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Abstract

The fractional quantum Hall e�ect (FQHE), now entering its fourth decade, con-
tinues to draw attention from the condensed matter community. New experiments
in recent years are raising hopes that it will be possible to observe quasi-particles
with non-abelian anyonic statistics. These particles could form the building blocks
of a quantum computer.

The quantum Hall states have topologically protected energy gaps to the low-
lying set of excitations. This topological order is not a locally measurable quantity
but rather a non-local object, and it is one of the keys to its stability. From an
early stage understanding of the FQHE has been facilitate by constructing trial
wave functions. The topological classi�cation of these wave functions have given
further insight to the nature of the FQHE.

An early, and successful, wave function construction for �lling fractions ν =
p

2p+1 was that of composite fermions on planar and spherical geometries. Recently,
new developments using conformal �eld theory have made it possible to also con-
struct the full Haldane-Halperin hierarchy wave functions on planar and spherical
geometries. In this thesis we extend this construction to a toroidal geometry, i.e.
a �at surface with periodic boundary conditions.

One of the de�ning features of topological states of matter in two dimensions
is that the ground state is not unique on surfaces with non trivial topology, such
as a torus. The archetypical example is the fractional quantum Hall e�ect. Here,
a quantum Hall �uid at �lling fraction ν = p

q , has at least a q-fold degeneracy
on a torus. This has been shown in a few cases, such as the Laughlin states
and the Moore-Read states, by explicit construction of candidate electron wave
functions. In this thesis, we construct explicit torus wave functions for a large
class of experimentally important quantum liquids, namely the chiral hierarchy
states in the lowest Landau level. These states, which includes the prominently
observed positive Jain sequence at �lling fractions ν = p

2p+1 , are characterized by
having boundary modes with only one chirality.

Our construction relies heavily on previous work that expressed the hierarchy
wave functions on a plane or a sphere in terms of correlation functions in a confor-
mal �eld theory. This construction can be adapted to the torus when care is taken
to ensure correct behaviour under the modular transformations that leave the ge-
ometry of the torus unchanged. Our construction solves the long standing problem
of engineering torus wave functions for multi-component many-body states. Since
the resulting expressions are rather complicated, we have carefully compared the
simplest example, that of ν = 2

5 , with numerically found wave functions. We have
found an extremely good overlap for arbitrary values of the modular parameter τ ,
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that describes the geometry of the torus.
Having explicit torus wave functions allows us to use the methods developed

by Read and Read & Rezayi to numerically compute the quantum Hall viscosity.
Hall viscosity is conjectured to be a topologically protected macroscopic transport
coe�cient characterizing the quantum Hall state. It is related to the shift of the
same QH-�uid when it is put on a sphere. The good agreement with the theoretical
prediction for the 2

5 state strongly suggests that our wave functions encodes all
relevant topological information.

We also consider the Hall viscosity in the limit of a very thin torus. There we
�nd that the viscosity changes as we approach the thin torus limit. Because of
this we study the Laughlin state in that limit and see how the change in viscosity
arises from a change in the Hamiltonian hopping elements. Finally we conclude
that there are both qualitative and quantitative di�erence between the thin and
the square torus. Thus, one has to be careful when interpreting results in the thin
torus limit.



Sammanfattning på svenska

Kvanthalle�ekten har nu varit känd i över trettio år, och ligger fortfarande i blick-
fånget för många forskare som arbetar med kondenserad materia (dvs fasta mate-
rial). Skälen för detta är �era. Till att börja med är kvanthalle�ekten det första
exemplet på så kallade topologiska isolatorer. En topologisk isolator är ett medium
som är isolerande i sitt innandöme (dvs den leder inte ström), men som ändå leder
strömmar på utsidan. Det som gör dessa strömmar speciella är att de är ytterst
stabila och inte alls är känsliga för orenheter, temperaturvariationer, den exakta
geometrin hos materialet och många andra faktorer som skulle kunna spela roll. I
fallet med kvanthalle�ekten är strömmarna på utsidan så stabila att de kan mätas
med en noggrannhet på tolv decimaler. Denna noggrannhet motsvarar att mäta
avståndet från Treriksröset till Smygehuk med en noggrannhet på en tusendels mil-
limeter. Detta är med andra ord ett av de mest exakta experimentella mätningar
vi kan utföra idag.

En annan anledning till att kvanthalle�ekten är intressant att den sker i ma-
terial som i all väsentlighet är tvådimensionella. Med tvådimensionell menar vi
här verkligen att elektronerna i systemet endast kan röra sig i två dimensioner.
De är fångade på en yta och han inte för�ytta sig höjdled. Detta sker t.ex. i
det nya supermaterialet grafen, vilket är ett enda lager av kolatomer, men även
i ytskiktet mellan halvledare av gallium-arsenid samt aluminium-arsenid. Denna
tvådimensionalitet gör att de excitationer som har lägst energi inte nödvändigtvis
måste ha en fermionisk eller bosonisk natur. Fermioner och bosoner utgör det
två typerna a fundamentala partiklar som bygger upp vår värld. Elektroner och
kvarkar är fermioner medan t.ex. ljus är bosoner. Men ibland, och endast i tvådi-
mensionella system, kan det uppstå partiklar som utgör ett mellanting mellan
fermioner och bosoner. Vi kallar dessa exotiska partiklar anyoner � i lös översät-
tning vad-som-helst-ioner � och vi är mycket hoppfulla att dessa inom en snar eller
avlägsen framtid kommer kunna utgöra basen för en ny typ av dator som använder
kvantmekaniska lagar för att utföra sina beräkningar. En sådan kvantdator skulle
e�ektivt kunna lösa vissa numeriska problem som är mycket svåra att attackera
med våra vanliga (klassiska) datorer.

Men innan vi når fram till en fungerande kvantdator har vi många steg på
vägen som vi måste först förstå och sedan bemästra. Det är till detta ändamål som
denna avhandling lämnar sitt bidrag. I denna avhandling studerar vi olika aspekter
av såväl anyoner som de kvantmekaniska grundtillstånden. Vi utför våra studier
uteslutande på geometrin för en torus. En torus är en platt yta med periodiska
randvillkor i två riktningar, det vill säga en ring, en munk eller en livboj. Vi väljer
att studera just en torus då denna inte har någon rand (eller kant). Avsaknaden
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av en kant gör att vi inte behöver bekymra oss om de strömmar som skulle har
varit närvarande vid en kant. Detta i sin tur gör att det är enklare att studera
vad som sker i innandömet.

Vår torus har två axlar Lx och Ly som tillsammans spänner upp en area
A = LxLy. När vi studerar torusen är dess area �xerad av hur många partiklar vi
placerar på den, men vi är fria att välja kvoten τ2 =

Ly
Lx

som vi vill. Olika kvoter
ger olika geometrier för vår torus. I samtliga undersökningar vi har genomfört �
läs publicerade artiklar � har vi varit intresserade av hur förändringar i torusens
geometri påverkar hur grundtillståndet ser ut, men också hur spektrat av exci-
tationer ovanför grundtillståndet förändras. Vi har varit speciellt intresserade av
vad som händer när vi ändrar geometrin från en kvadratisk τ2 = 1 torus till en
mycket asymmetrisk (tunn) torus τ2 → 0.

Vi �nner i våra studier att �era kvantiteter överlever övergången till en tunn
torus, men inte alla. T.ex. krävs det för samtliga geometrier en ändlig mängd
energi för att skapa excitationer. Även laddningen på dessa excitationer är bevarad
genom hela geometriförändringen.

Bland de kvantiteter som förändras är (ibland) strukturen på excitationerna
samt även grundtillståndets hallviskositet. Hallviskositet är en variant av viskositet
som skiler sig från den vanliga viskositeten vi normalt stöter på då den inte är dis-
sipativ. Den dissipativa viskositeten gör att en vätska som rörs om till slut stannar
upp av sin egen inre friktion. Hallviscociteten gör inte att vätskan stannar upp
utan är snarare ett mått på hur virvlar i vätskan fortplantar sig. I de �esta vät-
skor är hallviskositeten noll men just i två dimensioner är det möjligt att ha ett
ändligt värde. Det är allmänt accepterat att denna viskositet bär information om
topologin hos ett kvanthalltillstånd. Att just hallviskositeten förändras är därför
extra intressant då det innebär att vi måste vara mycket försiktiga när vi tolkar
anyoniska excitationer i på den tunna torusen.

För att sammanfatta kan vi säga att trots att en torus som den vi studerar
troligtvis aldrig kommer att kunna existera fysiskt ger det oss ändå värdefull in-
formation om vad som händer i en verklig kvanthallvätska i ett riktigt experiment.
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I knew how to expand the Laughlin state in a Fock basis and was interested in
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Chapter 1

Introduction and Outline

This year marks the 30-year anniversary of the �rst quantum Hall wave function to
be written in a toroidal geometry[HR85]. In 1985 Haldane modi�ed the Laughlin
wave function by incorporating periodic boundary conditions. In this thesis, I will
generalize that construction to a larger class of states that describe many of the
experimentally observed fractional quantum Hall plateaus.

The experimental signature of the integer and fractional quantum Hall e�ect
is as striking as it is simple. When a two-dimensional electron gas is subject to a
strong magnetic �eld perpendicular to its surface the longitudinal resistance will
sometimes vanish. This phenomenon only happens at particular strengths of the
magnetic �eld. Also precisely at those strengths, the perpendicular resistance �
the Hall resistance, RH � forms plateaus that are insensitive of the strength of the
magnetic �eld. See Figure 2.2 for an experimental example.

In 1983 Laughlin introduced a ground state wave function[Lau83] to explain
the fractional quantum Hall e�ect (FQHE). This ground state contains low en-
ergy quasi-particle excitations with both fractional charges[Lau83] as well as frac-
tional statistics[ASW84], the later being a phenomena that only can occur in
two spatial dimensions. The theory of the fractional quantum Hall e�ect is to-
day still an active area of research. The Hall e�ect was the �rst example of
a topological insulator[KM05], but many other topological insulators have been
proposed[Kit09] and realized[KWB+07]. Fractional charges have also been pro-
posed to exist in other types of systems, where fractional Chern insulators[RB11]
and polymer chains[SS81] are examples. Extensive research has also been focused
on the special state at �lling fraction ν = 5

2 , which is expected to support ex-
citations with non-abelian braiding properties. The non-abelian statistics makes
this state of matter an interesting candidate for quantum information storage and
processing; in short, a quantum computer.

In quantum mechanics, the existence of a magnetic �eld drastically alters the
structure of the Hilbert space as compared to the case of particles moving in
free space. The continuum of energy levels of the free particle, transforms into
highly degenerate Landau levels with a degeneracy proportional to the strength of
the magnetic �eld. If the applied magnetic �eld is strong enough, together with
low temperatures and clean samples, the quantum Hall e�ect is observed. The
quantum Hall e�ect is observed in high quality semiconductor junctions[KDP80,

1



2 Chapter 1. Introduction and Outline

TSG82] as well as in graphene[NGM+05]. In semiconductors, the temperature
has to be very low for the QHE to be manifested, but in graphene the e�ect is
observable even at room temperature[NJZ+07].

The Integer and the fractional quantum Hall e�ects are examples of Topological
Insulators; States of matter that are insulating in the bulk, but has dissipationless
transport at the edges. The topological aspect of the QHE is its insensitivity
impurities, but also to deformations of a sample as well as to small variations
of the applied magnetic �eld or the precise temperature. Most importantly, the
edge currents survive a �nite amount of impurities, which is always present in
a real system. As a consequence, the electric resistance RH is quantized to an
experimentally very high accuracy[TLAK+10].

The peculiar thing about topological insulators (TI) is that it is locally impos-
sible to know whether or not the ground state is in the interesting phase or the
trivial phase. One way to tell is by studying the quasi-particle braiding in the sys-
tem. A more direct method is by having a shared edge with a system that is in a
known topological phase. If the phases are the same then the two systems behaves
as one big system. On the other hand, if the systems are di�erent, something
dramatic must happen at the edge, as there is now a con�ict between the topology
of the two sectors. In this case, the energy gap that protects the topological state
closes and reopens right at the boundary. This is the reason why there are robust
edge states in the �rst place, since it is only when two TI:s in di�erent topological
sectors form an interface that there can be a change in topology.

In this thesis, I am studying the FQHE on the torus, where one of the topolog-
ical aspects is encoded in the ground state degeneracy on the torus. The torus is
also a good testing ground for model trial wave functions coming from Conformal
Field Theory (CFT). Trial wave functions for the FQHE have been deduced using
correlators from CFT. The CFT wave functions are easily evaluated in a planar
geometry, but numerical comparison to exactly diagonalized ground states can be
di�cult to perform because of boundary e�ects. The torus as well as the sphere
are natural candidates for numerical tests, as they have no boundaries.

I also investigate how to generate trial wave functions on the torus in a self-
consistent manner. I rely on the fact that there is more than one way of parametriz-
ing the same torus geometry and that all of these parametrizations are related by
modular transformations. By requiring that the physics is unchanged under these
modular transformations, I �nd strong constraints on the possible wave functions
on the torus. Further, I propose a trial wave function for the ν = 2

5 state that has
the correct modular properties.

Using the proposed wave function, I calculate a topological characteristic of
the quantum Hall system: the antisymmetric component of the viscosity tensor.
Read has demonstrated that this viscosity is proportional to the mean orbital spin
of the electron, which is a topological quantity. This transport coe�cient can be
measured numerically by changing the geometry of the torus[RR11].

This thesis has four accompanying papers. In Paper I, I investigated the
exclusion statistics of quasi-particles in the Tao-Thouless (TT) limit, an extremely
asymmetric torus where the Hamiltonian can be solved exactly for a wide range of
potentials. In Paper II I constructed coherent states and described some of their
properties. As this paper was discussed in detail in my Licentiate thesis[Fre13b] it
will be discussed very little in this thesis. In Paper III I built upon the work of
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Ref [HSB+08] and constructed trial wave functions for all chiral K-matrices. I also
computed the viscosity of the ν = 2

5 state, both numerically and analytically. In
Paper IV I expanded the Laughlin state in a Fock basis and used this to deduce
the normalization and Hall viscosity in the TT-limit.

The thesis is organized as follows, in Chapter 2 I brie�y describe the his-
tory of quantum Hall physics and the basic observations regarding the FQHE. In
Chapter 4 I give mathematical details regarding the torus. Chapter 3, Chap-
ter 5 and Chapter 6 deal with he construction of trial wave functions using the
CFT machinery. In Chapter 7 I construct the Fock expansion of the Laughlin
state and comment on how it can shed light on the Hall viscosity in the TT-limit.
In Chapter 8 I compute the Hall viscosity, both analytically and numerically,
for a selection of wave functions, and comment on the behaviour in the TT-limit.
Chapter 9 presents, as the title suggests, a summary and outlook of this thesis.
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Chapter 2

The Quantum Hall E�ect

2.1 The classical Hall e�ect

In 1879 the American physicist Edwin Hall decided to test whether or not electric
currents where a�ected by magnetic forces[Hal79]. He designed an experiment in
which he found that a thin metal plate in a magnetic �eld B, perpendicular to the
surface of the plate, experiences a voltage drop in a direction perpendicular to B
and the current I �owing through the plate. He concluded that the perpendicular
resistance RH = VH

I was proportional to the strength and sign of the magnetic
�eld. See �gure 2.1 for a schematic set-up of the experiment.

The Hall e�ect is explained by the behaviour of charged particles in a magnetic
�eld. As the electrons move through the magnetic �eld, they will be subject to
a Lorenz force FB = qv × B directed toward one of the edges of the plate. As
more and more electrons are diverted toward one side, a charge imbalance builds
up inside the plate, generating an electric �eld across the plate. The existence of a
static electric �eld means that there is a voltage di�erence, which in this case will
be perpendicular to the direction of the current I. Eventually the electric �eld,
with the associated electric force FE = qE, becomes large enough to balance the
magnetic force FB . This voltage drop is proportional to the total current. A larger
current increases the diverting force FB so a larger voltage di�erence will be needed
to balance it. The voltage di�erence is also proportional to the magnetic �eld as
the Lorenz force that de�ects electrons is proportional in strength to B. Hence, the
Hall resistance, which is the perpendicular resistance RH , is proportional to the
strength of magnetic �eld RH ∝ B. The Hall e�ect is also inversely proportional
to the thickness of the material that the current runs through, and this in turn
implies that the Hall e�ect gets stronger when the plate is thinner. A more detailed
analysis demonstrates that the Hall resistance is RH = B

eρ3Dd
, where d is the

thickness of the plate, ρ3D the electron density and e the electric charge. In the
limit of very thin plates, plates that are almost two-dimensional, RH is better
described using the two-dimensional density ρ2D, as RH = B

eρ2D
. It is in this limit

of thin plates that quantum mechanical e�ects can become important, and the
Hall e�ect can be changed into the quantum Hall e�ect.

5



6 Chapter 2. The Quantum Hall E�ect

Figure 2.1: The Hall experiment. A current I is driven through a thin metal plate
with a perpendicular magnetic �eld B such that a voltage VH is measured in the
transverse direction.

2.2 The quantum Hall e�ect

In 1980 the German physicist von Klitzing gave the Hall e�ect a new twist[KDP80]
by con�ning electrons to two dimensions in semiconductor junctions. In his exper-
iments, where he had high quality samples in combination with low temperatures
and high magnetic �elds, the Hall resistance RH deviated from the classically pre-
dicted linear behaviour and instead started developing kinks and plateaus. Fur-
thermore, these plateaus appeared at regular intervals in such a way that the
resistance at the plateaus could be described by the formula RH = 1

ν ·
h
e2 , where

ν is an integer. In addition, at the magnetic �elds where the plateaus appeared in
the Hall resistance, the longitudinal resistance R‖ dropped to zero. This new phe-
nomena was soon dubbed the Integer Quantum Hall E�ect (IQHE)*. The IQHE
is so precise that it e�ectively de�nes the fundamental unit of resistance, the von
Klitzing constant, which can be measured with an accuracy of 10−12 to equal
RK = h

e2 = 25812.807557(18) Ω[TLAK+10]. Soon, with the revised SI system,
RK will be de�ned without any experimental uncertainty�.

The key to understanding the IQHE lies in the behaviour of single particles in a
magnetic �eld. From classical physics we know that charged particles are de�ected
by magnetic �elds and therefore move in circles where the radius is proportional
to the particle's momentum. The frequency of revolution is therefore independent
of the particle momentum. It depends only on the magnetic �eld B and on the
mass m of the particle, as expressed by the formula ωc = eB

mc . The oscillatory
behaviour is similar to the behaviour of the harmonic oscillator, where the quantum
mechanical energy levels are equally spaced as En = ~ωc

(
n+ 1

2

)
with n being an

integer. An analogous calculation for a particle in a magnetic �eld shows that, here

*The name IQHE was of course used only after the discovery of the FQHE three years later.
�In the near future the SI system will be revised such that RK is not a measured quantity

but rather a �xed constant of nature, just like the speed of light is a �xed quantity and not
experimentally measured. The question was under consideration for the 25:th General Confer-
ence on Weights and Measures in 2014 but the time was not deemed right[oWM14]. The next
conference will likely be held in 2018.
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too, the energy levels are equally spaced, with En = ~ωc
(
n+ 1

2

)
. Each energy

level is called a Landau level (LL) after Landau[Lan30] who solved the problem in
1930. The LL with n = 0 is the lowest energy level and is therefore called the lowest
Landau level (LLL). In contrast to the harmonic oscillator, each LL is massively
degenerate, as there exists one state for each �ux quanta Φ0 = h

e of the magnetic
�eld. Thus the density of states in any Landau level is B

Φo
≈ B

1 Tesla × 242 per

(µm)
2. This means that if each electron were con�ned to a circle, the radius of

that circle would be r =
√

Φo
πB = 363 Å×

√
1 Tesla

B . It is customary to introduce a
length scale ` = r√

2
, known as the magnetic length, which characterizes the length

scale of the Landau problem.
The above mentioned factor ν can be calculated as the �lling factor ν = Ne

Ns
,

which counts the number of �lled Landau levels. If ν is an integer, all the Landau
levels up to and including level ν are completely �lled. Thus there exists a gap of
~ eBmc to excite an electron into the next LL[Lau81]. This gap causes the IQH-state
to be stable against small variations in the magnetic �eld as the energy cost of
moving an electron to the next LL would be too large.

