0

6(90(0) + €a+191(0) +---=c

g0, (0) + 1L (0) +--- =0

1
67 + 6, = ﬂ(SCOSt—FSCOSSt)

1 , r .
O®) 0/ + 0, = 693, 0o(0) = 0,60,(0) =0 01 = acost + bsint — T !sint
1

01 = —1—6t sin t Secular term

5 T T T T T I , | :
PO |
N N T I N
: o
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Two time-scales
Pendulum: 60" +sin(d) =0, 6(0)=e¢, 6(0)=0

The problem with the phase is that for the nonlinear problem, the phase
is not constant, but changes slowly. Ve have two time scales: (1) the time
scale on which the oscillations occur, (2) the time scale upon which the

phase slowly changes.

We construct an approximation that explicitly uses these scales:

ty=1t, to=et %:%%4_%%:%4_57%
j—; = (a%1 +57%)2 = g—; + 2578(21 8(22 +52’Y§—;
0~ e(0p(t1,t2) + %01 (t1,t2) + -+ )
55—;90 +5O‘+1§—;91 4+ 27T (%?;2 Op+---+ely+ec21h, — éeSHS’ +.--=0
£00(0,0) +e*t10,(0,0) +--- =0
5i90(0, 0) + sa“iel(o, 0) + 5v+1i90(0, 0)+---=0

Ot

(‘%1 atl



Two time-scales
Pendulum: 60" +sin(d) =0, 6(0)=e¢, 6(0)=0
0 ~ e(0o(t1,t2) + %01 (t1,t2) + -+ -)

0~ ) 07 07 19 1 343
8@90“‘5064_ ﬁ91+287+ YR (90+"“|_5(90‘|_5a+ 91—65 HO‘I_:O
1 1 1UL02

£00(0,0) +e**t10,(0,0) +--- =0

0 0 0
— 0 a+l _~ y+1_~ . —
“ oL 0(0,0) +¢ o 01(0,0) +¢ TS 00(0,0) + 0

O(e) g—;eo +00=0, 00(0,0)=1, 2-0,(0,0)=0

— 0y = A(ts)cos(ty + B(t2))  A(0)=1, B(0) =0



Two time-scales
Pendulum: 6" +sin(f) =0, 6(0)=e¢, 60(0)=0

Next order in € is 63. Applying balance as for singular perturbations:
PPlyIng g P

The next order term gives: atl=y+l=3

63 — 0

|

O()  Labr + b1 + 252560 =
01(0,0) =0, 5~61(0,0) 4+ 5-00(0,0) =0
or
074601 = (3 cos(t1+B)+3cos(3(t1+B))]+2A" sin(t; +B)+2AB’ cos(t;1+B)
To avoid a secular (growing in time) term, we may choose

A'=0, 2AB'=—-3; = A=1, B=—13/16

A

o
&)
R ——

0 ~ ccos(t — e%t/16) + - - -

Solution
o
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