As samples became cleaner and temperatures lower, new features appeared
in the resistance spectrum. New plateaus were observed, together with dips in
the longitudinal resistivity. These new plateaus where located at RH = 1

ν ·
h
e2 ,

where v = p
q are fractions, such as 1

3 ,
2
5 and 3

7 [TSG82]. The plateaus only de-
veloped at fractions with an odd denominator, as can be seen in Figure 2.2. The
new e�ect was named Fractional Quantum Hall E�ect (FQHE). Compared to the
IQHE, it has more features beyond simply a fractional Hall resistance. One promi-
nent feature is that the minimal excitations do not consist of individual electrons
but rather of fractionally charged quasi-particles[Lau83] and these are believed
to have statistics di�erent from that of fermions or bosons[ASW84]. This new
form of statistics constitutes a generalization of the fermion and boson statis-
tics and can only be obtained in systems with a spatial dimensionality of two or
less. Some of these quasi-particles are even conjectured to display non-abelian
statistics[MR91]. The experimental veri�cation of the abelian and non-abelian
statistics is still lacking despite there having been some new developments during
the last few years[WPW10]. The non-abelian nature of the quasi-particles is the
reason that people are looking to the FQHE as a possible way to realize a working
fault tolerant quantum computer[Kit03]. Since the quasi-particles are topologi-
cally protected excitations they would be stable against local de-coherence, which
is a problem in many other quantum computational schemes.

For the FQHE, the explanation is not as straightforward as for the IQHE. As
ν is no longer an integer, but rather a fraction, such as ν = 1

3 , one LL will be only
partially �lled, and the single particle picture of electrons �lling one or more entire
LL:s no longer works. In order to solve this problem, we* need to go beyond the
properties of individual electrons and study the interaction between the particles
within a LL. Crudely speaking, the Coulomb repulsion between electrons forces all
the electrons to be as far separated in space as possible. This results in a highly
correlated �uid where the minimal excitation costs �nite energy. The alternative,
that can happen for dilute �lling fractions, would be a Wigner crystal where the

*From now on I switch to we, as in you and I.
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Figure 2.2: Resistance measurements of the FQHE[Sto92]. The transverse resis-
tivity RH displays plateaus at particular strengths of the magnetic �eld. These
magnetic �eld strengths correspond to rational �lling fractions ν = p

q of the Lan-
dau orbitals. At the same rational �lling fractions as where the plateaus are, the
longitudinal resistance R drops to zero.

minimal excitations are phonon-like.

Both the IQHE and the FQHE need some amount of impurities to mani-
fest themselves. If the QH-sample would be fully translationally invariant, then
Lorentz invariance would imply that no plateaus can be present. Impurities are
thus needed to break the Lorentz invariance. However, if the impurities are too
strong, then the QHE is not observed if the energy gap is to small, causing some
FQHE fractions not to be observable in experiments. In the limit of no impurities,
which also means restored Lorentz invariance, all FQHE fractions will be visible,
but this will result in a devil's staircase of plateaus in RH . In that case, FQHE
becomes indistinguishable from the classical Hall e�ect and no plateaus are visible,
at least not in simple transport experiments.

2.3 The Laughlin wave function and the hierarchy

In 1983 Robert Laughlin proposed a wave function that would explain the FQHE
at ν = 1

q [Lau83], where q is an odd integer. The construction was inspired by the
realization that in the FQH-states the electrons could minimize their interaction
energy by being as far from each other as possible. With that principle in mind,



2.3. The Laughlin wave function and the hierarchy 9

Laughlin proposed the now famous wave function

Ψ 1
q

(z1, . . . , zNe) = e−
1
4

∑
j |zj |

2
Ne∏
i<j

(zi − zj)q , (2.1)

which is a homogeneous state with well-de�ned angular momentum. The complex
coordinate z = x+ ıy encodes physical coordinates in a convenient manner. This
wave function implied that only odd denominator �lling fractions could appear,
since otherwise the wave function would not be antisymmetric in the electron
coordinates. Starting from (2.1), he could also �nd the elementary excitations, the
quasi-particles, that could appear. This was accomplished by inserting an extra
quantum of �ux into the state at z = η and noting that the new wave function
contained an extra factor

∏
j (zj − η). By making an analogy with a charged

plasma, Laughlin could deduce that the quasi-particles at ν = 1
q had fractional

charges e
q . The physical explanation for the fractional charge is that the term

(z − η) does not repel the electron and quasi-particle as strongly as (zi − zj)q repels
the electrons from each other. This gives the quasi-particle a smaller correlation
hole than the electron which translates into a fractional charge. Later Arovas,
Schrie�er and Wilczek deduced that the quasi-particles display fractional exchange
statistics[ASW84].

The Laughlin wave function sheds some light on other �lling fractions as well
since the quasi-particle excitations can be used as building blocks for other states.
As the magnetic �eld B is tuned away from ν = 1

q , quasi-particles appear in
the state (2.1). As B is tuned still further, these quasi-particles become so nu-
merous that the electrons and quasi-particles condense into a new state, with a
new �lling fraction. This new state will also support its own quasi-particles with
fractional charges and statistics. As the magnetic �eld is changed further, these
2nd generation quasi-particles can in turn condense into yet another state. By
this process, any �lling fraction with an odd denominator can be created by re-
peated condensation of parent quasi-particles[Hal83a, Hal83b]. This idea is called
the Haldane-Halperin hierarchy construction since di�erent �lling fractions are
created at di�erent hierarchical levels of condensation of quasi-particles.

Each level of the hierarchy contains both negatively and positively charged
quasi-particles. The negatively* charged excitations are called quasi-holes. De-
pending on whether the quasi-electrons or quasi-holes are condensed, di�erent
technical issues arise. Usually quasi-electron condensation is technically easier to
calculate and and quasi-hole condensation more di�cult.

In the hierarchy, all quasi-particle excitations are gapped, i .e. they cost a �-
nite amount of energy to create. The size of the gap dictates in which order the
di�erent fractions should become visible in experiments. To measure the FQHE
it is important that the gap to quasi-particle excitation is not closed by thermal
�uctuations or impurities. It can be shown that under certain circumstances, the
excitation gap of the FQHE at ν = p

q is monotonically vanishing in the denomi-

nator q[BK08]. This explains why the fractions at ν = 1
3 and ν = 2

3 are observed
�rst, followed by the fractional at ν = 2

5 , ν = 3
7 and ν = 4

9 etc.

*Negative charge with respect to the electron charge.
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2.4 Composite fermions and conformal �eld theory

Jain took a di�erent route to explain the FQHE[Jai07]. Inspired by Laughlin's
wave function and resistance measurements, he uni�ed the FQHE and the IQHE
by introducing the notion of composite fermions. Jain proposed that the electrons
could screen parts of the magnetic �eld by binding vortices to themselves. By
binding just enough vortices, reducing the e�ective magnetic �eld, the electrons
would �ll one or more e�ective LL:s. This construction yielded explicit expressions
for wave functions at other �lling fractions than ν = 1

q , something the hierarchy
construction could not achieve. Furthermore, Jain found that the wave functions
for composite fermions also displayed remarkably good overlap with those obtained
from exact diagonalization of the Coulomb potential.

There now exists an alternative method for deducing trial wave functions for
generic FQH-states, one based on the correspondence between the Laughlin wave
function and correlators in certain conformal �eld theories (CFT). These CFT-
based wave functions reproduce the wave functions that where constructed by
using the composite fermion method. Thus the composite fermion scheme can be
seen as a special case of the hierarchy construction. This in turn implies that these
two approaches are alternative ways of looking at the same problem.

2.5 Fractional quantum Hall e�ect on the torus

In this thesis, we will consider the Haldane-Halperin hierarchy wave functions in a
toroidal geometry. By construction, the torus lacks a boundary, making it suitable
for numerical calculations. The torus is also locally �at, which avoids the trouble
that is connected to the curvature of the sphere � another geometry that lacks
boundaries. Further, the number of states in the torus Hilbert space is the same
as the number of magnetic �ux quanta Ns = A

2π`2 , where A denotes the torus area.

The torus does come with its own set of problems. Because of the periodicity,
wave functions expressed on the torus consists of rather complicated analytical
functions. This includes products of Jacobi ϑ-functions ϑj(z|τ), making analytical
manipulations more complicated. Further, because of the gauge �eld associated
with the magnetic �eld B, the wave functions are not truly periodic but quasi-
periodic.

To make the analytical problems even worse, there is a restriction on which
translation operators allowed on the torus. Examining this restriction will form
a central part of my thesis as the restriction prohibits the mapping of CFT wave
functions formulated on the plane directly to the torus. Technically this is because
the planar wave functions in the higher levels of the Haldane-Halperin hierarchy
will contain derivative operators ∂z. We will later show that these derivatives can
not be interpreted as derivatives on the torus. Instead the derivative can, at best,
be mapped onto a linear combination of products of allowed translation operators
tm,n as

∏
i ∂zi →

∑
m,n λm,n

∏
i t

(i)
m,n. The precise meaning of these translation

operators will be clari�ed in Section 4.1 and 6.3.
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2.6 Why do we study the torus?

After reading the preceding section the reader might be wondering why we should
be studying fractional quantum Hall e�ect on the torus in the �rst place. It
seems at �rst glance as a rather arti�cial place to study physical phenomena and
the prospects of constructing any experiment on this geometry are dim. Indeed,
there will likely never be possible to design a experiment that actually probes the
particular geometry that the torus constitutes.

However, the reason we study the torus has little do to with the feasibility of
real life experiments. Instead we use the torus as a theoretical laboratory to infer
properties that we believe will also be present in the physical situation, but which
might be hard to model there. One major aspect that we are trying to exclude
from our analysis is the e�ect of an edge. A real system will have an edge, but
it is often di�cult to model properly, and it can be hard in a small system to
disentangle which e�ects come from the bulk and which come from the edge.

It might sound as a rather counter-intuitive approach to study only the bulk,
given that it is the edge that carries all of the quantized current. The reason to
study the bulk is because of the topological stability of the FQHE. The edge cur-
rents are a direct consequence of, and also a mirror of, the physics that takes place
in the bulk. By studying the bulk properties, we can thus still make predictions
for how the edge of a real system will behave. We call this the bulk-boundary
correspondence, and it is an important property of topological insulators.

We should emphasize the aspect of the torus as a theoretical laboratory. As
an example, at �lling fraction ν = p

q , there is not a unique ground state. Rather,
the number of degenerate ground states must be a multiple of the denominator q.
It is therefore an important sanity check on any method of generating trial wave
functions that it gives us the correct number of degenerate ground states.

The torus also has some advantages that are hard to come by on other geome-
tries. One of these advantages is the possibility to simulate a constant strain rate
in the quantum Hall �uid. This is something you can not do with a sphere. The
force response to a small constant strain rate (or velocity gradient) is encoded in
the viscosity of a �uid. Since the quantum Hall �uid has an energy gap there is
no ordinary viscous response like that of shear viscosity or bulk viscosity. There
is however a non-dissipative viscous response called Hall viscosity. We will learn
what this type of viscosity is and why it is interesting Chapter 8.
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Chapter 3

Trial Wave Functions from

Conformal Field Theory

In this chapter we will construct trial wave functions for the fractional quantum
Hall e�ect on a plane. The construction will be explained in some detail as the
same procedure, mutatis mutandis, will be applied in Chapter 5 when considering
the torus.

As mentioned in Section 2.4, there exists a connection between the FQHE and
Conformal Field Theory (CFT). In this chapter we will expand on this connection
and present trial wave functions constructed from CFT correlators. This chapter is
organized as follows: In Section 3.1 we begin with a few words on how the di�erent
pieces CFT, FQHE and Chern-Simons (CS) theory �t together. In Sections 3.2
and 3.3 we introduce the Wen-Zee K-matrix and show how CFT is used to extract
wave functions for the chiral Haldane-Halperin hierarchy. Quasi-particle braiding
will be discussed in Section 3.4. Section 3.5 discusses derivatives and contains an
explicit construction of the ν = 2

5 wave function.

3.1 A brief history of CFT, FQHE and CS

It was noted by several authors [GJ84, ZHK89, Rea89] that the long range prop-
erties of the FQHE could be characterized by an e�ective �eld theory of CS type.
In the theory, the bosonic scalar �elds interacted through a statistical gauge �eld
that would turn the bosons into fermions or anyons, depending on the strength of
the coupling to the CS �eld.

Around the same time, Witten discussed the quantization of a CS theory on
manifolds with di�erent topology[Wit89] and showed that the dimension of the
resulting �nite Hilbert space was the same as the number of conformal blocks in
certain CFTs. In the same paper he also calculated expectation values of Wilson
loops, which are topological invariants. He further related these to the mon-
odromies of conformal blocks in the CFT containing insertions of local operators
related to the loops. Furthermore, for manifolds with boundaries, he found that
there are chiral edge modes with dynamics determined by the same CFT.

13
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The relation to physics comes by associating the Wilson loops with the world
lines of quasi-particles in a QH-liquid. The conformal blocks can then be inter-
preted as the wave functions of the quasi-particles, and the monodromies of these
blocks as the fractional statistics phases related to braiding them.

The next important step was taken by Moore and Read[MR91], who conjec-
tured that also the electronic wave functions could be expressed as conformal
blocks of suitably chosen electron operators. They showed that the Laughlin wave
function, and its multi-component generalizations[Hal83a, Hal83b] were of this
form. They also used this very powerful idea to construct the Moore-Read, or Pfaf-
�an, state. This is an entirely new QH-state with non-abelian fractional statistics.
Moore and Read furthermore conjectured that the edge states present in geome-
tries with boundaries should be described by the same CFT that gives the bulk
electronic state.

In their original paper, Moore and Read also discussed hierarchy states, but
did not propose any explicit wave functions. This was done later in a series of
papers[SVH11b, SVH11a] where such wave functions were written as sums of con-
formal blocks of several kinds of electron operators. The number of distinct elec-
tron operators is simply the level in the hierarchy, and the operators di�er in the
amount of localized (orbital) spin that is carried by the electrons.

In this short review, we will not dwell on the details in this construction, but
the results will be explained, since this thesis is focused on generalizing them to a
toroidal geometry. In particular, we will need understanding of how the orbital spin
is manifested on the torus. To put the CFT hierarchy construction in perspective,
we will �rst review the basic elements of the classi�cation schemes for QH-states
developed by Wen and Zee. We will then explain how to go from the topological
data that speci�es a state in that scheme to a set of CFT operators that will be
used to construct explicit wave functions.

3.2 The Wen-Zee classi�cation

The topological properties of a ν = 1
q Laughlin ground state on a �at manifold,

can be encoded in the following Chern-Simons Lagrangian

L =
K

4π
εµνηaµ ∂νaη +

1

2π
εµνηAµ ∂νaη − jµaµ, (3.1)

whereK = q, Aµ is the external electromagnetic potential and εµνη is a Levi-Civita
tensor. The �eld aµ is a gauge potential that parametrizes the electromagnetic
current, as seen from the equation of motion jµ = 1

2π ε
µνη∂νaη. By adding extra

pieces to this Lagrangian one can also describe the response to curvature in the
background manifold. We will comment on this later in the context of the orbital
spin of the electrons and Hall viscosity.

The generalization to a general (abelian) quantum Hall state amounts to in-
troducing more Chern-Simons �elds a(α)

µ [WZ91] in the Lagrangian (3.1)

L =
1

4π

∑
α,β

Kαβε
µνηa(α)

µ ∂νa
(β)
η +

1

2π
εµνη

∑
α

Aµ ∂νa
(α)
η −

∑
α

j(α)µa(α)
µ .
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In this generalized setting there is one quantized quasi-particle current j(α)
µ coupled

to each CS-�eld a(α)
µ . Here theK-matrixKαβ � which has integer entries � encodes

the topological properties of the ground state, such as the �lling fraction*

ν =

n∑
α,β=1

K−1
αβ . (3.2)

The K-matrix also gives the ground state degeneracy d on a manifold of genus g;
d = (det K)

g
. As explained in Ref. [Wen95], the e�ective Chern-Simons theory

also describes the chiral edge states referred to above.
The hierarchy states are described by a subset of all possible allowedK-matrices.

For the part of the hierarchy that is obtained by successively condensing quasi-
electrons, but no quasi-holes, the K-matrices are given by

K =


K11 K11 − 1 K11 − 1 · · · K11 − 1
K11 − 1 K22 K22 − 1 · · · K22 − 1
K11 − 1 K22 − 1 K33 · · · K33 − 1
...

...
...

. . .
...

K11 − 1 K22 − 1 K33 − 1 · · · Knn

 ,

where n is the level of the hierarchy. All entries Kαβ are integers as with the
general K-matrices. A simple example is the level two hierarchy state at ν = 2

5

described by K =

(
3 2
2 3

)
.

3.3 The chiral CFT hierarchy wave functions

As an introductory example, we consider the Laughlin state from (2.1) on a planar
geometry. Here the electrons are described by the chiral vertex operator

V (z) = eı
√
qφ(z),

which is a primary �eld with conformal dimension q
2 in a very simple CFT. The

�eld φ is a compact scalar boson with radius
√
q de�ned by the Lagrangian

L =
1

8π
∂µφ∂

µφ. (3.3)

As pointed out by Moore and Read, the electronic wave function is given by a
correlation function of the electron operators

ψLaughlin ∝

〈
Obg

Ne∏
i=1

V (zi)

〉
∝

Ne∏
i<j

(zi − zj)q exp

{
−

Ne∑
i=1

1

4`2B
|zi|2

}
. (3.4)

The angular bracket denotes an expectation value with respect to the action given
by (3.3) and Obg is a background operator necessary for the correlation function

*The reader familiar with the K-matrix might ask why the charge vectors tα appearing in
the more general equation ν =

∑n
α,β=1 tαK

−1
αβ tβ are missing. In this thesis, we till exclusively

work in the basis where tα = 1, and hence we will not mention these charge vectors again.
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not to vanish. This background, that physically is related to the magnetic �eld,
is necessary to obtain the correct Gaussian factor* and is discussed in detail in
Refs. [Rea09, HSB+08, SVH11b]. There it is also explained how to get quasi-
particle excitations by insertion of suitable local, and almost local operators in the
correlation functions[SVH11b].

Following Refs. [SVH11b, SVH11a], we construct a general chiral hierarchy
wave function at level n, by introducing n distinct electron operators

Vα (z) = ∂α−1
z eıqα·φ(z). (3.5)

Here qα are n-dimensional charge vectors� such that

qα · qβ = Kαβ , (3.6)

and constitute a geometric representation of the information contained in the
K-matrix. Because of the de�nition (3.6) of the vectors qα, there is an O (n) -freedom

in choosing them. Take for instance ν = 2
5 with K-matrix K =

(
3 2
2 3

)
, where we

can choose charge lattice vectors as q1 =
(

3√
3
, 0
)
, q2 =

(
2√
3
, 5√

15

)
as depicted in

Figure 3.1. However, we could equally well have chosen q± = 1√
2

(√
5,±1

)
. The

vectors qα span a lattice Γ = {
∑n
α=1 nαqα;nα ∈ Z}, also depicted in the �gure.

The Lagrangian for the CFT is that of n decoupled versions of (3.3), each
with a two-point correlation function 〈φ (z, z̄)φ (w, w̄)〉 = − ln |z − w|2. The wave
function corresponding to the K-matrix is

ΨHierarchy = A exp

{
−

Ne∑
i=1

1

4`2B
|zi|2

}
n∏
α=1

∏
iα<jα∈Iα

∂α−1
ziα
×

×
n∏
α=1

∏
iα<jα∈Iα

(ziα − zjα)
Kαα ×

×
n∏

α<β

∏
iα∈Iα

∏
jβ∈Iβ

(
ziα − zjβ

)Kαβ , (3.7)

where A is an operator that antisymmetrizes the electron coordinates between the
di�erent groups. Within each group the correlation is automatically antisymmetric
because of Vα (z)Vβ (η) = eıπKαβVβ (η)Vα (z). Note the presence of the holomor-
phic derivatives in the operators (3.5). Without them the wave function should
vanish under the antisymmetrization A. Physically the derivatives correspond to
decreasing the angular momentum of the state, and on a sphere this would man-
ifest itself as a shift in the naïve relation between the number of �ux quanta and
the number of particles. This will be discussed further in Section 6.4 and Chapter
8.

For simplicity we will abbreviate the notation by writing

*Note the dependence of the magnetic length in the Gaussian factor.
�Note that this is not the same charge vector as tα, yet we still use the same same.
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ΨHierarchy = A e− 1
4

∑Ne
i=1|zi|

2

×
Ne∏
i=1

∂sizi ×
Ne∏
i<j

(zi − zj)Mij , (3.8)

so that we associate Mij with the Kαβ corresponding to ziα and zjβ
*. In a similar

manner we associate si with the power α− 1 of the derivatives acting on group α.
We will employ this kind of abbreviation in many other equations as well and we
therefore use Greek indices α, β = 1, . . . , n when considering groups and Roman
i, j = 1, . . . , Ne when considering individual electrons.

The number of particles in the di�erent groupsNα, is determined by demanding
that the state is homogeneous, i.e. it has a constant charge density. For this
purpose, we study the area covered by each particle group. A single particle wave
function of the form e−

1
2 |z|

2

zP will have its maximum at distance |z| =
√

2P from
the origin. Thus, the highest power of P in a monomial expansion of (3.8) will give
the area covered by the quantum Hall liquid. In a homogeneous liquid all groups
will cover the same area P = Ns + O (1), up to corrections of order unity. The
highest monomial power for particle zi is Pi =

∑Ne
i 6=jMij−si =

∑Ne
j Mij−Mii−si.

This gives the equation Pi = Ns + O (1) valid for all i, which in terms of the
M -matrix is Ns =

∑Ne
j Mij . Since all Nα particles in group α are identical the

K-matrix equation is Ns =
∑n
β=1KαβNβ with solution Nβ = Ns

∑
αK

−1
βα . The

total number of particles is Ne =
∑
αNα which gives the �lling fraction ν = Ne

Ns
of the �uid as (3.2).

3.4 Quasi-particle braidings and monodromies

Although this thesis focuses on ground state properties, we will brie�y discuss how
to describe quasi-hole excitations in the chiral hierarchy states. For the case of
quasi-electrons, we refer to the original articles[HHV09, SVH11a].

Going back to the Wen-Zee classi�cation, just as the electrons are characterized
by the q-vectors, the quasi-particles are characterized by the l-vectors. These
l-vectors are dual vectors to the electronic q-vectors as

qα · lβ = δαβ .

The quasi-particles have trivial braiding with the electrons and statistical angles
given by

θαβ = K−1
αβ .

The charges of the fundamental quasi-holes are qα = −
∑
αK

−1
αβ . The correspond-

ing CFT operators describing the quasi-holes are given by

Hα (η) = eılα
~φ(η).

The simplest example is the Laughlin case where there is a single hole operator
H(η) = e

ı 1√
qφ(η) with statistical phase θ = 1

q . Inserting a M of these operators in

*The abbreviation can also the thought of as introducing a larger axillary M -matrix of size
Ne ×Ne with one entry for every particle pair zi − zj .
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Figure 3.1: The charge lattice Γ of the ν = 2
5 K-matrix with q1 =

(
3√
3
, 0
)

and q2 =
(

2√
3
, 5√

15

)
. The �gure also displays the dual lattice Γ? =

{
∑n
α=1 nαlα;nα ∈ Z}, generated by the vectors l1 =

(
−1√

3
, 2√

15

)
and l2 =

(
0, 3√

15

)
.

Duality here means that qα · lβ = δαβ . Open circles (◦) denote Γ? and dots (•)
denote Γ. A unit cell of Γ is spanned by qα (blue) and a unit cell of Γ? is spanned
by lβ (red). The quotient group Γ?/Γ is a �nite subset of Γ?, constructed by
equating all points in Γ? related by a vector in Γ. The elements in Γ?/Γ are given
by the points in the (blue) parallelogram. Note that Γ?/Γ has a �nite number of
elements that are all proportional to h0 = l1 + l2 (green).

(3.4) gives the multi-hole wave function

Ψq (η1 . . . ηM ; z1 . . . zN ) =

= e−
∑M
i=1

1
4q |ηi|

2

e−
∑N
i=1

1
4 |zi|

2

×

×
N∏
i<j

(zi − zj)q
N,M∏
i,j

(zi − ηj)
M∏
i<j

(ηi − ηj)
1
q . (3.9)

Note that during the interchange of two quasi-holes at η1 and η2, a phase θ = 1
q

is picked up from the factor (η − η)
1
q . As discussed below this monodromy has,

under certain assumptions, the interpretation of a fractional statistics phase as the
particles are braided. Also note that the wave function vanishes at the positions
of the holes, re�ecting the fractional charge of the excitation.

A simple example: At level 2 are the two hole operators in the ν = 2/5 state

with l1 =
(
−1√

3
, 2√

15

)
and l2 =

(
0, 3√

15

)
. As the inverse K-matrix is K−1 =

1
5

(
3 −2
−2 3

)
the mutual statistics of the two quasi-holes are θ11 = θ22 = 3

5 and

θ12 = − 2
5 . The charges of the two quasi-holes are q1 = q2 = −

(
3
5 −

2
5

)
= − 1

5 . The
quasi-particle charge vectors are illustrated in Figure 3.1.

Note that for Ψq in (3.9) to constitute a proper electronic wave function we
need to add a normalization constant Nη. We use the subscript η to emphasize
that Nη depends parametrically on the positions ηi of the quasi-particles. This
η-dependence of Nη can in�uence the braiding properties of two quasi-holes in the
wave function. There could be an additional Berry phase[Ber84] added to the
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monodromy θ = 1
q as ηi is adiabatically dragged around ηj . In the case where

Nη really is constant � independent of ηi � the extra berry phase would vanish
and the monodromy of adiabatic evolution would equal the true statistics, i.e. the
holonomy.

In his original construction, Laughlin used a plasma analogy to argue that the
quasi-holes had fractional charge[Lau83]. The analogy with the charged plasma
worked by identifying (3.9) with the partition function of a single component
plasma, which was known to be screening. Later, Arovas et. al.[ASW84] extended
Laughlin's argument. They argued that at large separation of the quasi-holes,
there is no η-dependence in the normalization of (3.9). As a consequence they
proved that the charge and statistics of the quasi-holes indeed is fractional[ASW84],
but the notion of a plasma analogy was still crucial. In the Laughlin case, the
plasma analogy can be proven to hold, but for more complicated �lling fractions
it still remains an hypothesis, albeit very useful. Only in a few other cases can
the plasma analogy, or a generalization of it, be proven to hold. However, in all
those cases, the description is only of a single component plasma[Rea09]. For multi-
component wave functions, where the analogous plasma would be much more com-
plicated, there are indications that the plasma would also be screening[BGN11].

3.5 CFT wave functions from full correlators

In arriving at (3.8) we have swept some details under the carpet. Some of these de-
tails will be important when we construct wave functions on torus and we therefore
discuss them in this section.

3.5.1 Conformal blocks

When evaluating correlation functions in CFT one must in general consider the full
correlation function 〈Obg

∏
i Vi (zi, z̄i)〉, instead of only the chiral halves 〈Obg

∏
i Vi (zi)〉

that where considered earlier in this chapter. On the plane the full correlator de-
couples into chiral and anti-chiral correlators as〈

Obg

Ne∏
i

Vi (zi, z̄i)

〉
Plane

=

〈
Obg

Ne∏
i

Vi (zi)

〉
·

〈
Obg

Ne∏
i

V̄i (z̄i)

〉
, (3.10)

but this is not true in general. Instead the general CFT correlation function will
be a sum of products of chiral and non-chiral conformal blocks〈

Obg

Ne∏
i

Vi (zi, z̄i)

〉
=
∑
i

ciΨi ({z}) Ψ̄i ({z̄}) . (3.11)

Here Ψi ({z}) is a chiral conformal block, holomorphic in the coordinates {z} and
Ψ̄i ({z̄}) is an anti-chiral conformal block that depends anti-holomorphically on
the coordinates {z̄}. The number of conformal blocks and the weights ci depends
on the precise type of CFT as well as the genus of the surface the CFT is de�ned
on.
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In the simplest cases of abelian hierarchy states on the plane, then there is
only one conformal block and the CFT decouples into one chiral and one anti-
chiral block as in (3.10). On the torus there is no such decoupling and for the
Hierarchy states at ν = p

q the number of conformal blocks precisely equals q. This
is also the expected ground state degeneracy of the torus.

3.5.2 Derivative operators

In the language of CFT, we di�erentiate between primary operators such as
eıqα·φ(z) and descendant operators such as ∂zeıqα·φ(z). In the hierarchy, these
descendants appear when the quasi-particles condense to form a new �lling frac-
tion. Mathematically this is the fusing of a quasi-particle P (η) and an electron
V1 (z), which in the limit of η → z has �rst order poles at η = z. The resulting,
regularized, operator is given by the most singular piece of the operator product
expansion around z:

lim
η→z
P (η)V1 (z) =

∂zV2 (z)

z − η
+ less singular terms.

For our purposes, this fusing gives rise to extra derivatives that act on the
primary operators. In the composite fermions picture[Jai07], the same derivatives
are remnants of z̄ components as the composite fermions in higher e�ective Landau
level wave functions are projected down to the LLL.

When computing correlation functions of descendant �elds the derivatives can
be extracted to act on the correlation function of the remaining primary oper-
ators. Mathematically this means that we can pull the derivatives to the lefts
as
〈
Obg

∏
i ∂

si
zi e

ıqi·φ(z)
〉

=
∏
i ∂

si
zi

〈
Obg

∏
i e
ıqi·φ(z)

〉
. The remaining correlation

function

ψPrimary =

〈
Obg

∏
i

eıqi·φ(z)

〉
, (3.12)

is now identi�ed as a conformal block of primary �elds. We stress the possibility
to �rst evaluate the primary correlation function, and afterwards act with the
derivatives as this approach will be used also on the torus geometry.

To connect the above discussion with FQH wave functions in the LLL we
schematically have the procedure

ψFQH = A

{∏
i

∂siziψPrimary

}
, (3.13)

to produce electronic wave functions on any geometry. Note that in the preceding
discussion we have been sloppy and have not properly taken the e�ect of the back-

ground operator Obg into account. When doing so, the factor exp
(
− 1

4

∑
i |zi|

2
)

present in ψPrimary will yield terms containing z̄. To account for this the true
action of the derivatives looks like

ψFQH = A

{∏
i

Dsi
ziψPrimary

}
,
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in order to reproduce the result of (3.8). In the above equation Dz = ∂z + 1
4 z̄ is

a covariant derivative as it produces the correct derivative factor when acting on
e−

1
4 |z|

2

, i.e. Dze
− 1

4 |z|
2

f (z) = e−
1
4 |z|

2

∂zf (z).
A major theme in this thesis is to �nd a way to write the planar wave function

(3.13) on a toroidal geometry. In doing so we will �nd that neither ∂z nor Dz

complies with the quasi-periodic boundary conditions of the torus. In Chapter
6 we will therefore construct a torus version of the derivatives. Note that Dz

contains an extra term that is not a derivative, but we will refer to this combination
as a derivative since that is what remains after it has acted on the exponential
factor e−

1
4 |z|

2

. For details about the non-commutativity of Dz and the boundary
conditions, we refer to Appendix B.

3.5.3 An example, the ν = 2
5
state

As a simple concrete example, let us consider the ν = 2
5 wave function. This state

is reached in the hierarchy scheme by condensing quasi-electrons in the ν = 1
3

Laughlin state. The K−matrix is K =

(
3 2
2 3

)
, so there are two groups α = 1, 2.

We will here refer to them as w and z to keep things explicit and to emphasise that
not all electrons are treated equally. The two groups are equal in size and contains

Nz = Nw = 1
2Ne particles. The charge lattice can be chosen as qz =

(
3√
3
, 0
)
,

qw =
(

2√
3
, 5√

13

)
, though numerous other choices exist too*. This particular choice

of charge lattice gives the electron operators

Vw (w) = eı
√

3φ1(w) Vz (z) = ∂ze
ı 2√

3
φ1(z)+ı

√
5
3φ2(z)

.

The derivative in Vz appears though the fusing of quasi-particles in the ν = 1
3

state, described by Vw alone. Because of the asymmetry between z ans w, the
full many-body wave function needs to be anti-symmetrized at the end of the
calculation in accordance with (3.13). When calculating the trial wave functions
in a planar geometry, the correlator can be factorized such that the derivatives are
outside of the correlator. The trial wave functions are then calculated as

ψ 2
5

=
∏
j

Dzj

〈
Obg

Ne
2∏
i=1

Vw (wi) ·

Ne
2∏
j=1

V̂z (zj)

〉
.

Here V̂z (z) is the electron operator without a derivative, such that Vz (z) =
∂zV̂z (z). Evaluating the correlation function and acting on it with Dz gives

Ψs ({z} , {w}) = e−
1
4

∑Ne
2
i=1(|z|i+|w|i+y

2
zi

) ×
×
∏
j

∂zj ·
∏
i<j

(zi − zj)3
∏
i,j

(wi − zj)2
∏
i<j

(wi − wj)3
, (3.14)

*One choice is the more symmetric qz =
(

5√
10
, 1√

2

)
, qw =

(
5√
10
,− 1√

2

)
.
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which is a special case of (3.7). This procedure may seem as overkill since (3.14)
can more easily be inferred directly from K. But it is indeed of importance and
we show the CFT construction already in the planar setting because on the torus
such a construction will be essential. The extra di�culty on the torus comes from
a centre of mass piece that is hard to construct from the K-matrix alone.

3.6 CFT wave functions for the full hierarchy

The CFT construction can also be applied to the full hierarchy, where condensa-
tions of quasi-holes also are present. In this more general setting the eigenvalues
of the K-matrix are not all positive de�nite and the procedure above will produce
non-normalizable wave functions. To handle this, the K-matrix is rewritten as
K = κ− κ̄ and the full correlation function is the computed. From the full corre-
lation function the chiral conformal blocks of κ are kept, as well as the anti-chiral
conformal blocks of κ̄. Due of the presence of the anti-holomorphic components
the resulting wave function will not reside in the LLL and thus needs to be pro-
jected to the LLL. The various methods for projecting will not be the topic of this
thesis and we will not discuss it further here.



Chapter 4

Mathematical Details

for the Torus

The properties of the torus will be essential for our analysis in the coming chapters
and we therefore discuss background mathematical details in this chapter. We will
de�ne the magnetic algebra needed in the presence of a magnetic �eld and discuss
the single particle wave functions that diagonalize the Landau Hamiltonian.

4.1 The torus itself

What exactly is a torus? In simple words, a torus means a surface with periodic
boundary conditions in two directions. We can think of the torus as a doughnut,
such as the one depicted in the right panel of Figure 4.1. Yet, we should remember
that our mathematical torus is not only globally, but also locally, �at.

Mathematically the torus is characterized by two lattice vectors L1 = Lxx̂ and
L2 = L∆x̂ + Lyŷ, . This geometry is depicted in the left panel of Figure 4.1. We
should think of Lx and Ly as the width and height of the torus respectively, and L∆

as the skewed distance of the torus. The lattice {Rnm = L1n+ L2m;n,m ∈ Z}
that is generated by L1 and L2 should be though of as a lattice of identi�ed points.
This imposes the constraint on any torus wave function ψ, that |ψ (r + Rnm)| =
|ψ (r)|. In the equation we only specify the magnitude of the wave functions
because the phases at di�erent Rnm will not all be the same, and are related by
gauge transformations.

With the identi�cation above, we can reduce all statements regarding the torus
to the fundamental domain spanned by L1 and L2. We de�ne a dimensionless
complex parameter τ = τ1 + ıτ2 that encodes the shape of the torus as

τ =
1

Lx
(L∆ + ıLy) , (4.1)

where τ1 = L∆

Lx
and τ2 =

Ly
Lx

. Since we assume that Lx and Ly are positive lengths,
it puts τ in the upper half of the complex plane. We will later, in Section 6.2 �nd
that several values of τ actually describe the same physical torus.

23
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a) b)

Figure 4.1: a) The toroidal geometry: Width Lx, height Ly, skewness L∆. All
points on the lattice r = nL1 + mL2 = (nLx +mL∆) x̂ + mLyŷ are identi�ed.
b) Changing the boundary conditions is equivalent to inserting �uxes through the
two cycles of the torus. As �uxes nx and ny are inserted, the positions of all the
states are transported along the principal directions of the torus. Changing the
boundary conditions by 2π is equivalent to adding one unit of �ux.

The Landau Hamiltonian will be introduced in the next section and we will
�nd that in order to ensure single-valued wave functions, the area of the torus has
to be

LxLy = 2πNs`
2
B .

Here Ns is an integer equal to the number of �ux quanta that pierce the torus.
We can thus express Lx, Ly and L∆ in terms of the two parameters τ and Ns.

As the torus is a �at two-dimensional surface, we can use complex numbers
z as coordinates. We will consider two di�erent parametrizations of the complex
number z. The �rst is the physical Cartesian parametrisation

z = x̃+ ıỹ,

where 0 ≤ x̃ ≤ Lx and 0 ≤ ỹ ≤ Ly. We put a ∼ on x and y to distinguish them
from the other set of parameters (τ - coordinates)

z = Lx (x+ τy) , (4.2)

where 0 ≤ x, y ≤ 1 are de�ned on a unit square. This parametrization is convenient
since the range of x and y are independent of the number of �uxes Ns as well as
of the geometry τ , in contrast to x̃ and ỹ. We will thus mostly be working the
τ -coordinates rather than the physical coordinates. In Appendix B we list the
basic relations between the di�erent coordinate systems.

4.2 The Landau Hamiltonian and

eigenstates in the lowest Landau level

The Hamiltonian of a free particle moving in two dimensions without any con�ning
potential is H = 1

2mp
2
x̃ + 1

2mp
2
ỹ. To arrive at the Landau Hamiltonian, which
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describes a particle moving in a magnetic �eld, we employ minimal substitution
pj → pj − eAj (x̃, ỹ) to add a vector potential to the problem. As this should
describe a constant magnetic �eld perpendicular to the x̃ỹ-plane, it should ful�l
∂x̃Aỹ − ∂ỹAx̃ = B. For later simplicity, we choose a vector potential that is

~A =
ỹB

τ2
(τ2,−τ1) .

This rather odd-looking choice we will refer too as the τ -gauge, as ~A is perpendic-
ular to ~τ = (τ1, τ2), which describes the torus geometry through (4.1). We choose
this gauge since it is the natural vector potential in the coordinates x and y. The
Landau Hamiltonian in the physical coordinates then becomes

H =
1

2m
(px̃ − eBỹ)

2
+

1

2m

(
pỹ + eB

τ1
τ2
ỹ

)2

. (4.3)

Note that τ1 = 0 corresponds to using the more ordinary Landau gauge ~A =
B (ỹ, 0).

To diagonalize the Hamiltonian above, we note that it is quadratic form in the
operators pỹ, px̃, ỹ and x̃. We can therefore introduce a set of ladder operators
a and a† just as is typically done for the harmonic oscillator[Lan30]. The precise
choice of a and a† depends on the vector potential ~A and is

a =
√

2
(
∂z̄ +

τ

2
Lxy

)
=

1√
2

(
∂x̃ − ı∂ỹ +

τ

τ2
ỹ

)
a† = −

√
2
(
∂z −

τ̄

2
Lxy

)
= − 1√

2

(
∂x̃ + ı∂ỹ −

τ̄

τ2
ỹ

)
for the τ -gauge. By introducing these two ladder operators above, the Hamil-

tonian is rewritten as

H = ~ω
(
a†a+

1

2

)
,

with
[
a†, a

]
= 1. Hence, all we know about the harmonic oscillator immediately

applies to the Landau problem. We have energy eigenstates with energy En =
~ω
(
n+ 1

2

)
, where the cyclotron frequency is ωc = eB

mc . However, since the Landau
Hamiltonian is two-dimensional as compared to the one-dimensional harmonic
oscillator, there exists an auxiliary set of operators tm,n which commute with a
and a†. We will look more closely at tmn in the next section, but for now merely
state that they give rise to a degeneracy at each energy level. An energy level
is called a Landau level (LL), and the degeneracy is the same as the number of
magnetic �uxes Ns.

By studying the destruction operator a, it is possible to show that all wave
functions in the lowest Landau level (LLL) � where n = 0 � will have the structure

ψLLL = eıπτNsy
2

f (z) . (4.4)

Here f (z) is a purely holomorphic function subject to the boundary conditions of
the torus.
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a) b)

Figure 4.2: Density pro�les for lowest Landau level eigenstates of the t1and t2
translation operators. a) The t1 eigenstates are Gaussian in the y-direction
whereas b) the t2 eigenstates are Gaussian in the x-direction.

As will be explained in detail in Section 4.3, there are two translation operators
t1 and t2 that generate all the other operators. The �rst, t1, moves a coordinate
one Ns:th step in the L1 direction whereas t2 moves similarly in the L2-direction.
We can choose to express the LLL wave functions as eigenfunctions of t1, and
arrive at the wave functions

ηs (z) =
1√
Lx
√
π

∑
t

e−ı2π(s+Nst)xeıπτNs(y−t−
s
Ns

)
2

=
eıπτNsy

2√
Lx
√
π
ϑ

[
− s
Ns
0

](
Ns
Lx

z

∣∣∣∣Nsτ) . (4.5)

In equation (4.5), the generalized quasi-periodic Jacobi ϑ-function is intro-
duced, as it has the correct quasi-periodicity for the torus. The de�nition of ϑ is
found in equation (A.1) in the Appendix, which contains a collection of useful for-
mulae related to the Jacobi ϑ-functions. We have chosen the de�nition of ηs such
that the support of the wave function is centred over the coordinate y = s

Ns
. This

can be seen in Figure 4.2. As ηs is an eigenfunction of t1, it forms a (discretized)
standing wave in the x-direction with eigenvalues tn1ηs = e−ı2π

ns
Ns ηs. With t2 we

cycle through the basis as tn2ηs = ηs−n. From equations (4.5) and (A.3), it is easy
to see that there are Ns linearly independent basis states, as ηs+Ns = ηs.

The basis ηs consists of eigenfunctions of t1, but it is also possible to instead
construct eigenfunctions of t2. Since we know that the phase that accompanies
commutation of tm1 and tn2 is eı2π

mn
Ns , the eigenfunctions of t2 can formally be writ-

ten as ϕl (z) = 1√
Ns

∑
s e
−ı2π ls

Ns ηs (z). Using the transformation property (A.10)
of the ϑ-function under Fourier sums, the eigenfunctions of t2 can immediately be
expressed as

ϕl (z) =
eıπτNsy

2√
NsLx

√
π
ϑ

[
0
l
Ns

](
1

Lx
z

∣∣∣∣ τNs
)
. (4.6)
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A graph of the ϕl states are shown in Figure 4.2. A more physical approach to
constructing ϕl can be taken by noticing that all the physics should be invariant
under the identi�cation L1 → L2 and L2 → −L1. This is equivalent to a rotation
of the coordinate system. Seen from this point of view, ϕl can be obtained from ηs
with the use of (A.9) and without the need to explicitly utilize the Fourier sum-
mation. This is done by performing the modular transformation τ → − 1

τ , while

letting z → |τ |
τ z, and applying the appropriate gauge transformation connected

with the rotation described above.

4.3 Magnetic translation operators

When constructing the operators a and a† to diagonalize the Hamiltonian (4.3), we
mentioned that there exists a set of operators tm,n that act within each degenerate
LL. In this section we describe these translation operators.

We seek a set of operators that commute with H, i.e. commutes with a and
a†. These operators are called guiding centre coordinates Rx, Ry and are given by

Rx = −ı ∂y
2πNs

+ x

Ry = ı
∂x

2πNs
.

We call these �guiding centre coordinates� as Rx and Ry give the position expec-
tation value of a wave function. To illustrate this, we look at the t1 and t2 basis
functions (4.5) and (4.6) again. This time we approximate the torus by the in�nite
plane and only keep the leading terms, giving

ηs (z) ≈ NηeıπτNs(y−
s
Ns

)
2

e−ı2πsx

ϕl (z) ≈ Nϕe−ıπ
Ns
τ (x+ l

Ns
)
2

e−ı2πNsy(x+ l
Ns

)

where we used (A.8) to obtain the expression for ϕl (z). Note that ηs contains
y− s

Ns
and ϕl contains x+ l

Ns
which means that ηs is centred around y = s

Ns
and

ϕl is centred around x = − l
Ns

. We can also extract this informations using Rx
and Ry since Ryηs (z) ≈ s

Ns
ηs (z) and Rxϕl (z) ≈ − l

Ns
ϕl (z). Thus, on the in�nite

plane ηs is an eigenstate of Rx and ϕl is an eigenstate of Ry. The guiding centre
coordinate expectation values are

〈ηs |Ry| ηs〉 ≈
s

Ns

〈ϕl |Rx|ϕl〉 ≈ − l

Ns
,

where the approximate-sign can be made into an equal-sign if the integration region
is chosen wisely*. Note that [Ry, Rx] = ı

2πNs
, which re�ects that position in x and

y can not simultaneously be de�ned with arbitrary precision within a LL. This is

*The appropriate integration bounds for ηs are − 1
2
< y − s

Ns
< 1

2
and for ϕl they are
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nothing more than a real space version of the Heisenberg uncertainty principle,
but this time it is x and y that are non-commuting within a LL instead of x and
px.

From Rx and Ry, we may de�ne a magnetic translation operator as t(l) =
exp [ı2πNs (lyRx − lxRy)] that commutes withH and moves (x, y)→ (x+ lx, y + ly)
while also performing an appropriate gauge transformation. For the Hamiltonian
without a magnetic �eld HB=0 = p2

2m , the translation operator in the real space co-
ordinates (x̃, ỹ) is the ordinary tB=0 (r) = er·∇, that has the e�ect tB=0 (r)ψ (x) =
ψ (x + r). In a magnetic �eld [H, tB=0] 6= 0, and the operator t(r) that translates
a wave function in some direction r is more complicated

t(r) = exp

[
r · ∇+ ı

ry
`2B

(
x̃− τ1

τ2
ỹ

)]
= exp

[
r · ∇+ ı

ry
`2B
Lxx

]
,

where for clarity the magnetic length ` has been restored.
The �rst part of t(r) is the same as for the free Hamiltonian. The second

part of t(r) encodes the gauge transformation that is needed for t(r) to commute
with H. When convenient, the complex notation t(rx + ıry) ≡ t(rxx̂ + ryŷ) will
be used, and the magnetic length `B will be set to `B = 1. For translations in the
x̃ and ỹ directions, we may evaluate the e�ect of the translation operator as

t(rxx̂) f (x̃, ỹ) = f (x̃+ rx, ỹ)

t(ryŷ) f (x̃, ỹ) = f (x̃, ỹ + ry) exp

[
ıry

(
x̃− τ1

τ2
ỹ

)]
exp

[
−ı1

2
r2
y

τ1
τ2

]
.

Just as x̃ and px̃ do not commute for a particle in the absence of a magnetic �eld,
neither do magnetic translations in di�erent directions commute. We rather have
a magnetic algebra

t(γ) t(δ) = t(δ) t(γ) e
ı
2=(γδ̄), (4.7)

such that when translating around a closed loop, we pick up a phase equal to the
area enclosed by the loop, in units of `2B . Since the torus has a closed surface,
and there should be no ambiguity in the phase depending on which side of the
loop we choose as the interior, there is a constraint on the area of the torus to be
Atorus = LxLy = 2πNs`

2
B .

The periodic boundary conditions are implemented as

t(Lx)ψ (z) = eıφ1ψ (z)

t(τLx)ψ (z) = eıφ2ψ (z) , (4.8)

where ψ (z) is a wave function and the phase angles φi have the physical inter-
pretation of �uxes threading the two cycles of the torus. This is illustrated in
Figure 4.1b. The physical e�ects of changing φj is that all states on the torus will

− 1
2
< x + l

Ns
< 1

2
. The integration region should thus be chosen to be symmetric around

the naïve guiding centre expectation value. The fact that the expectation value depends on the
precise integration domain over the torus is a refection of the fact that Rx and Ry do not respect
the periodic boundary conditions of the torus, a common theme in this thesis. The e�ect of
changing the integration region was discussed in Paper II.
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shift their positions a distance (x, y) →
(
x+ φ2

2πNs
, y + φ1

2πNs

)
. Even though φj

and φj + 2π represents the same boundary conditions, there is a �ow of the single
particle orbitals as ηs → ηs+1 under the change φ2 → φ2 + 2π. In the case of
φ1 → φ1 + 2π, the corresponding statement is true for ϕl → ϕl+1.

As a direct consequence of the imposed boundary conditions on the torus, not
all translation operators t(r) preserves these boundary conditions. If we wish to
stay within a sector de�ned by speci�c of boundary conditions, then by necessity
[t(r) , t(Lx)] = [t(r) , t(τLx)] = 0 and only a subset of t(r) satisfy this condition.
These translation vectors fall on the lattice Γ = Lx

Ns
(n+ τm), for integers n and

m, and provide one reason why the τ -coordinates in (4.2) are useful. In terms of
these, the sub-lattice of translations that preserve the boundary conditions (4.8)
are parametrized simply as (x, y) = 1

Ns
(m,n) . The operators that map out this

lattice are
tm,n = e

1
Ns

(∂xm+∂yn+ı2πNsnx), (4.9)

which translate in the two main directions on the sub-lattice. For future reference,
we also introduce the shorthand notation

t1 ≡ t1,0

t2 ≡ t0,1

for the elementary translation operators. These operators have ηs and ϕl from
equations (4.5) and (4.6) as their eigenstates. These �nite translation operators
form a simple commutator algebra

tm,ntm′,n′ = tm′,n′tm,ne
ı2π 1

Ns
(mn′−m′n′), (4.10)

which form a subset of (4.7). From this, it is clear that tNs1 and tNs2 which corre-
spond to translations along the full cycles of the torus, commutes with any tm,n.

As we will later use translation operators that operate on all particles, we
introduce the many-body translation operators

Tm,n =

Ne∏
i=1

t(i)m,n, (4.11)

which acts on all particles with coordinates zi. On a torus where the �lling fraction
ν = Ne

Ns
is ν = p

q with p and q relatively prime, the commutation relations (4.10)
translate into

Tm,nTm′,n′ = Tm′,n′Tm,ne
ı2π pq (mn′−m′n′),

showing that the degeneracy of the many-body state on the torus is a multiple
of q[Hal85]. This is because Tm,n will commute with not only the single particle
Hamiltonian but any translationally invariant interaction, and can therefore be
used to label the di�erent many-body states. We de�ne the two minimal many-
body operators as

T1 = T1,0

T2 = T0,1,
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and note that [T1, T
q
2 ] = [T q1 , T2] = 0. In Chapter 5 we till construct wave func-

tions that are eigenfunctions of T1 and we will see that T2 transforms these wave
functions into each other.



Chapter 5

The CFT Approach to

QH-states on the Torus

In this chapter and the next, we will construct the torus version of the hierarchy
states. This �rst chapter deals with �nding the primary wave function ψPrimary.
The next chapter explains how to handle the derivatives ∂z that appear in (3.8).

Let us repeat the strategy to compute ψPrimary using the CFT machinery.
We �rst de�ne the vertex operators Vα that carry the information contained in
K-matrix. We also de�ne a background operator OBg with the opposite total
charge as all the Vα:s. The correlation function 〈OBg

∏
i Vi (zi, z̄i)〉 containing the

vertex operators and the background operators is then evaluated. From the corre-
lator we extract the chiral functions ΨF. These function are the building blocks of
the chiral primary blocks Ψh,t. The Ψh,t are constructed as linear combinations
of ΨF that satisfy all the single particle boundary conditions. As a �nal step we
identify Ψh,t with the primary electronic wave function ψPrimary.

5.1 Primary correlation functions on the torus

We are now in a position to construct primary quantum Hall wave functions on the
torus. These will be constructed from the sums of products of conformal blocks
that make up the correlation function of primary �elds. On the torus, the factor-
ization into holomorphic and anti-holomorphic primary �elds, with corresponding
factorization of the correlation functions can however not be accomplished because
the zero-modes in φ (z, z̄). These zero-modes may wind around the torus handles
and hence couples the holomorphic and anti-holomorphic pieces together. We will
therefore be considering the full primary �eld

Vα (z, z̄) = eıqα·φ(z,z̄) (5.1)

instead of the chiral (3.5) that we used on the plane.
On the torus, we use the τ -gauge where the LLL wave functions can be written

as

ψLLL = exp

{
ıπτNs

Ne∑
i=1

y2
i

}
· f ({zi}) .

31
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Note that the Gaussian pre-factor di�ers from the one on the plane. Also, we
now have a ground state degeneracy that can be divided by the denominator q,
of the �lling fraction ν = p

q [Hal85]. For the simplest abelian FQH states such as

ν = 1
3 ,

2
5 ,

3
7 , . . ., the degeneracy exactly equals q. On the torus the CFT approach

will be essential to regain proper wave function properties, such as the ground
state degeneracy. The ground state degeneracy makes the analysis of the CFT
construction outlined in Chapter 3 more involved but the basic set-up is still the
same. There are vertex operators given by (5.1) that together with a suitable
neutralizing background make up the correlator. As the geometry is di�erent
from the plane, the correlation function for the boson is however di�erent and is
given by

〈φ (z, z̄)φ (0, 0)〉 = − ln

∣∣∣∣∣∣
Lxϑ1

(
z
Lx

∣∣∣τ)
ϑ′1(0|τ)

eıπτy
2

∣∣∣∣∣∣
2

. (5.2)

This two-point correlator takes into account the periodicity of the torus. The
extra factors of Lx

ϑ′1(0|τ) are chosen such that in the limit of z → 0, the two-point

function reduces to the planar one 〈φ (z)φ (0)〉 = − ln |z|2*. Details can be found
in Appendix A of Paper III.

Just as on the plane, a background operator is needed on the torus to make
the correlator charge neutral. The natural choice for such an operator is a as
homogeneous background. We use the same operator as in Ref. [HSB+08]

OBg = e
ı

2πNs

´
d2zQ·~φ(z,z̄),

which can be thought of as a charge homogeneously smeared out over the torus.
All in all this gives the correlator〈

OBg

∏
α

∏
iα∈Iα Vα (ziα , z̄iα)

〉
∝

e−2πτ2Ns
∑Ne
i=1 y

2
i
∏
i<j

∣∣∣ϑ1

(
zi−zj
Lx

∣∣∣τ)∣∣∣2Mij∑
F,F̄ FF (Z, τ) F̄F̄

(
Z̄, τ̄

)
(5.3)

where Z =
∑Ne
i qizi =

∑
α qαZα is a centre of mass coordinates (CoM). In

the de�nition of Z we have also introduced the centre of mass coordinates Zα =∑
iα∈Iα zα for group α.
Before we further investigate the di�erent pieces of the correlator, two remarks

are in order. First, the correlator (5.3) is not really in the form given by (3.11), as
the sums over F and F̄ are in�nite sums. Only when we impose periodic boundary
conditions will we extract the conformal blocks, and they will be our quantum Hall
wave functions.

Second, the CoM coordinate Z =
∑
α qαZα is not CoM coordinate in the

sense of being the equal sum of all the coordinates
∑Ne
i=1 zi. This can be seen by

multiplying with an arbitrary element of Γ, q =
∑
αmαqα ∈ Γ, to get q · Z =∑

α,βmαKαβZβ such that clearly the di�erent groups come with di�erent weights.
In spite of this, we will still refer to Z as a CoM coordinate.

Let us now examine the di�erent pieces of (5.3) one by one. The Gaussian is
the square of the gauge factor needed in the LLL, but since we will be using the

*In a Taylor expansion around z = 0 then ϑ1(z|τ) = zϑ′1(0|τ) +O
(
z2
)
since ϑ1(0|τ) = 0.
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τ -gauge on the torus, it is not the factor from (3.4) but rather the one from (4.4).
If the background operator would not have been present, the Gaussian piece would
also be lacking.*

Next is the square of the Jastrow factor

|ψJastrow|2 =
∏
i<j

∣∣∣∣ϑ1

(
zi − zj
Lx

∣∣∣∣τ)∣∣∣∣2Mij

,

which is a periodic version of the planar Jastrow factor present in (3.8). Just as
for the two-point function (5.2) the Jastrow factor reduces to the planar one when
zi → zj .

The last piece,
∑

F,F̄ FF (Z, τ) F̄F̄

(
Z̄, τ̄

)
, is the new object that appears on the

torus as compared to plane. This is a centre of mass piece as it takes as argument
the CoM coordinate Z of all the particles. It is the CoM function that is di�cult
to construct without the CFT formalism, and it is

FF (Z, τ) = eıπτF
2

e2πıF· Z
Lx .

The sum over F and F̄ is really a sum over the integer vectors e andm such that
F = e

R + mR
2 and F̄ = e

R−
mR

2 , where the vector multiplication and vector division
is to be performed 0e10lement by element. Note that

∑
F,F̄ FF (Z, τ) F̄F̄

(
Z̄, τ̄

)
is

real since the correlation function has to be real.

5.2 Primary electronic wave functions

In order to arrive at a physical wave-function from (5.3), the correlator has to be
split in a sum of chiral and anti-chiral parts. We do this using the structure of the
LLL in (4.4) and get the sum〈

OBg

∏
α

∏
iα∈Iα

Vα (ziα , z̄iα)

〉
∝
∑
F,F̄

ΨF ({z} , τ) ΨF̄ ({z̄} , τ) .

The chiral half we will be working with is given by

ΨF ({z} , τ) = N (τ) eıπτNs
∑Ne
i=1 y

2
i

∏
i<j

ϑ1

(
zi − zj
L

∣∣∣∣τ)Mij

FF (Z, τ) , (5.4)

where we can identify the Gaussian pre-factor, the Jastrow factor, and a CoM
piece. Just as with the planar CFT construction, the absolute normalisation is
not known, but the CFT construction provides us with a candidate for the nor-
malization. Later, in Chapter 8, we will use the knowledge of this normalization
to compute the viscosity of the quantum Hall state that we have constructed.

The chiral half in (5.4) do not form a proper basis for single particle wave
functions since they are not eigenfunctions of the translation operators tNs1 and tNs2 .
Thus the physical wave functions are linear combinations of the chiral conformal

*Actually the whole correlation function would vanish identically since the neutrality condi-
tion

∑
i qi = 0 would not be ful�lled.
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blocks in such a way that proper boundary conditions are met. The boundary
conditions are determined by two n-dimensional vector quantities h and t, such
that the physical wave function Ψh,t ({z} , τ) is given by

Ψh,t ({z} , τ) =
∑
q∈Γ

eı2πt·qΨh+q ({z} , τ) .

Depending on the choice of h and t, the many-body wave function Ψh,t ({z} , τ)
can be made to exhibit not only arbitrary boundary conditions but also to be in
di�erent momentum sectors for a given set of boundary conditions. The physical
wave functions are

Ψh,t ({z} , τ) = N (τ) eıπτNs
∑Ne
i=1 y

2
i

∏
i<j

ϑ1

(
zi − zj
Lx

∣∣∣∣τ)Mij

Fh,t (Z, τ) , (5.5)

where the CoM function with proper boundary properties is

Fh,t (Z, τ) =
∑
q∈Γ

eıπτ(q+h)2

eı2π(q+h)·(Z+t). (5.6)

With no other guidance that proper electronic boundary conditions it might
seem that deducing the correct form for the centrer of mass pieces should be
di�cult. Indeed only the simplest case, which gave rise to the Laughlin wave
function, was constructed the intuitive way[Hal85]. This simplest example of a
wave function on the torus only has one component, so n = 1 and the charge
lattice is one-dimensional; qα =

√
q . The charges all lie on the line q ∈ √q · Z,

giving the Laughlin wave function

Ψh,t ({z} , τ) = N (τ) eıπτNs
∑Ne
i=1 y

2
i

∏
i<j

ϑ1

(
zi − zj
Lx

∣∣∣∣τ)q ϑ[ h
qt

]
(qZ|qτ) , (5.7)

where we have parametrised h =
√
qh and t =

√
qt. Periodic boundary condi-

tions are obtained for t = h = Ne−1
2 + 1

qZ.
The �rst wave functions for the chiral hierarchy were constructed using an

explicit hierarchical CFT construction computed by Hermanns et. al. in Ref.
[HSB+08] but with a di�erent form for the CoM functions Fh,t. By studying the
structure of the charge lattice Γ for the chiral hierarchies, it can be shown that
the two formulations in Ref. [HSB+08] and Ref. [FHS14] are equivalent.

Note that in a physical LL wave function, all electrons should be indistinguish-
able. However, for the constructed electronic wave functions in (5.5) with n > 1,
this is not true. The very CFT construction builds in the notion of partitioning
the di�erent particles into groups that have certain braiding properties. Thus an
anti-symmetrization will be necessary in order to obtain a wave function with in-
distinguishable particles. Unfortunately, under this anti-symmetrization the wave
function (5.5) will vanish identically. The solution in the CFT construction, on
the plane, is to apply the derivatives before the anti-symmetrization takes place.
The only problem is that on the torus, these derivatives are not well de�ned. We
will show how to solve this problem in next chapter.
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As a �nal remark it should be noted that the primary electronic wave functions
in (5.5) are perfectly valid wave functions if we drop the requirement of indistin-

guishably of the electrons. For instance, with e.g. K =

(
3 1
1 3

)
then (5.5) is a

torus version of a bilayer state; the Halperin 331-state[Hal83b] where electrons in
the two layers (or with di�erent spin) can be distinguished from each other.
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Chapter 6

Derivatives Generalized

to the Torus

In this chapter we will address the question of how to construct the torus coun-
terpart of holomorphic derivatives. Regardless of which state in the hierarchy we
wish to construct, the method is the same, i.e. we construct the trial wave function
(5.5) from the conformal blocks building up the correlation functions of electron
vertex operators. For the Laughlin state (5.7), this is su�cient. However, for the
rest of the hierarchy there is additional complexity needed. The main di�erence
from the Laughlin state is that not all electrons are equivalent. This means: 1)
there usually exists more than one type of electron operator Vα; 2) there are exter-
nal derivatives ∂z acting on the correlator; and 3) the whole wave functions needs
to be anti-symmetrized explicitly, since all electrons are not treated on an equal
footing. Taking all of the above considerations into account, the Hierarchy wave
functions on the plane may be written as

ψHierarchy ∝ A

{∏
i

∂siziψPrimary

}
, (6.1)

where ψPrimary is extracted by evaluating the correlation function of primary �elds
(3.12). In this equation, A denotes anti-symmetrization over electrons, and si
records how many derivatives that act on particle i. The derivatives arise since
some of the electron operators V (α) (z) are describing the hierarchical fusing of
quasi-particles and electrons. This manifests itself through the appearance of
derivatives in the vertex operators Vα (z) = ∂sαz V̂α (z).

Before delving too deeply into the business of derivatives, let us ask what
would happen if we just ignored them altogether. The answer is, that the anti-
symmetrized wave functions would vanish identically. For the hierarchy states, this
can be understood in the framework of composite fermions, where the removal of
derivatives amounts to placing more electrons in the LLL than there are single
particle orbitals. Thus, some analogue of derivatives must exist to prevent the
anti-symmetrization from killing the trial wave function.

Physically, the derivatives also change the orbital angular momentum of the
primary wave function. This change in momentum occurs as a consequence of the

37
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derivatives lowering the maximum monomial power of the holomorphic polynomial
in (3.8). This change of angular momentum has measurable consequences that we
will explore in Chapter 8. Further, it will also yield a physical constraint when
the derivatives are generalized to the torus.

Thus, on the torus as well as on the plan we run into problems after constructing
the primary wave function in (5.5) if we naively just anti-symmetrize. Hence,
external derivatives are needed. It turns out that the derivatives do not respect
the periodic boundary conditions imposed for the single particle states by t(Lx)
and t(τLx) since [∂z, t(τLx)] 6= 0.

6.1 How not to implement derivatives

An appealing alternative to handle the derivatives, would be to project them on
the LLL. This would yield an operator D that has all the right properties, and
equation (6.1) could be implemented with the modi�cation ∂z → D. Doing this for
one particle � as was investigated in Paper II � we �nd the projected derivative
to be

PLLL∂zψ (z) =

Ns∑
l=1

alt
l
1ψ (z) , (6.2)

if ψ (z) is a LLL wave function[Fre13a]. We can thus express the projected deriva-
tive ∂z as an operator

D ≡ PLLL∂zPLLL =
∑
l

alt
l
1. (6.3)

Since derivatives on di�erent particles commute, the projection of a product of
derivatives on di�erent particles would be

PLLL

∏
i

∂ziPLLL =
∏
i

Di.

The problem with the coe�cients al in (6.2) is that they depend on how the
torus is parametrized. That is to say, when integrating over the torus we have

to choose where to start and stop the integration
´ 1

2 +δ

− 1
2 +δ

dy, where the parameter

δ controls the integration region used. The fact that al has dependence on δ
shows that something is pathological in (6.3), as the result should not depend on
a non-physical parametrization of the projection. For the moment, setting aside
this caveat about the proper choice of δ*, it is easy to believe that we at least
have obtained a method that translates derivatives ∂z to a well de�ned operator

*In writing this we should admit that we are oversimplifying when we use the word �deriva-
tives�, since the operator that we really mean on the plane is DS = ∂z + 1

4
z̄, in symmet-

ric gauge. The corresponding operator on the torus in τ -gauge is Dτ = ∂z − Lx
2
x, see Ap-

pendix C. In Paper II only ∂z was considered and not the full Dτ which lead to a pro-
jection on the form PLLL∂z =

∑
l alt

l
1. A more thorough analysis using Dτ would yield

PLLLDτPLLL =
∑
m,n am,ntm,n and thus restoring the symmetry between the x and y di-

rections. Unfortunately the problem with δ would still remain.
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D =
∑Ns
l=1 alt

l
1 on the torus. Applying the recipe ∂z → D on (6.1) would then give

us the many-body wave function

ψPhysical = A
∏
α

∏
iα

Dsαiα ψPrimary

= A
∏
α

∏
iα

(
Ns∑
l=1

alt
l
1,ziα

)sα
ψPrimary.

Formally we have managed to obtain a LLL wave function, but, it is still patho-
logical. The problem is the many-body operator Dα =

∏
jα
Djα itself. It is

straightforward to verify that Dα only in general commutes with TNs2 , rather than
T q2 . This non-commutativity is disastrous since it means that Dα changes the
quantum numbers of ψPhysical and takes it out of the desired q-fold subspace of
trial wave functions. Thus, we can not use equation (6.2), even if we can �nd
a proper choice of δ. From this example, we conclude that it is not su�cient to
have operators that preserve the boundary conditions. They must also preserve
the q-fold set of trial wave functions that we expect.

Let us introduce yet another operator

T (α)
m,n =

∏
iα∈Iα

t(iα)
m,n,

which is the translation operator that moves all the electrons that are in group
α a distance ziα → ziα + Lx

Ns
(m+ τn). From the de�nition (4.11) of Tm,n we see

that Tm,n =
∏
α T

(α)
m,n. This new operator is needed because the only parts of Dα

that will commute with T q2 are precisely the parts that can be written as T (α)
k,0 , for

some integer k. These are the terms that were used in Ref. [HSB+08] which �rst
addressed this problem.

A related problem is connected with the description of hole-condensates, brie�y
mentioned in Section 2.3, where terms that include powers of z̄ are generated.
These anti-holomorphic terms cause the wave function to occupy higher Landau
levels, such that it has to be projected down to the lowest LL. In the symmetric
gauge, this is readily done by the substitution z̄ → ∂z. On the torus, the pre-
scription z̄ → ∂z will not work, and it is not clear what should replace it. In the
summary in Chapter 9 we will comment on a possible solution based on the use
of coherent states as a way to project the wave functions to the LLL. This is done
by interpreting the primary wave functions as coe�cients for coherent state wave
functions[SVH11b, SVH11a].

6.2 Modular transformations of the torus

To set the stage for later sections, we here make a minor technical digression
to focus on the modular transformations of the torus. The torus geometry de-
�ned in Chapter 4 is parametrized by τ . However, there are several τ that
describe the same geometry as τ only states which lattice points are identi�ed.
For instance, if the points z, z + Lx and z + τLx are identi�ed, then so are the
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a) b)

Figure 6.1: a) The geometric interpretation of a T -transform, τ → τ + 1. Both
Lx and Ly are unchanged but the torus is tilted such that L∆ → L∆ + Lx.
b) The geometric interpretation of an S-transform, τ → − 1

τ . The torus is e�ec-
tively rotated such that Lx → |τ |Lx, Ly → 1

|τ |Ly and L∆ → − 1
|τ |L∆.

points z + Lx (m+ τn), where n,m ∈ Z. We see that there is redundancy in the
parametrization of the lattice Lx (m+ τn), as we can for instance let m→ m− n
and τ → τ + 1, which explicitly will leave this lattice invariant. The change in τ
that we make is called a T -transform. Its e�ect upon the torus is to skew it by
one lattice constant. This can be seen in Figure 6.1a.

Note that if we rotate the entire torus such that τLx points along the real axis,
we will have a physically equivalent torus but with a di�erent parametrization.
This second operation we perform is more complicated since it involves a rotation.
It is done as follows: The two principal directions for the torus are L1 = Lx and
L2 = τLx, but now they are considered to have switched places. Thus we let L1 →
L2 and L2 → −L1, where the minus sign is present to preserve the orientation of
the surface L1 ×L2. This causes τ = L2

L1
to change as τ → −L1

L2
= −Lx

τLx
= − 1

τ . We
call this transformation an S-transformation and its e�ect on the torus is seen in
Figure 6.1b. In terms of the lattices of identi�ed points, by letting τ → − 1

τ and
simultaneously renaming m→ n and n→ −m, we obtain

Lx (m+ τn)→ |τ |
τ
Lx (m+ τn) ,

which has exactly that same shape as the original lattice, only rotated by |τ |τ . The
absolute value in the equation above arise because of the �xed area of the torus
τ2L

2
x = 2πNs, which forces Lx → |τ |Lx.
To summarize, we have two transformations

T : τ → τ + 1

S : τ → −1

τ
, (6.4)

which generate all equivalent parametrisations of a torus in terms of τ . This
partitions the upper complex half plane into an in�nite set of regions, some of
which are depicted in Figure 6.2. The fundamental region can be taken to be
− 1

2 < < (τ) < 1
2 and |τ | > 1, where all values of τ corresponds to a unique

geometry realization.
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Figure 6.2: The modular space generated by S and T from the fundamental
domain at − 1

2 < < (τ) < 1
2 and |τ | > 1, here depicted in the white upper region.

The black and white regions are merely a visual guide. All black (white) regions can
be reached from the fundamental domain with an odd (even) number of modular
transformations.

The modular transformations a�ects the structure of the wave functions and
particularly the translation operators tm,n as these depend on the precise geometry
of the torus. The translation operators transform in much the same way as the
lattice Lx (m+ τn), under modular transformations, which is

T : tm,n → tm+n,n

S : tm,n → t−n,m. (6.5)

For the purpose of clarity, we have in the above equation suppressed the gauge
transformations US and UT , which are needed to account for the change in co-
ordinates the modular transforms induce. Under the T -transform, τ → τ + 1,
the di�erent powers of t1 and t2 will thus transform into each other, such that
tn2 → tn1 t

n
2 . This is easily seen, since what was a translation in the τ -direction

will now be a translation in the (τ + 1) -direction. Likewise, for the S-transform,
e�ectively t1 ↔ t2, which is natural as the two torus axes have traded places.

By performing the relabelling

T : (m,n)→ (m− n, n)

S : (m,n)→ (n,−m) (6.6)

we can cancel the e�ect in (6.5). Figure 6.3a depicts some examples of transfor-
mations of (m,n). The relabelling induced in (6.6) is interesting since not all pairs
(m,n) can be connected to each other using (6.6). In fact, two pairs (m,n) and
(m′, n′) can only be connected if gcd (m,n) = gcd (m′, n′). For this reason, the
lattice of modularly connected pairs (m,n) splits into an in�nite set of self-similar
lattices, labelled by gcd (m,n), as seen in Figure 6.3b.

We choose to focus on the S and T transformations because the geometry of
the torus is equivalent under these modular transformations. If two di�erent ge-
ometries are equivalent, then all the physics on those geometries should also be
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a) b)

Figure 6.3: a) Examples of modular transformations on the translation lat-
tice the red and purple are S-transformations whereas the green and cyan are
T -transformations.
b) The in�nite set of self similar lattices generated by S and T . Each colour corre-
sponds to a particular grid type and value of gcd (m,n), as gcd (m,n) = 1, 2, 3, 4, 5.

equivalent. Requiring that the physics to be unchanged under these transforma-
tions gives us constraints that will �x the form of the generalized ∂z operator on
the torus.

6.3 How to treat the derivatives in many-particle

states

As seen in the previous chapters, we can write electronic trial wave functions for
hierarchy states using conformal blocks. We have also seen how the hierarchical
fusing of quasi-particles and electrons gives rise derivatives that that on the pri-
mary electronic wave functions. In this section we will outline the numerical and
analytical clues that will lead to the general ansatz for the torus derivatives that
will appear (6.12).

For concreteness we will use the ν = 2
5 state as an illustrative example. The

construction of this state on the plane was described in section 3.5.3. Since the
strategy on the torus will parallel the planar construction in many respects we
only point out the important di�erences in what follows.

The K-matrix, as well as the number of particles in each group α = z, w, is
the same on the torus as on the plane. We choose the same charge lattice as on
the plane, but now we consider the full boson operators φ (z, z̄) instead of simply
the chiral ones. As a result the two electron operators are

Vw (w, w̄) = eı
√

3φ1(w,w̄) V̂z (z) = e
ı 2√

3
φ1(z,z̄)+ı

√
5
3φ2(z,z̄)

.

Note that we only consider the primary operators � without derivatives.
We now consider the full correlation function
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〈
Obg

Ne
2∏
i=1

Vw (wi, w̄i) ·

Ne
2∏
j=1

V̂z (zj , z̄j)

〉
, (6.7)

which is factorized into chiral and anti-chiral components according to equation
(5.3). As always, a background charge is inserted to make the whole correlator
charge neutral. On the torus, as we mentioned in Chapter 3, the correlator can
not directly be factorized in a holomorphic and an anti-holomorphic component.

The treatment of the derivatives is somewhat obscure as these should now be
acting within the full correlator. The approach taken here is to ignore the deriva-
tives when computing the correlation function (6.7) and apply their torus general-
izations at the end of the calculation. To be speci�c, the insertion takes place after
the conformal blocks have been extracted, but before the anti-symmetrization, just
like in (6.1). The correlator can now be calculated and for ν = 2

5 , the conformal
blocks that ful�lls the boundary conditions are

Ψs ({z} , {w}) = e−ıπτNs
∑
i(y

2
wi

+y2
zi

)Fs (W,Z)×

×
∏
i<j

ϑ1

(
zi − zj
Lx

∣∣∣∣τ)3∏
i,j

ϑ1

(
wi − zj
Lx

∣∣∣∣τ)2∏
i<j

ϑ1

(
wi − wj
Lx

∣∣∣∣τ)3

.

The details of the center of mass function Fs (W,Z) are given in (5.6), with a
suitable choice of t and r. However, for our purposes they are not particularly
important. The explicit formulation of the ν = 2

5 CoM piece was �rst given in
Ref. [HSB+08] but in a slightly di�erent form than (5.6). In the case of ν = 2

5 , as
in general for hierarchy states, all electronic coordinates are not equivalent in the
CoM function. We emphasize this by giving Fs (W,Z) the arguments W =

∑
i wi

and Z =
∑
i zi.

We now turn to the derivatives: There is à priori no method telling us what
should replace the derivatives, when on the torus. Nevertheless there exists con-
straints that limit the possible alternatives: 1) The wave function should, in the
planar Ns →∞ limit, reduce to the planar wave functions. 2) The wave function
should transform �nicely� under modular transformations. 3) The q−fold degener-
acy should not be changed. We will return to precisely what we mean by �nicely�
in Section 6.4.

Based on the conclusions from Section 6.1, we begin with an ansatz where
we use the operator T (z)

l,0 as the torus derivative. This will preserve the q-fold
degeneracy. The ansatz wave functions is

ψ(x)
s =

Ns∑
l=1

Dl,0Ψs =

Ns∑
l=1

λNwl,0 T
(w)
l,0 T2l,0Ψs, (6.8)

where the parameters λl,0 are unspeci�ed for the time being. We write the pa-
rameter λl,0 to the power Nw to emphasize that each of the Nw particles in group
w contribute the same amount to the weight. The additional operator T2l,0 only

contributes with a phase, but is included such that T (w)
l,0 T2l,0 will commute with

Tm,n. This ansatz is exactly what was used by Hermanns et.al. in Ref. [HSB+08].
In their work, they found that as Lx → 0, the �rst term λ1,0 becomes increasingly
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Figure 6.4: Overlap between the exact Coulomb ground and D1,0 (Blue), D0,1

(Red) and D1,0 +D0,1 (Green), with λm,n given in (7.10). The number of electrons
are Ne = 8. Cross section of < (τ) = 0 for 0.13 < = (τ) < 7.4. Notice that the
overlap with D1,0 drastically vanishes as = (τ) → 0. The mirrored behaviour is
seen for D0,1 as = (τ) → ∞. The combination D1,0 + D0,1s is good for all values
of = (τ).

dominant when �tted to the exact ground state for the Coulomb potential. Sugges-
tively, and for future convenience, we call the combination Dl,0 = λNwl,0 T

(w)
l,0 T2l,0.

We are now faced with a problem. When Lx is changed in the opposite direc-
tion, such that Ly → 0, no combination of Dl,0 allows for a good overlap with the
Coulomb ground state. This result can be understood physically by considering
the torus geometry. When Lx → 0, the operator t(w)

1 ≈ 1 + Lx
Ns
∂x̃ approximates

a derivative well, as the torus is thin in the x̃ direction. Remember that the
wave function vanishes under anti-symmetrization if there are no derivatives, so in

practice A
∏
i t

(wi)
1 ≈ A

∏
i

(
1 + Lx

Ns
∂x̃i

)
= ALx

Ns

∏
i ∂x̃i . When Ly → 0, such that

Lx →∞, the torus is thin in the opposite direction, and the t(w)
1 operator does no

longer resemble a derivative. We can remedy this by generalizing the ansatz (6.8)
and simply trade Tl,0 for T0,l. These two operators do not commute, so T0,l will
change the momentum sector of the Ψs wave function. This is easily accounted
for by adding an extra operator T0,2l just as in (6.8). We thus get an alternative
wave function

ψ(y)
s =

Ns∑
k=1

λNw0,k T
(w)
0,k T0,2k,Ψs.

The numerical overlap with this function and the ground state of the Coulomb
potential is bad when Lx → 0, and good when Ly → 0. This is the mirrored

behavior from ψ
(x)
s , as can be seen in Figure 6.4.

It is also possible to imagine translation operators of the form T
(w)
m,nT2m,2n as

these constructions also commute with T 5
2 . Studying the overlap as we alter the

value of τ1 instead of τ2, we see that as τ1 go from τ1 = 0 to τ1 = 1, the good
overlaps found with ψ(x)

s and ψ(y)
s are both diminishing. Especially the ψ(y)

s terms
loose their good overlap. The general trial wave function ansatz for ν = 2

5 can
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Figure 6.5: Overlap between the exact Coulomb ground and D1,0 (Blue), D0,1

(Red) and D1,0 +D0,1 (Green), with λm,n given in (7.10). The number of electrons
areNe = 8. Cross section of = (τ) = 1 for −1 < < (τ) < 1. The combinationD1,0+
D0,1 is still good even though non-trivial phases enter through the coe�cients λm,n.

thus be extended to

ψs =

Ns∑
m,n=1

λNwm,nT
(w)
m,nT2m,2nΨs. (6.9)

Note that
[
T

(w)
m,nT2m,2n, Tm′,n′

]
= 0, implying that the quantum numbers are

preserved for both T 5
1 and T 5

2 . We will schematically write the ansatz (6.9) as
ψs = DΨs, where

D =
∑
m,n

Dm,n =

Ns∑
m,n=1

λNwm,nT
(w)
m,nT2m,2n.

The purpose of this formulation is to emphasize that the operator D should be

capable of acting on any state ψ
( 2

5 )
s � even those that are eigenstates of the T2

operator instead of the T1.
How can we �nd some guiding principle that can �x the values of λm,n? To

answer this question, we need to study the modular behaviour of the wave function
(6.9). I will turn out that the mixed terms Dm,n are essential for the ansatz.

6.4 The requirement of modular covariance

In this section we draw inspiration from our knowledge of how the Laughlin state
(5.7) transforms under modular transformations. In these transformations, the
conformal weight hψ of the CFT operators Vα shows up. For the general primary
electronic wave function Ψs the same weight is also present. The assumption that
we make is that when D acts on Ψs the conformal nature of the wave function
is retained. That means that Ψs and DΨs transforms in exactly the same way
up to a change the conformal weight hψ. This change in hψ should mirror the
change � on the plane � in angular momentum that happens to ψPrimary when the
derivatives act on it.
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The modular properties are important since they tell us about how ψs trans-
forms under changes in τ . As we wrote in Section 6.2, there are two transformations
of τ that should not a�ect the physics, namely the S- and T -transforms of (6.4).
We will take the requirement of modular covariance as a physical constraint on
the operator D. We thus require that if Ψs transforms in a speci�c way under S-
and T -transforms, then ψs = DΨs should transform in the very same way, up to
a possible phase.

To be precise, we note that if we perform modular transformations on Ψs, it
will transform as

SΨs =
∑
s′

Ss,s′Ψs′

(
τ

|τ |

)hψ
T Ψs =

∑
s′

Ts,s′Ψs′ ,

where the transformation matrices are the modular S and T matrices Ss,s′ =

eı2π
ss′
q and Ts,s′ = δs,s′e

ıπ
(
s2

q + c
12

)
. The appearance of there matrices under mod-

ular transformations provides yet another check that we have managed to extract
the correct conformal blocks from the CFT correlation function. Even more inter-

esting than the modular matrices is the phase factor
(
τ
|τ |

)hψ
. It measures the total

conformal weight of the primary vertex operators Vα in the correlation function
as is hψ = 1

2

∑
jMjj = 1

2

∑
αNαKαα.

We now impose the constraint on D that DΨs should transform exactly like Ψs,
but with the important di�erence that the conformal weight of the transformation
should be hψ + Nα instead of just hψ. This change to the conformal weight is a
re�ection of the change in the angular momentum that

∏Nα
i=1 ∂zi gives rise to on

the plane. The required transformation properties are therefore

SD(α)Ψs =
∑
s′

Ss,s′D(α)Ψs′

(
τ

|τ |

)hψ+Nα

T D(α)Ψs =
∑
s′

Ts,s′D(α)Ψs′ ,

for the D(α) operator that acts on group α. This constraint can also be formulated
without any reference to Ψs as

SD(α)S−1 = D(α)

(
τ

|τ |

)Nα
T D(α)T −1 = D(α). (6.10)

Since D contains Tm,n operators and the modular transformations will map
these onto each other according to (6.5), it has to exist τ -dependent relations be-
tween the di�erent λ(τ)

m,n. If there where none, D would not be able to transform
according to (6.10). Using the S-transform, we obtain relations between the co-
e�cients λm,n and λn,−m in (6.9). In the same way under the T -transform, we
generate relations between λm,n and λm+n,n.
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The modular properties of λm,n imposed by condition (6.10) can be summa-
rized as

λm,n (τ + 1) = eıφSλm+n,n (λ)

λm,n

(
−1

τ

)
= eıφT λ−n,m (λ) , (6.11)

such that λm,n co-varies with Tm,n, but with the added possibility of a con-
stant phase φS . Note the possibility of a solution to (6.11) where λm,n = λ is
a τ -dependent constant. However, such a solution �ts poorly with the data from
Figure 6.4 since di�erent terms seem to be dominant at di�erent values of τ . Quite
the contrary, the relations (6.11) between the di�erent λm,n, in conjunction with
the overlap results � as presented in Figure 6.4 and Figure 6.5 � indicate that λn,m
does indeed display (n,m) -dependent τ -dependence.

To �x the τ -dependence of λm,n (τ) requires a more extensive analysis, one
that studies the modular transformation properties of the conformal blocks that
make up ψs. A detailed description of that procedure can be found in Paper III,
and we here only limit the discussion to an heuristic argument about the general
behaviour of λ (τ). The numerical results in Figure 6.4 imply that λ1,0(τ)

λ0,1(τ) → 0 as

τ → 0 and that λ0,1(τ)
λ1,0(τ) → ∞ as τ → ∞. The parameters λm,n must thus depend

on τ and possess the limiting behaviour mentioned above. From (6.5) we know
that λ0,1 and λ0,1 must transform into each other under S, such that ψs has proper
modular behaviour. A similar analysis will give us relations between the generic
λm,n-values.

The modular S-transformation does however only connect the coe�cients λm,n,
λn,−m,λ−m,−n and λ−n,m. To shed light on the relative sizes of the di�erent
λm,n we need another mechanism. The alternative T -transform introduces further
constraints on λm,n. From Figure 6.5, we can see that as τ → τ +1, the term D0,1

becomes less important as the overlap declines. There must thus be another term
that plays the role of D0,1 at τ + 1. This term is D−1,1, as can bee seen in Figure
6.6. This means that |λ0,1 (τ)| = |λ−n,1 (τ + n)| to make di�erent terms dominant
at di�erent τ .

The last piece of the puzzle comes from a full analysis of how the quasi-particle
operators should be regularized in the toroidal geometry, which gives us insight in
to the form of |λm,n|. Putting all the pieces together gives us the coe�cients λm,n
as

λm,n (τ) =
√
τ2η

3 (τ)
e
−ıπτ n2

N2
s e
−ıπ nm

N2
s

ϑ1

(
1
Ns

(m+ τn)
∣∣∣τ) . (6.12)

At this point in the analysis, it is unclear whether (6.12) provides the unique
solution that respects (6.11). We can now go back to Figures 6.4, 6.5 and 6.6
and investigate the result of adding two or more Dm,n terms. In all of these
�gures we see that for almost any τ , the combined result is better than that of
any individual term Dm,n . This means that the phases and sizes of the weight
λm,n must be correct. After all, we are adding terms with complex coe�cients and
similar magnitude and even a small phase error could destroy the good overlap.
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Figure 6.6: Overlap between the exact Coulomb ground and D1,0 (Blue), D0,1

(Red), D−1,1 (Purple) and D1,0 + D0,1 + D−1,1 (Orange), with λm,n given in
(7.10). The number of electrons are Ne = 8 and cross section of = (τ) = 1 for
−1 < < (τ) < 1, the same as in Figure 6.5. The role of D0,1 has been taken by
D−1,1 as τ1 → 1. The combination D1,0 + D0,1 + D−1,1 is excellent considering
that non-trivial phases enter through the coe�cients λm,n.

The entire τ -plane as in Figure 6.7, can be scrutinized, too. Reasonable overlap
can be obtained in the entire τ -plane even if only one Dm,n is used. TheDm,n term
in question has to be chosen wisely though and the most relevant term constitutes
the smallest translation distance. The overlap becomes better for all values of
τ , when we introduce more Dm,n terms, provided we add them in the order of
most importance. Most importantly, there are no variational parameters in the
overlap calculations presented in 6.7 and the whole τ -dependence of D is �xed by
its modular properties!

Because of the good overlap, we can be fairly con�dent that (6.9) faithfully
reproduces the qualitative features of the Coulomb ground state. As a second
check that the state (6.9) is properly describing a quantum Hall �uid we will later,
in Chapter 8, calculate the viscosity of that state.
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a) b)

Figure 6.7: Overlap with the exact Coulomb ground state in a region −1 < τ1 < 1
and 0.37 < τ2 < 2.72 of the τ -plane, for Ne = 8 particles. In a) the thick black
lines mark the boundaries of regions with di�erent minimal translation steps δm,n.
Note the logarithmic scale of τ2 for a more symmetric plot. a) Only the dominant
term is included in the sum (6.9). The overlap with the exact Coulomb state is
good everywhere. b) The eight most dominant terms at τ = ı, with (m,n)=(1,0),
(1,0), (2,0), (0,2), (-1,1), (1,1), (-2,2), (2,2), are included in the sum (6.9). Overlap
with the Coulomb state is better or equal in most parts of the τ -plane; at the edges,
other terms than the eight used here are dominant. This shows that our ansatz is
valid in the entire τ -plane.
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Chapter 7

Fock Expansions

The Laughlin state constructed in (5.7) is the simplest quantum Hall wave func-
tion. Nevertheless, there are still fundamental questions left to be answered. One
such question regards the normalization of the Laughlin state. The normalization
is important as it a�ects the braiding statistics of the fractionally charged quasi-
particles. On the plane, it is possible to add quasi-particles at positions wi by
modifying the Laughlin wave function as

ψ
(Ne,Nqp)
Laughlin = NLaughline

− 1
4

∑
i|zi|

2

e−
1
4q

∑
i|wi|

2

×

×
Ne∏
i<j

(zi − zj)q ·
Ne∏
i=1

Nqp∏
i=1

(zi − wj) ·
Nqp∏
i<j

(wi − wj)
1
q .

This is the same wave function that was given in (3.9). There is a conjecture
attributed to Laughlin himself[Lau83] that the normalization constant NLaughlin

will be independent of wi provided the di�erent wi are separated well enough. This
conjecture goes under the name plasma analogy because of the analogy Laughlin
made with charged particles in the screening phase of a one-component plasma.
Physically, if the plasma is screening, the total energy of the plasma will be inde-
pendent of the positions of the particles at wi as long as they do not come to close
together. The connection between the plasma and NLaughlin is that NLaughlin is
related to the partition function and therefore the energy of the plasma.

On the torus, we can formulate a version of the plasma analogy that does not
concern quasi-particles at positions wi, but rather deals with the geometry of the
torus and its parametrization τ . The analogy with the plasma is still valid but
this time the question concerns of how the energy depends on distortions in the
geometry. The intuitive picture remains the same: if the plasma is screening,
the partition functions should not depend on how the torus edges are identi�ed.
The corresponding statement for the Laughlin wave function is that N (τ) in (5.7)
should be independent of τ , up to a very speci�c factor given by (8.4). For the
Laughlin state, this factor is

N (τ) = N0

[
τ2η (τ)

4
] qNe

4

η (τ)
q
Ne(Ne−1)

2 +1
,
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and the assumption is as that N0 is independent of τ . If this assumption is true,
we can analytically compute such quantities as the anyonic statistics of the quasi-
particles[ASW84] as well as the viscosity of the quantum Hall �uid[Rea09, FHS14].
We will return to this in Chapter 8.

There are two distinct alternative procedures for normalizing the Laughlin
state, or any other state. The �rst direct approach is to simply integrate over the
modulus squared of the wave functions and obtain the normalization as

N−2
Laughlin =

ˆ
d2z |ψLaughlin|2 .

Unfortunately these integrals are hard to evaluate analytically and one must resort
to Monte Carlo evaluation in order to estimate NLaughlin.

In this chapter, we will investigate the alternative approach and construct the
Fock expansion of the state as

ψLaughlin =
∑

{ki∈ZNs}

Z{k}
∏
i

ηki (zi) . (7.1)

Here ηk are the single particle orbitals de�ned in (4.5), and Z{k} is the weight
of the con�guration {k}*. For a state with Ns �uxes and single particle periodic
boundary conditions, ki ∈ ZNs and the total momentum of the state is ktot =∑
i ki = q

2Ne (Ne − 1) + mNe mod Ns. Here m ∈ Zq label the q-fold degeneracy
of the Laughlin state on the torus.

The normalization coe�cient of the Laughlin state is given by

N−2
Laughlin =

∑
{ki∈ZNs}

∣∣Z{k}∣∣2 .
On the plane, the coe�cients for the Laughlin states are known as the coe�cients of
Jack polynomials[BH08]. These coe�cients can be constructed recursively[LLM00]
by starting at the root partition of the Laughlin state[RGJ08].

Before we compute the values of Z{k} analytically, it should be noted that there
exists a third option, speci�c to the Laughlin state. This option uses the fact that
the Laughlin state is the exact zero energy state of the Haldane pseudo-potential
interaction[Hal83a]. This means that by diagonalizing the pseudo-potential Hamil-
tonian, we are actually computing NLaughlinZ{k}. By sampling the exactly diago-
nalized wave function and comparing this with the real space wave function (5.7),
it is possible to numerically deduce NLaughlin up to the usual U(1) freedom. We
will use this short-cut in Section 8.3 where we investigate the viscosity in the
TT-limit.

7.1 The Laughlin state

The key to constructing the Fock expansion is to isolate the Fourier components
eı2πki

zi
Lx in (5.7). Since the LLL is holomorphic in its structure, these factors map

*Note that
∏
i ηki (zi) is not a Slater determinant so Z{k} needs to be fully antisymmetric

under the interchange of any two ki,kj for the above expression to represent a fermionic many-
particle state.
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directly onto the Fourier components of the basis states (4.5). These components
need to be extracted from the Jastrow factors as well as the CoM factor. Once the
components eı2π

∑
i kizi have been extracted, the Slater determinant can be recon-

structed by re-indexation of the sums over ki. As, by construction, the Laughlin
state is fully antisymmetric, the Slater determinant should also be manifest in the
Fock expansion. We summarize the main steps here and details of the procedure
can be found in Paper IV.

To Fourier-expand the Jastrow factors, we make the Fourier factors explicit.
We use that the generalized ϑ-function to the power N has an expansion that is

ϑ

[
a
b

]
(z|τ)

N
=

∑
T̃∈Z+aN

eıπτ
1
N T̃

2

eı2πT̃ (z+b)Z̃
(N)

T̃
. (7.2)

The factor Z̃(N)

T̃
encodes all the information about the N th power of ϑ. The most

important properties of Z̃(N)

T̃
is Z̃(N)

T̃+N
= Z̃

(N)

T̃
and Z̃

(N)

T̃
= Z̃

(N)

−T̃ . A selection

of other properties, as well as an explicit expression for Z̃(N)

T̃
are listed in the

Appendix of Paper IV. In the trivial case of N = 1, then Z̃(1)
a = 1. Applying the

expansion (7.2) to each of the ϑ1-functions in the Jastrow factor (5.7) yields the
form

∏
i<j

ϑ1(zij |τ)
q

=

∑
{T̃ij∈Z+ q

2}
eıπτ

∑
i<j

T̃2
ij
q eıπ

∑
i<j T̃ijeı2π

∑
i Ti

zi
Lx

∏
i<j

Z̃
(q)

T̃ij
. (7.3)

Here each pair zij has been associated with a summation index T̃ij . As zij
is antisymmetric in its indexes zij = −zji so is T̃ij . In other words T̃ij has the
property T̃ij = −T̃ji. Since the Jastrow factor consists of ϑ1-functions (where
a = b = 1

2 ) there exists an o�set of T̃ij from being integer, that is T̃ij ∈ Z + q
2 .

We put the ∼ on top of Tij to remind us of this. Note that the Jastrow expansion
(7.3) can be generalized to the more generic Jastrow factor in (5.5).

The variable Ti is used for bookkeeping as it counts the total momentum
contribution to particle zi as

Ti =

Ne∑
j=1

T̃ij .

Due to the antisymmetry of T̃ij ,∑
i,j

Tij = 0,

such that there is a balance condition on Ti yielding∑
i

Ti = 0. (7.4)
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We can visualize the object T̃ij as forming an Ne ×Ne antisymmetric matrix. In
the table below we have added both a special column and row showing Ti as the
sum of each row and column of T̃ij :s

0 T̃12 T̃13 · · · T̃1Ne T1

−T̃12 0 T̃23 · · · T̃2Ne T2

−T̃13 −T̃23 0 · · · T̃3Ne T3

...
...

...
. . .

...
...

−T̃1Ne −T̃2Ne −T̃3Ne · · · 0 TNe
−T1 −T2 −T3 · · · −TNe 0

With the expression (7.3), the Fourier modes eı2πTi
zi
Lx are written for each

coordinate zi separately. The price paid is the introduction of the T̃ij , labelling the
interdependence of the di�erent momentum components. The balance condition
(7.4) ensure that the wave function will be in a well de�ned momentum sector.

Next, we also Fourier-expand the Laughlin CoM function. This procedure is
straight forward as we deal with just a single ϑ-function with expansion (A.1).
By individually, for each yi, completing the squares over yi that come from the
Gaussian factor, we reconstruct the terms

ζk = e−ı2πkxeıπτNs(y−
k
Ns

)
2

.

These terms make up the basis states in (4.5) as ηk =
∑
t ζk+tNs . Putting these

expansion together gives the total expanded Laughlin state

ψh,t =
∑

{Ti∈Z+qNe−1
2 }

∑
m

Z (T) eı2πmt
Ne∏
i=1

ζki (zi) , (7.5)

with the weight

Z (T) =
∑

{T̃ij∈Z+ q
2}
eıπτ

1
q

∑
i<j<k(T̃ij+T̃jk+T̃ki)

2

eıπ
∑
i<j T̃ij

∏
i<j

Z̃
(q)

T̃ij
. (7.6)

Here t = h = q (Ne − 1) 1
2 + Z is chosen as half-integers to ensure periodic

boundary conditions. The formula above works for both fermions and bosons, and
the momenta are now

ki = Ti +mq + h,

such that
∑
i ki = Neh mod Ns. From this expression we see why h is required to

be a half integer if Ne is even. Because of the periodic boundary conditions, ki is
an integer, but the T̃ij are

q
2 -integers, such that Ti is a qNe−1

2 -integer. In order to
ensure that ki is integer, then t = h has to be given as q (Ne − 1) 1

2 -integers.
The weight Z (T) is the Fock coe�cient in (7.1), but some massaging is required

to arrive at that conclusion: the sums over ζki need to be extended to make them
sums over ηki . For this purpose, we shift all the coordinates as Ti → Ti − qm,



7.2. Recursive construction of Z (T) 55

except for TNe which by the constraint (7.4) is shifted as TNe → TNe+(Ne − 1) qm.
This transforms Z (T) → Z (T) eiπ(Ne−1)qm which cancels the eı2πmt present in
(7.5). The momenta of ηki can now be written as

ki =

{
Ti + h i 6= Ne

Ti +Nsm+ h i = Ne
.

We can now perform the sum over m to transform ζkNe into ηkNe . To accomplish
the same thing for the rest of the ki, we split Ti as Ti → Ti + riNs where now
Ti ∈ ZNs and ri ∈ Z. The ri also obey the balance condition

∑
i ri = 0. Hence,

the momentum equals

ki =

{
Ti +Nsri + h i 6= Ne

Ti + h i = Ne
,

such that it will be natural to sum over ri to obtain ηki . It can be shown that
Z (Ti + riNs) = Z (Ti) which means that the only place where ri appears is
precisely in ki. This allows us to reconstruct all the basis functions (4.5). We
obtain the expression (7.1), where now ki = Ti + h mod Ns. With this, we have
managed to extract the Fock coe�cients (7.6) of the Laughlin state. Given this
analytic form of the Fock expansion, we can study such things as the asymptotic
normalization of the Laughlin state in the TT-limit.

7.2 Recursive construction of Z (T)
Equation (7.6) enables us to compute the Fock coe�cients of the Laughlin state.
Nevertheless, the question remains whether it is numerically feasible to actually
compute them. The sum (7.6) contains O

(
N2
e

)
in�nite sums, that can not be

factorized and need to be evaluated as one big sum. Consequently, the number of

operations needed to estimate any coe�cient will scale as ∼ e#O(N2
e ), with some

number # depending on the number of terms needed for each variable T̃ij .
But we can do better than this, and with some manipulation given in Paper

IV, we can rewrite Z (T) on a recursive form as

Z(Ne)
T =

∑
{
T(Ne−1)
i ∈Z

} eıπτq(Ne−1)Ne π(Ne)eıπ
∑Ne−1
i T(Ne)

i ×

×Z(Ne−1)
T ·

Ne−1∏
i

Z
(q)

T(Ne)
i −T(Ne−1)

i

.

Each coe�cient for Ne particles Z(Ne)
T now depends on the coe�cients for Ne − 1

particles Z(Ne−1)
T , the structure factors Z(q)

T(Ne)
i −T(Ne−1)

i

, and the weight

π (N) =

N−1∑
i=1

(
T(N−1)
i

q (N − 1)
− T(N)

i

qN

)2

− 1

N − 1

(
T(N)
N

qN

)2

. (7.7)
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We have introduced the notation T(k)
i =

∑k
j=1 T̃ij to keep track of what momentum

components correspond to what number of electrons. With this new notation, the
T(N)
i are the �xed parameters for a given con�guration {k} whereas T(N−1)

i are
indexes summed over.

As the Fock components for smaller systems can be computed and then stored,
this formulation reduces the computational complexity of computing Z(Ne)

T from

O
(
e#O(N2

e )
)
to O

(
e#O(Ne)

)
. The drawback here is that in a computation, extra

storage is required to hold the roughly
∑Ne−1
N=1

1
qN

(
qN
N

)
states at previous iterations.

But we can do even better still. The sums over T(N−1)
i , intertwined in (7.7),

can be partially separated. To reduce the notational complexity, we use M =

N − 2 to enumerate the number of independent components of T(N−1)
i = T(M+1)

i .

The problem with (7.7) is that for the M independent variables T(M+1)
i that are

summed over, there are M + 1 squares in (7.7). Looking only at the T(N−1)
i =

T(M+1)
i terms and ignoring the T(N)

i = T(M+2)
i terms, the sum can be rewritten

in a form containing only M squares:

M+1∑
i=1

T2
i =

M∑
i=1

T2
i +

(
M∑
i=1

Ti

)2

=

M∑
n=1

wn

 M∑
j=1

v
(n)
j Tj

2

. (7.8)

For notational simplicity, we have removed the superscript on T(M+1)
i and thus

write simply Ti. The vector v(n), with components

v
(n)
j =


1 j ≤ n
−n j = n+ 1

0 j > n+ 1

,

is the orthogonalized eigenvectors of the M×M matrixMij = 1 + δij describing∑M+1
i=1 T2

i =
∑M
i=1 TiMijTj . This matrix has eigenvalues λn = 1 + nδn,M . The

wn = λn
sn

=
(1+nδn,M )2

n(n+1) appearing in (7.8) is the eigenvalue λn divided by the

squared norm of v(n), namely sn = n+ n2 (1− δn,M ).

When also incorporating the contribution from T(N)
i = T(M+2)

i into (7.8), then
(7.7) can be rewritten to yield

Z(Ne)
T =

∑
{
T(Ne−1)
i ∈Zq(Ne−1)+

q
2 (Ne−2)

}Λ
(
T(Ne),T(Ne−1)

)
(7.9)

×eıπ
∑Ne−1
i T(Ne)

i Z(Ne−1)
T ·

Ne−1∏
i

Z
(q)

T(Ne)
i −T(Ne−1)

i

.

The introduced weight

Λ
(
T(Ne),T(Ne−1)

)
=

∑
{qn∈Zn}

Ne−2∏
n=1

ϑ

[ qn
n −

qn+1

n+1 −
Dn

n(n+1)

0

]
(0|(Ne − 1)Ne (n+ 1)nqτ) (7.10)
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is a sum of products of ϑ-functions that depends on T(Ne−1)
j and T(Ne)

i through

Dn = −
Ne−2∑
j=1

v
(n)
j

λnT(N−1)
j

q (Ne − 1)
+

Ne−1∑
i=1

v
(n)
j

T(Ne)
j

qNe
.

This way of formulating Z(Ne)
T should improve the convergence, as for each

set of T(Ne−1)
i , a �nite set of strongly converging ϑ-functions now can be com-

puted. There is strong convergence on many of these terms as they take the
form exp (ıπτqn (n+ 1)Ne (Ne − 1)) in the TT-limit. In this limit the sum can be
truncated to only contain a few dominant terms.

The reader should be aware that even though (7.10) is much more e�cient
than (7.6) for numerical purposes, it is still inferior to an option we mentioned
earlier in this chapter. That option is to diagonalize the Haldane pseudo-potential
Hamiltonian. Using the exact diagonalization we can compute the Fock coe�cients
for at least 12 electrons, depending on computational resources. As comparison,
our current numerical implementation of (7.9) and (7.10) can not do more than
6 electrons. We have numerically compared the two ways for computing the Fock
coe�cients of the Laughlin state, and in all cases tested, we have perfect agreement.
This option enables us to verify that our numerical implementation of (7.10) � and
thus likely (7.10) itself � is correct.

Note also that the method outlined above can just as well be applied to all
the chiral Haldane-Halperin states in (5.5). The crucial di�erence is; these states
are not the exact zero energy eigenstates of any pseudo-potential Hamiltonian.
Because of that, our method is the only one we know of that can exactly compute
the Fock coe�cients of these states.
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Chapter 8

Topological Characterization

and Hall Viscosity

As mentioned, there are novel di�culties when analysing the torus, as compared
to the plane. After all, the wave functions are more complicated and there exists
no clear analogy of what the derivatives are. So why bother with the torus?
The answer is that some things are more easily computed on the torus than on
other geometries. The antisymmetric component of the viscosity tensor is one
such example. We will soon return to the antisymmetric viscosity and how it is
calculated.

For the moment, let us consider single particle orbitals on the sphere. If you
imagine a single particle on a sphere that is pierced by NΦ �uxes, you will �nd
that there are NΦ + 1 single particle orbitals. This extra �e�ective �ux� is present
because electrons carry a non-zero orbital spin s̄SP = 1

2
*. On the sphere, which

has a curved surface, this spin will pick up a Berry phase as the electrons move
over the curved surface; a Berry phase, which will show up as an extra e�ective
magnetic �ux.

This extra �ux is also present when considering many-body states. It will be
important for the Hall viscosity. Let us start with the example of the �lled LLL,
where due to the single particle properties, we need Ne = NΦ + 1 electrons to �ll
the LLL for NΦ �uxes. Anticipating what will come, we can write this relation
between Ne and NΦ as

Ne = ν (NΦ + S) . (8.1)

For the �lled LLL, which describes the state responsible for the IQHE at ν =
1, S = 1 as argued above. The point in writing (8.1) is that S represents a
topologically protected number which will not depend on Ne, for a �xed ν. As an
example, for ν �lled LL:s then S = ν.

We now ask the question; what happens when a LL is only partially �lled,
i.e.when ν is not integer? The naive answer we might get; obtained by extrapo-
lating from the �lled LL:s, is that in general S = ν. This can however not be the
whole truth, as (8.1) does not have integer solutions for all ν. Indeed, requiring

*SP = Single Particle

59
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Ne and NΦ to be integers and ν = p
q , constrains S to be S = Z

p , which does not
work if q 6= 1.

What happens is that interactions between the electrons invalidates the non-
interacting picture of single electrons and induces extra average orbital spin s̄ to
the electrons. As a result, S will change. As examples, the Laughlin state at ν = 1

q

has S = q whereas the �rst level sates in the Haldane-Halperin hierarchy[Hal83a,
Hal83b] at ν = 2

5 , has S = 4. As such, the shift contains information about the
average orbital spin of the electrons s̄, such that S = 2s̄. Since S is a topologically
protected number, di�erent quantum Hall states at the same �lling fraction can
have di�erent shifts, which can be used to distinguish these states from each other.

On the torus, there is no curvature, thus Ne is proportional to NΦ, so that
Ne = Nsν instead of (8.1). At �rst glance it looks as if the shift is a purely
geometrical e�ect unrelated the torus, but this conclusion would be incorrect. The
shift is a topological characteristic of the quantum Hall system and must thus be
observable on all geometries. This means that there must exist a quantity on the
torus that carries the same topological information as the shift S. However, since
the torus has a �at surface, the orbital spin does not manifest itself in the �lling
fraction equation (8.1). Instead it is manifest through a transport coe�cient. This
particular coe�cient is the antisymmetric component of the viscosity tensor ηA.
The connection between ηA and S is actually quite non-trivial and bellow we will
give some heuristic arguments why the two are related.

The viscosity tensor η relates the strain-rate u̇ to the stress σ in an analogues
way that the elastic modulus λ relates σ to the strain u in a system. As σ, u and
u̇ are 2-tensors, λ and η are 4-tensors and

σαβ =

d∑
γ,δ=1

(λαβ,γδuγδ + ηαβ,γδu̇γδ) ,

where d is the dimensionality of space. The viscosity tensor may be split into two
pieces as

η = ηS + ηA,

where ηS is symmetric under the exchange of the �rst and second pair of indexes
whereas ηA is antisymmetric under the same exchange

ηSαβ,γδ = ηSγδ,αβ

ηAαβ,γδ = −ηAγδ,αβ .

In an isotropic system, ηS only possesses two independent components, the
shear viscosity and bulk viscosity. The antisymmetric viscosity however has pe-
culiar properties and for isotropic systems only exists in two dimensions[ASZ95].
We seek to calculate this particular type of viscosity, sometimes called the Hall
viscosity, which is unique for two-dimensional systems. If the �uid is isotropic �
as in our case � there is only one independent component of the tensor ηA. The
symmetric viscosity components, the bulk and shear viscosity ηS are related to
dissipation and can be thought of as the thickness of a �uid. In contrast, the
antisymmetric component is related to a dissipationless response of the �uid and
can not the thought of in terms of a thickness. That the response would be dis-
sipationless is explained by the gap to excitations that exists in FQH �uids. This
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a) b)

Figure 8.1: A physical interpretation of ordinary viscosity vs. antisymmetric vis-
cosity.
a) In a symmetric viscous response, the particles experience a force in the op-
posite direction of the direction of motion , and as a result dissipate energy
due to friction.
b) In an anti-symmetric viscous response, the experienced force is perpendicular
to the direction of motion , and no energy is dissipated. For isotropic systems
this can only happen in two dimensions when time reversal symmetry is broken.
The quantum Hall system ful�l these criteria.

means that the viscous response is area preserving as the �uid is incompressible. A
way to visualize this response is to consider the semi-classical picture of electrons
undergoing cyclotron motion. When a velocity gradient is set up in the system, the
cyclotron motion will make the �uid experience a force to the side. Because the
force is perpendicular to the direction of motion, no work is done and no energy
is dissipated. This di�erence between the ordinary symmetric viscosity and the
antisymmetric viscosity is illustrated in Figure 8.1.

Avron et al. computed the Hall viscosity for �lled Landau Levels[ASZ95] where
ν ∈ Z. They found it to be

ηLL =
1

2
~n̄s̄.

Here n̄ stands for the number density of electrons, and is thus given by n̄ = Ne
LxLy

=
Ne

2πNs`2B
= ν

2π`2B
. s̄ = ν

2 is the mean orbital spin for ν �lled LL:s. We write the
viscosity in this suggestive form to make contact with the topological shift S = 2s̄.
Even though the Avron calculation involved a many-particles state, it boiled down
to computing the contributions from each single particle orbital in (4.5). From
that analysis it follows that s̄SP = 1

2 + n, where n is the LL index. The many-
particle result is obtained by taking the mean value of all the s̄SP contributions as
s̄LL = 1

ν

∑ν−1
n=0 s̄SP = 1

2 + 1
ν
ν(ν−1)

2 = ν
2 .

In the case of a partially �lled LL, the analysis is more complicated as the
electrons are now interacting. Nevertheless is has been performed by Read and
Read & Rezayi for the Laughlin state and the Moore-Read state[Rea09, RR11].
Read demonstrated that the mean orbital spin is related to the antisymmetric
viscosity of the quantum Hall system[Rea09] as
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a)
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Figure 8.2: Single particle orbital density as a function of τ in the euclidean
coordinates x̃ and ỹ. a) A continuous coherent state (Paper II) reshapes itself to
account for the skewness introduced when τ = ı

√
3

2 → τ = τ1 + ı
√

3
2 . b) A lattice

coherent state (Paper II) becomes increasingly anisotropic as the TT-limit is
approached. All deformations of τ are area preserving. This graphically explains
why there exists a Berry curvature associated with changes in τ . As τ is altered,
the shape of the single particle orbitals changes to account for the new geometry,
which gives rise to a Berry phase.

ηA =
1

2
~n̄s̄. (8.2)

The average orbital spin need however not be s̄ = ν
2 any more. In the Laughlin

case, where ν = 1
q then s̄ = q

2 = 1
2ν , which means that interactions can modify the

mean orbital spin away from the non-interacting value. Read conjectured that the
general relation between average orbital spin and viscosity should always be given
by (8.2).

However, the viscosity computations by Read & Rezayi where only made for
single component wave functions. It is not clear that the relation (8.2) will hold
for multicomponent constructions too, such as the ν = 2

5 wave function. It is
important to calculate the viscosity for the ν = 2

5 trial wave function, both to
make sure that it is in the expected topological phase as well as to check whether
it corresponds to the Read conjecture (8.2) or not.

8.1 How to compute the viscosity

Viscosity is calculated by computing the Berry phase that arises as a response to
changes in the torus geometry, τ . But why should we look at adiabatic changes in
τ in order to compute η? Consider a semi-classical picture of electrons con�ned
to cyclotron orbits. Because of the Coulomb repulsion, the electron orbits will at-
tempt to lie as far apart from each other as possible. As the geometry is changed,
the electron orbitals adjust themselves ever so slightly to reach an optimal distri-
bution in the new geometry. This change in geometry is in a sense an adiabatic
version of setting up a strain rate. This is because the change in geometry induces
strain in the system. As viscosity is the response to a strain rate, the adiabatic
change in geometry will capture this through the Berry phase. Figure 8.2 provides
a graphical illustration of how this Berry phase appears.

Another way to understand why the viscosity would be associated with the
change in geometry parameter τ is by considering what happens for instance when
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Figure 8.3: The physical intuition why a changing τ would probe a viscous re-
sponse. If τ (t) = τ0 + t δT , the velocity for a point �xed at z = Lx (x+ τy) has a
horizontal speed ( ) vx̃ = δLx

T y = δ
τ2T

ỹ. This creates a velocity gradient in the
ỹ-direction. In this sense, changing τ really simulates a constant velocity gradient.

τ → τ + δ. If we assume that τ changes with time, such that ∂τ
∂t = δ

T is constant,
then the real space velocity of a point at z = Lx (x+ τy) will change by vx̃ = ∂z

∂t =

Lxy
∂τ
∂t = δLx

T y so that there is a constant velocity gradient in ỹ direction that is
∂ỹvx̃ = δLx

T ∂ỹy = δ
Tτ2

. With this in mind, changing τ simulates the application of
a constant velocity gradient as illustrated in Figure 8.3.

Analytically it is really the Berry curvature F = ı∂τ̄Aτ − ı∂τAτ̄ that captures
the viscosity information through the relation

ηH = − 2τ2
2

ATorus
F , (8.3)

where ATorus = LxLy = 2πNs`
2
B is the area of the torus. The Berry curvature

is computable from the Berry connection Aµ = ı 〈ϕ |∂µϕ 〉, where µ = τ, τ̄ . Here
|ϕ (τ)〉 represents the wave function as a function of τ .

For the trial wave function (6.9), we can compute the viscosity analytically if we
make use of the plasma analogy. A careful computation of the primary correlation
function (5.4) yields a candidate for the normalization N (τ). This normalization,
where we know the full τ -dependence is

N (τ) = N0

[
τ2η

4 (τ)
] 1

4

∑
M2
ii

η (τ)
∑
i<jMij ηn (τ)

. (8.4)

In this setting, the plasma analogy implies that (8.4) contains the full τ -dependence
so that N0 is a constant. Under these circumstances, it can be shown that

s̄ =
1

Ne

∑
α

Nα

(
1

2
Kαα + α− 1

)
,

which coincides with the result obtained by Kvorning on the sphere[Kvo13].
To numerically evaluate F at a speci�c point τ̃ = τ̃1 +ıτ̃2, we use the procedure

of Read & Rezayi[RR11], and compute the mean Berry curvature F̄ in a region Ω
by integrating the Berry connection around a closed loop following the contours
of Ω. The mean Berry curvature F̄ is obtained from the Berry connection as
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F̄ = 1
AΩ

¸
∂Ω
Aµ (λ) dλµ. If the area of Ω is small enough, then F is approximately

constant, and the path ∂Ω may be discretized into straight segments. As a result,
F̄ can approximately be evaluated as

W = eıAΩF̄ = eı
¸
Aµ(λ) dλµ ≈

∏
j

〈ϕj |ϕj+1 〉 , (8.5)

where |ϕj〉 is the state at point j along the curve ∂Ω. We typically use a radius of
r = 0.005 and N = 200 steps, as in Ref. [RR11]. The area AΩ of Ω is calculated
as

AΩ =

ˆ
Ω

dτ1 dτ2
τ2
2

= 2π

 1√
1−

(
r
τ̃2

)2
− 1

 ≈ π( r

τ̃2

)2

,

where τ̃2 is the imaginary τ coordinate for the centre of Ω, r the radius of Ω. In
terms of W , the viscosity is

ηH = − 2τ̃2
2

ATorus

= (W )

AΩ
,

where (8.5) was inserted into (8.3). We take the imaginary part of W � = (W ) �
since for small area of Ω, W ≈ 1 + ıAΩF̄ and we are solely interested in the real
component of F̄ . Using (8.2), we can express the average orbital spin as

s̄ = − τ̃
2
2

Ne

= (W )

AΩ
, (8.6)

where we use that n̄ = Ne
ATorus

.
Note that when computing the viscosity using exact diagonalization, the over-

lap is computed using the Fock expansion coe�cients as 〈ϕj |ϕj+1 〉 =
∑

k α
?(j)
k α

(j+1)
k ,

where αk expands the state |ϕj〉 =
∑

k α
′
k |k; τj〉. This way of computing the over-

lap would imply that 〈k′; τ ′ |k; τ 〉 = δk,k′ , which is not true. The consequence is
that the non-interacting contribution from the Slater determinant |k; τ (j)〉 is not
accounted for in (8.6). Fortunately the non-interacting result can be simply added
to the interacting one and gives the modi�ed equation

s̄ED = − τ̃
2
2

Ne

= (W )

AΩ
+

1

2
,

for viscosity computed through exact diagonalization. From this equation, it is
obvious that any state that is only a single Slater determinant, will have s̄ = 1

2 .
After all, = (W ) identically vanishes for these states since W = 1.

8.2 Viscosity in the ν = 2
5 state

We now have two systems at ν = 2
5 for which we may compute the viscosity:

the exact Coulomb ground state and the Hierarchy state given by (6.9). We
shall compute viscosity for both the exactly diagonalized state and the trial wave
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Figure 8.4: Viscosity, in units of the mean orbital spin s̄, for the exact Coulomb
ground state and CFT wave functions for N = 4, 6, 8, 10, 12 electrons. The torus
geometry is τ = ı. The value of s̄ depends on Ne. This is likely a �nite size e�ect
since s̄ converge on s̄ = 2 as Ne increases.

functions. This is a sanity-check as overlaps are not always a good characterization
on if two states are the same.*

Considering the ν = 2
5 state, given by (6.9), three objectives needs to be met

in order to declare (6.9) a good trial wave function. First, the overlap with the
exact Coulomb ground state has to be high. We have already showed this to be
the case in Section 6.4, in particular with Figure 6.7. Second, we need establish
that the trial wave function and Coulomb wave function have the same s̄, which
is a natural test that the two wave functions are in the same topological sector.
Third, the numerical value of s̄ should correspond to the analytically predicted
value s̄ = 2, which is really a test that the above mentioned plasma analogy holds.

In Figure 8.4 we compute s̄ for τ̃ = ı as a function of system size with Ne =
4, 6, 8, 10, 12 particles. We �nd that s̄ asymptotically approaches s̄ = 2 for both
the trial wave function and the Coulomb ground state. There are however still
noticeable �nite size e�ects. We can compute the viscosity only for Ne = 10
exactly diagonalized particles but the trial wave function can be evaluated for at
least Ne = 12 particles. Note that using only D1,0 or D0,1 on their own yields a
result further from s̄ = 2 than if the two terms where added together. This is only
to be expected since the same behaviour was observed for the overlap in Figure
6.4. We expect that when two terms are equally dominant, both terms may be
needed.

In Figure 8.5, we choose a system of Ne particles and study how s̄ depends on
τ as we go away from the square torus of τ = ı. We see that even for moderate
deviations from τ = ı, the values of s̄ are signi�cantly di�erent from s̄ = 2.
We believe this τ -dependence of s̄ to be a �nite-size e�ect� since it becomes less

*There are examples of wave functions that have very good overlap, but still have very
di�erent symmetries. A case in point is the Ga�nian[SRCB07], which has good overlap with the
exact Coulomb ground state, but also possesses several pathological properties. One of these
properties is the existence of gapless excitations, such that the Ga�nian does not represent a
stable gapped topological phase of matter.

�It should be noted that for τ → ı0 and τ → ı∞, we expect s̄ → 1
2
. In this limit, which

is the thin torus limit, all dynamics are frozen out. Thus the problem becomes one-dimensional
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Figure 8.5: Viscosity, in units of the mean orbital spin s̄, for the Hierarchy wave
functions D1,0Ψs (Blue), (D1,0 +D0,1) Ψs (Green) and D0,1Ψs (Red) de�ned in
(6.9). The torus has the parameters < (τ) = 0 and 0.2 < = (τ) < 5. In the
region = (τ) ≈ 1 both D0,1 and D1,0 has viscosity near s̄ = 2. For = (τ)→ 0 and
= (τ) → ∞ the value of s̄ drops to s̄ = 1

2 , which is related to the torus becoming
thin. It is clear that the di�erent weights in (6.9) are kicking in, as D0,1 + D0,1

follows either D1,0 or D0,1 depending on τ .

pronounced for larger values of Ne. Both the trial wave functions and exactly
diagonalized Coulomb ground state behave in qualitatively the same way as a
function of τ , but the trial wave function seems to be more stable as s̄ ≈ 2 in a
wider region around τ ≈ ı. This might not be too surprising as (6.9) is intended
to realize a particular topological sector.

We also compute the viscosity for the di�erent terms making up the hierarchical
wave function (6.9). The s̄-values for the various pieces di�er substantially as τ is
tuned away far from τ = ı. This is clearly seen in Figure 8.5, where as expected,
the coe�cients entering in (6.9) single out one viscosity value over the other.

Numerically it is time consuming to evaluate the viscosity. For the exact diago-
nalization, we are as usual limited by the exponential growth of the Hilbert space,
meaning that it is not tractable to look at systems larger than Ne = 12 without
resorting to super computers. Also, the number of steps that discretize the path
Ω should be on the order of N = 200 steps. This reduces the largest systems size
to Ne = 10.

For the Hierarchical states, there exists a di�erent problem. Although we
do not need to perform an exact diagonalization, the overlap in (8.5) has to be
evaluated using Monte Carlo methods. This introduces statistical noise into the
viscosity calculation, necessitating the error bars on s̄ for the trial wave functions
but not for the diagonalized state.

To summarize: The Hierarchy states appear to have the mean orbital spin
s̄ = 2. This result is consistent with the expected result given by shift S = 4.
Nevertheless, there still remain large numerical errors.

and electrostatic.
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8.3 Tao-Thouless limit

� where the plasma analogy fails

In this section we will brie�y discuss what should be expected of the viscosity
in limit of a thin torus (TT-limit). The thin torus limit is approached when the
aspect ratio τ2 of the torus becomes so large that one of the two principal axes are
comparable with the magnetic length L{1,2} ≈ `B . In this limit all the hopping
elements in the Hamiltonian vanish and only the electrostatic terms remain. Since
only electrostatic terms remain in the TT-limit, the ground state is in the simplest
cases given by only a single Slater-determinant[BK08]. The Coulomb interaction
in the LLL has this particular property in the TT-limit. The thin torus limit is
also sometimes called the Tao-Thouless limit as the single Slater-determinant state
was an early proposal by Tao and Thouless to explain the fractional conductivity
in the FQHE[TT83]. The acronym TT can thus interchangeably stand for thin
torus or Tao-Thouless. For a detailed description of the TT-limit we refer to Ref.
[BK08].

The TT-limit is interesting since it is adiabatically connected to the physical
geometry at τ ≈ ı, in the sense that the gap to the lowest excitations is always
open, as τ is changed from τ ≈ ı to τ → 0[BK08]. Thus, results obtained in the
TT-limit can shed light on the more physical quadratic geometry. It is especially
easy to compute the fractional charge of the quasi-particles in this limit.

As there are no hopping terms in this limit, the problem is in a sense classical*

and it is practical to describe the physics in terms of momentum (or Fock) con�g-
urations such as 001001001001001 or 001010010100101. The n:th digit labels the
number of electrons that occupy the n:th orbital. The two con�gurations give the
TT-states for the �lling fractions ν = 1

3 and ν = 2
5 respectively.

8.3.1 Exclusion statistics in the TT-limit

In Paper I we investigated the TT-limit with focus on the excitation spectrum of
the quasi-particles. We introduced quasi-particle con�gurations p and quasi-hole
con�gurations h. For ν = 1

3 the con�gurations are p = 01 and h = 0, whereas
for ν = 2

5 they are p =01 and h = 001. We showed that the ground state was
given by the con�guration phphphphph and the low energy sector was described
by all the possible permutations of the p and h con�gurations. As an example,
the minimal particle hole excitation was given by the con�guration phphhpphph.
Here, the underscore marks the h and p that have been permuted to generate the
excitation.

Using the language of h and p we computed the exclusion statistics[Hal91] g for
the quasi-particles in the TT-limit. Exclusion statistics is a generalization of the
Pauli exclusion principle. It measures how many single particle states are occupied
by adding an extra particle. For fermions this number is gf = 1 due to the Pauli
exclusion principle, whereas for bosons it is gb = 0 since several bosons can be
in the same single particle state. Exclusion statistics is closely tied to the phase
two particles pick up when they are exchanged; Two fermions pick up a phase
eıπgf = −1 when exchanged and two bosons pick up the phase eıπgb = 1.

*In the sense that the Hamiltonian is diagonal.
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Figure 8.6: Energy spectra for a screened Coulomb potential at ν = 1
3 as L1 (Lx)

is changed from the TT-regime L1 = 0 to the physical regime. The state contains
a con�guration with 5 electrons and two extra quasi-particles making up a total
of Ne = 7 electrons and Ns = 19 �ux quanta. One of the low energy states (red)
leaves the lowest band of states and joins the band of higher energy. This change
of band signi�es a change of exclusion statistics for the quasi-particles.

Several other authors (see references in Paper I) have discussed exclusion
statistics and our conclusions concur with the literature for the quasi-holes. How-
ever, our results di�er from the other authors in the case of the quasi-particles.
Numerical studies performed in Paper I indeed show � as τ develop from the TT-
regime to the physical regime at τ ≈ ı � that the exclusion statistics do change
from our result to the values proposed by other authors. See Figure 8.6.

That the exclusion statistics change between the TT-regime and the physical
regime is a signature that not all quantities in the TT-limit are adiabatically
connected with the physical state at τ ≈ ı. It is thus interesting to see how deep
into the TT-regime the viscosity remains a meaningful quantity.

8.3.2 Viscosity in the TT-limit

Figure 8.7 illustrates why we should be careful then studying viscosity in the TT-
limit. The mean orbital density drops to s̄ = 1

2 and will do so for a large enough
value of τ for any system size. In this sense, the TT-limit regime will persist even
in the thermodynamic limit, given that the system is su�ciently thin. That there
is a well de�ned region where s̄ = 1

2 , is clear from the right hand plot of Figure 8.7:
there is universal behaviour that only depends on the shorter physical size � Lx in
this case � of the torus. Note that the onset takes place at about Lx ≈ 5`B , just
as the system changes from a simple TT-state to a more correlated state[BK06].
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a) b)

Figure 8.7: Viscosity of the Laughlin state at ν = 1
3 for Ne = 2, . . . , 9 particles. a)

s̄ as a function of τ2. b)s̄ as function of Lx =
√

2πNs
τ2

. Notice that the curves are

almost independent of system size if s̄ is plotted as a function of Lx. The curves
for larger system sizes extends to larger Lx as the system size increases. This is
since the square torus is at Lx =

√
2πNs.

The physical intuition is this: if Lx is small enough, the overlaps between
neighbouring electron wave functions is exponentially suppressed. Because of this
suppression all hopping terms except the electrostatic terms � which do not contain
any hopping � vanish in the TT-limit. This is illustrated in Figure 8.8. As a result
of the vanishing hopping terms, the electrons have no knowledge of how long (τ2Lx)
the system is, and are thus only sensitive to the short length-scale Lx.

We now return to the Fock expansion of the Laughlin state in (7.1) and consider
what happens in the TT-limit. Since the Laughlin wave function reduces to a single
Slater determinant for the root partition . . . 001001001001 . . ., it follows that only
one element of Z (Ti) remains non-zero as τ →∞. From this we can deduce that
the viscosity in the TT-limit really is s̄ = 1

2 since the entire contribution comes
from this single Slater determinant.

We may now compute the correction to the CFT normalization N (τ) by study-
ing Z (Ti). The TT-limit behaviour of Z (Ti) by extracted by keeping only the
leading factors of (7.6), which are

Z (τ) ≈
√
τ2
−Ne2 e−πτ2

q
24 (N2

e−3Ne+2).

The factor
√
τ2 comes from the normalization of the single particle wave functions,

the exponential from all the ways of ordering 1 ≤ i < j < k ≤ Ne. Further, leading
behaviour of N (τ) can be extracted from (8.4) and is

N (τ) ≈
√
τ2

qNe
2

eıπτ
1
12 [Ns2 (Ne−3)+1]

.

Since only one Fock state is present in the expansion (7.1), the properly normalized
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Figure 8.8: Hopping elements of the Coulomb Hamiltonian at ν = 1
3 and Ne =

3, 4, 5, 6, 7 particles. The range of Lx is from Lx ≈ 0 to Lx = Ly (τ = ı) which is
why the curves for larger system sizes extends further to the right. Dotted lines
represents electrostatic terms, i.e. where no hopping occurs. Solid lines represent
all other hopping terms. Notice that the hopping terms have all vanished at
Lx ≈ 4`B . This is also the point where the viscosity diverges from s̄ = 1

2 . See
Figure 8.7.

state then has the property N0N (τ)Z (τ) = 1. However, since

N0 =
1

N (τ)Z (τ)
=
[√
τ2η

2 (τ)
] (q−1)Ne

2 ,

there is an asymptotic correction to the normalization N (τ) when τ →∞. From
the non-trivial correction N0 we draw the conclusion that the viscosity in the TT-
limit does not carry any information about the topological aspects of the wave
functions. As a consequence, there is no generalized plasma analogy in this limit.
We must thus take case to ensure that we are su�ciently far from the TT-limit
when interpreting the viscosity data. Fortunately, the universality behaviour of
the viscosity seems to be present also in other systems than the Laughlin state.
Hence, it is fruitful to use Lx as the control parameter instead of τ when studying
viscosity.



Chapter 9

Summary and Outlook

In this thesis we have focused mainly on the construction of quantum Hall wave
functions on the torus. The construction consists of two di�erent pieces, �rst
the conformal blocks that are extracted from correlators of vertex operators, and
second, the modular invariant derivatives that distinguish di�erent particle groups
under anti-symmetrization and thus prevent the wave functions from vanishing
under anti-symmetrization.

In the �rst step, we have computed the correlation function of a string of vertex
operators, one for each particle. The correlation function can be expressed as a
sum over chiral and ant-chiral conformal blocks, which are glued together. The
wave functions with proper single particle boundary conditions are constructed as
linear combinations of the chiral blocks.

The second step of constructing modular covariant derivatives is inspired by
the short range regularization of the hierarchy construction on the torus. We note
that the derivatives have to be written as a product of single particle translation
operators

∏Ne
i t

(i)
mi,ni . However, in order to preserve the q-fold degeneracy, we can

not form any product but must restrict ourselves to combinations on the form
T

(α)
m,n =

∏Nα
iα

t
(iα)
m,n. In this way all particles in the same group are translated

rigidly. We have shown that, due to modular covariance, the physical generalized
derivative D is a sum over all possible T (α)

m,n. The relative weights, and especially
phases of T (α)

m,n have been calculated from the principle of modular covariance.
As an application of the generalized derivative, we have constructed a trial

wave function for the ν = 2
5 state. This wave function has excellent agreement

with the Coulomb ground state in the entire τ -plane. Good agreement can be
obtained with as little as a single Tm,n-term, provided it is chosen appropriately.
This result is especially impressive as the requirement of modular covariance �xes
the form of λm,n up to a relative minus-sign between some terms. Further we have
calculated the viscosity of the trial wave function numerically, and found that it
coincides well with the values retrieved from exact diagonalization of the Coulomb
potential.

Finally we have computed the TT-limit correction to the CFT normalization
N (τ). We numerically demonstrated that the viscosity exponentially approaches
s̄ = 1

2 in the TT-limit. This illustrates that the many-body correlation e�ect

71
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present in the physical regime τ ≈ ı is not present in the TT-regime. This result
is of course to be expected since the state reduces to a single Slater determinant.
A Slater determinant has the same viscosity as the contributing single particle
orbitals.

Several extensions can be made to the work presented in Paper II and Paper
III especially. The �rst such extension is to generalize the CFT construction
to also include quasi-hole condensations in the Hierarchy picture. The quasi-
hole condensates produce K-matrices with negative eigenvalues and so they can
not be computed directly in the framework of (5.5) and (5.6). The extension is
however straight forward as the K-matrix is split into a holomorphic and an anti-
holomorphic piece K = κ − κ̄, where both κ and κ̄ has positive eigenvalues. A
state that falls into this category is the ν = 2

3 state, the particle hole conjugate

of ν = 1
3 , where the K-matrix is K =

(
1 2
2 1

)
=

(
3 2
2 3

)
−
(

2 0
0 2

)
. Such work

has already begun through a project together with the group headed by Joost
Slingerland at Maynooth University.

The non-chiral nature of the ν = 2
3 state has a direct consequence for the CFT

wave function: The K = κ − κ̄ construction will not be restricted to lay only in
the LLL. The CFT wave function is the best pictured as as a wave function in the
guiding centre coordinates of coherent states rather than as a wave function in elec-
tron coordinates. Integrating over these coherent states then becomes the same as
projecting to the LLL and hence for the chiral states � such as the Laughlin states
� nothing happens. However if the Landau orbitals would be non-isotropic, then
the coherent states would also be di�erent. A convolution with these alternative
coherent states would produce a di�erent, non-isotropic Laughlin wave function.
This type of analysis ties into the work of Haldane, who explores the possibility of
writing the FQHE in a geometry where the Landau orbitals have a di�erent shape
than the ones usually considered[Hal11].

Further research could investigate how to practically perform the coherent
state projection. One way would be to numerically perform the CS integration
to obtain a numerical wave function. Such an approach has been stated by the
Slingerland group. Another interesting possibility based on the Zn expansion from
Paper IV is to analytically perform the integration by formulating the projected
wave function directly in a Fock basis. The integrals that appear are tractable to
perform and yields a wave function in the LLL. However, the analytical form of this
function is horrendously complicated and there is no obvious way to reformulate
it as a sum of Slater determinant. The question remains whether this type of wave
function can still be evaluated e�ciently.

Another direct generalisation would be to also include quasi-particles and quasi-
holes into the wave functions. This should be fairly straight forward to implement
since the machinery to evaluate the CFT correlation functions is already in place.



Appendix A

Jacobi Theta Functions and

some Relations

All LLL wave functions can be written as a Gaussian part and a holomorphic
function. On the torus, which is quasi two-dimensional, an natural set of func-
tions suitable for this purpose are the Jacobi ϑ-functions. In this appendix, we
summarize the main properties of these functions that will be used throughout the
main text. The generalized Jacobi ϑ-function is de�ned as

ϑ

[
a
b

]
(z|τ) =

∞∑
k=−∞

eıπτ(k+a)2

eı2π(k+a)(z+b) (A.1)

where = (τ) > 0 for convergence. The zeros of (A.1) are located at

z =
1

2
+m− b+

(
1

2
+ n− a

)
τ. (A.2)

The ϑ-function has two real parameters a and b that ful�l

ϑ

[
a+ 1
b

]
(z|τ) = ϑ

[
a
b

]
(z|τ) (A.3)

and

ϑ

[
a

b+ c

]
(z|τ) = ϑ

[
a
b

]
(z + c|τ) (A.4)

The two main periodic properties are

ϑ

[
a
b

]
(z + n|τ) = eı2πanϑ

[
a
b

]
(z|τ) (A.5)

where n ∈ Z and

ϑ

[
a
b

]
(z + cτ |τ) = e−ı2πc(z+b)e−ıπτc

2

ϑ

[
a+ c
b

]
(z|τ) (A.6)
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where c ∈ R. Under transformations of the lattice parameter τ the relations are

ϑ

[
a
b

]
(z|τ + n) = e−ıπa(1+a)nϑ

[
a

an+ n
2 + b

]
(z|τ) (A.7)

where n ∈ Z. Using the Poisson summation formula∑
n∈Z

e−πan
2+bn =

1√
a

∑
k∈Z

e
(b+2πık)2

4πa (A.8)

we �nd that under inversion of the lattice parameter τ → − 1
τ , the transformation

is

ϑ

[
a
b

](
z

∣∣∣∣−1

τ

)
=
√
−ıτeıτπz

2

eı2πbaϑ

[
b
−a

]
(τz|τ) (A.9)

There is a simple summation rule under Fourier sums

N∑
r=1

eı
2π
N rsϑ

[
a+ r

N
b

]
(z|τ) = e−ı2πasϑ

[
Na
b+s
N

]( z
N

∣∣∣ τ
N2

)
(A.10)

We can de�ne four special cases of the parameters a and b that have symmetry
properties under z → −z. These functions are

ϑ1(z|τ) = ϑ

[
1
2
1
2

]
(z|τ) (A.11)

ϑ2(z|τ) = ϑ

[
1
2
0

]
(z|τ) (A.12)

ϑ3(z|τ) = ϑ

[
0
0

]
(z|τ) (A.13)

ϑ4(z|τ) = ϑ

[
0
1
2

]
(z|τ) (A.14)

where ϑ1(z|τ) is odd and ϑ2,3,4(z|τ) are even.



Appendix B

Di�erent Coordinates and

Gauges

This Appendix lists the basic linear relations between the complex coordinates z
and z̄, the Cartesian coordinates x̃ and ỹ as well as the τ -coordinates x and y.

B.1 Coordinate relations

The complex coordinates are de�ned in terms of the Cartesian coordinates as

z = x̃+ ıỹ

z̄ = x̃− ıỹ, (B.1)

and in terms of the τ -coordinates as

z = Lx (x+ τy)

z̄ = Lx (x+ τ̄ y) . (B.2)

The inverted relations are then

x̃ =
1

2
(z + z̄)

ỹ =
1

2ı
(z − z̄) , (B.3)

and

x =
1

Lx

τ z̄ − τ̄ z
τ − τ̄

y =
1

Lx

z − z̄
τ − τ̄

. (B.4)
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We can also construct the relations between the Cartesian coordinates and the
τ -coordinates as

x̃ = Lx (x+ τ1y)

ỹ = Lxτ2y, (B.5)

with the inverse relation

x =
1

τ2Lx
(τ2x̃− τ1ỹ)

y =
ỹ

Lxτ2
. (B.6)

B.2 Derivative relations

The coordinates relations above can also be recast in the form of relations between
the di�erent derivatives

∂z =
1

2
(∂x̃ − ı∂ỹ)

∂z̄ =
1

2
(∂x̃ + ı∂ỹ) , (B.7)

with the inverted relations

∂x̃ = ∂z + ∂z̄

∂ỹ = ı∂z − ı∂z̄, (B.8)

The connection to the τ -coordinates are

∂z =
1

Lx (τ − τ̄)
(−τ̄ ∂x + ∂y)

∂z̄ =
1

Lx (τ − τ̄)
(τ∂x − ∂y) , (B.9)

and

∂x = Lx (∂z + ∂z̄) ∂y = Lx (τ∂z + τ̄ ∂z̄) . (B.10)

We can also construct the relations between the Cartesian derivatives and the
τ -coordinates derivatives as

∂x̃ =
1

Lx
∂x

∂ỹ =
1

τ2Lx
(−τ1∂x + ∂y) , (B.11)

with the inverse relation

∂x = Lx∂x̃

∂y = Lx (τ1∂x̃ + τ2∂ỹ) . (B.12)



Appendix C

The Covariant Derivative

In the main text we have been analysing the construction (3.8) where the ∂z does
not act on the exponential part e−

1
4 |z|

2

. This is a rather convenient way of writing
on the plane, but the relevant operator to consider is the version of ∂z that acts
also on the exponential part. It is this operator that is generalizable to other
gauge choices. It is easy enough to pull the derivative back to the left and �nd the
operator in the symmetric gauge to be

DS = ∂z +
1

4
z̄.

To compute the commutator with the generators of periodic boundary conditions
t(Lx) and t(τLx), we need to write these operators in the same gauge. Here we
choose to write DS in the τ -gauge by transforming it �rst to the Landau gauge
with exponential e−

1
2 ỹ

2

as a middle step. The unitary operators that perform this
transformation and the one from Landau gauge to τ -gauge are

OS→L = exp

(
−ı1

2
x̃ỹ

)
= exp

(
1

8

(
z̄2 − z2

))
OL→τ = exp

(
ı
1

2

τ1
τ2
ỹ2

)
= exp

(
ıτ1πNsy

2
)
,

such that

DL = OS→LDSO
†
S→L = ∂z +

1

2
x̃

and

Dτ = OL→τDLO
†
L→τ = ∂z +

Lx
2
x.

From (4.9) we �nd the generators of boundary conditions to be t(Lx) = e∂x

and t(τLx) = e∂y+ı2πNsx and the commutations relations with these are

[t (Lx) , Dτ ] =
Lx
2
t (Lx)

[t(τLx) , Dτ ] =
τ̄Lx

2
t(τLx) .
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Since these commutators are not zero, we can casually state that �∂z does not
commute with the boundary conditions�. From a qualitative point of view, this is
a reasonable statement, since Dτ does not commute with the boundary conditions
either. In fact, it is straight forward to show that for a generic translation t(ω),
then

[t(ω) , Dτ ] = ω̄t(ω) , (C.1)

which means that there exists no translation direction that commutes with the
derivative operator.

In hindsight we can understand why (C.1) looks the way it does. We know
that Dτ is the projection of z̄ such that

DτfLLL (z) = PLLLz̄fLLL (z) ,

where fLLL is a LLL wave function. Since the translation operators commute with
the projection operator [t(ω) ,PLLL] = 0, the commutation relation [t(ω) , z̄] will
be preserved during the projection. Indeed, we �nd that [t(ω) , z̄] = ω̄t(ω), which
is the same as (C.1).
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