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FIG. 1. Illustration of Spinodal Decomposition: In the above set of snapshots we see two rows
of coarsening patterns that result from different initial conditions in the Cahn-Hilliard formalism. Time
increases from left to right. The patterns can be understood to represent the coarse-grained evolution of
particle density, or the abundance of one species of particle over another. The figure is adapted from Ref. [1].

I. INTRODUCTION

Most of the many-body physics that you have encountered in your undergraduate lectures con-
cerns systems that are in equilibrium. Examples include the classical Ising model, site percolation,
and the van-der-Waals gas!. For such systems, we can use the full toolset of (classical) statisti-
cal mechanics to understand what the properties of the system are (i.e., temperature, pressure,
magnetization, heat capacity, susceptibility ...). This is usually done by considering integration
or summation over phase space to arrive at partition functions and free energies. Derivatives
of the latter give access to the physical quantities of interest. Alternatively, one can perform
renormalization-group analysis on systems near the critical point to identify the types of scaling
present in the system and thereby the universality class to which it belongs. Such an analysis can
also give approximative insight into the location of the continuous phase transition. Much of the
characterizing power of statistical mechanics lies in the equivalence between the time-averaged and
phase-space-averaged quantities for (ergodic) systems in equilibrium.

You will also have encountered departures from equilibrium in studying thermodynamics. How-
ever, recalling the efficiency of Carnot engines, you will note that the discussion is typically limited
to adiabatic transients or slow-relaxation regimes, the latter of which can be handled using a near-
equilibrium approximation. This situation is unsatisfying at best, as a large set of interesting
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physical behaviors thus appear to fall outside the scope of statistical mechanics. In Soft Matter,
equilibrium systems are prevalent, but equally many, if not more systems are (driven) away from
equilibrium either by preparation or for a purpose. For example, some crystals that are stable in
equilibrium are hard to form, as the kinetics of formation favors other structures [2—4]; the orien-
tation and optical properties of (liquid) crystals can be finely tuned via (time-varying) external
fields [5, 6]; and the interaction of macromolecules flowing through a thin pore can be used to
determine their properties via current measurements [7-10].

Examples of specific relevance to the discussion in this lecture are the nucleation and growth
of a dense phase from a supersaturated fluid medium, which can be used to synthesize colloidal
particles [11] and the self-assembly of prefabricated colloids into crystalline structures [12, 13].
Similarly, intricate intercalating structures can form in suspended particle systems that spinodally
decompose. When arrested, these can form colloidal gels [14-16], which see widespread use of in
industrial, medical, and academic settings; examples include care products, printing inks, food-
stuffs, crop protection, and pharmaceutical suspension formulations [17-20]. Obtaining desirable
microstructures requires understanding of the coarsening dynamics in such systems. Two examples
of such a process are illustrated in Fig. 1.

We will first (re)introduce a general formalism for non-equilibrium dynamics, Dynamic Density
Functional Theory (DDFT), extending the classical density functional theory (DFT) that you
have been exposed to previously. Next, we will apply this to a specific out-of-equilibrium situation,
where the system starts from a homogeneous phase and coarsens. This allows us to cast DDFT
into a phase-field form, deriving the phase-field crystal model. This can be used to study nucleation
and growth of a crystal structure. We will reference an example of this and see a numerical result
for dendritic growth in one of the exercises.

Inspired by the phase-field crystal model, we finally turn to the Cahn-Hilliard formalism, a
simpler variant, which provides a description of spinodal decomposition. The Cahn-Hilliard equa-
tion — named after John W. Cahn and John E. Hilliard — traces its origin to metallurgy, for
which there was an interest in predicting the microstructure of binary alloys [21]. A spinodal-
decomposition derived microstructure, see Fig. 1, can impact the physical properties of the bulk
material?, when frozen in through rapid cooling, often referred to as a thermal quench. Other forms
of quenching, such as exerting mechanical vibrations that are suddenly stopped, are encountered
in the preparation of colloidal gels. Because the forming (and possibly arrested) system is not in
equilibrium, the path by which it forms governs the physical properties at a given time. Analysing
and (numerically) solving the Cahn-Hilliard equations, and equally the phase-field crystal model
or DDFT, can provide insight into the microstructure underlying these properties.

Presently, it is recognized that the Cahn—Hilliard equation is applicable to a broad range of
pattern-forming processes that have qualitative features of phase separation. For example, it has
been applied to characterize the structure of diblock copolymers [23], model tumor growth [24],
study moving contact line dynamics [25], model the distribution of plants in arid areas [26], and even
to model self-propelled patterns [27]. The phase-field crystal approach bridges this scale and the
particle scale, i.e., what is more commonly considered the domain of particle-based simulations [28].
It is also amenable to very efficient numerical solving, as we will see, which has led to it to gain
popularity in some fields. Lastly, DDFT has the most accurate dynamics and widest range of
applicability [29]. However, this may be a limiting factor in studying the large-scale dynamics in
the system. We refer the interested reader to the following sources to gain additional insight: [29—
33]. The remainder of this text follows the discussion in Refs. [34, 35] and the lecture notes by
Tristan Ursell on Phase Separation in a Diffuse System.

2 As a historical curiosity, we should point out the following. It was recognized in the mid-1990s that Damascene
swords — forged using Wootz steel that was first discovered in south India around the first century A.D. — utilize
this type of metallurgy to achieve their high durability [22]. As this variant of sword making involves physics, it
is per definition superior to other forms of sword manufacture, e.g., involving the repeated folding of metals to
achieve a similar effect, as was commonplace in Japan.



II. DENSITY FUNCTIONAL THEORY

In a previous lecture, you have seen the development of DFT. This was predicated on Legendre
transforms between the grand potential Q(u, V,T) and the canonical free energy F(N,V,T), with
V the volume, T the temperature, N the number of particles, and p the chemical potential. The
former is minimized with respect to the number of particles IV, while the latter is minimized with
respect to the chemical potential p. From the calculations shown to you before, a density-functional
form of the free energy F|[p] can be recovered

Flo] = Falo] + Foxlp] + / A Vi (1) (7). (1)

where p(r) is the density and Viy(r) the external potential. The term

Falp = ks [ ar o) <1og (o(r)a?) - 1) , 2)

represents an ideal gas contribution, while Fex[p] encodes all intrinsic departures from ideality.
Here, kp is the Boltzmann constant, ‘log’ denotes the natural logarithm, and A represents the
de Broglie wavelength.

In general, it is not entirely trivial to come up with good Foy, as was also discussed previously.
A version of F can be obtained from the free energy of the bulk system by making the local-density
approximation (LDA) to obtain a functional

Fipalp = / ar fu(p(r)), (3)
where we introduced
folptr)) = VD), (@

with Fy, the bulk free energy. LDA ignores gradients in the system, the presence of which typically
cause the system to incur a free-energy penalty. An approximative free energy correction is to add
a square gradient (SG) term to introduce the presence of an interface

K
Fionssclol = [ ar (fulolr).T)+ 519pr) ) o)
where k is a prefactor that governs the width of the fluid interface, V denotes the gradient operator,
and |---| the vector norm. The term is squared, as there should not be a preferred direction

in crossing the interface. When adding terms that are gradients of the density, the functional
derivative of the free energy (function), takes the form

0 0
(507 ¥ 5y ) W]+ Ves(r) — =0, ©)

where ‘-’ denotes the inner product.

III. DYNAMIC DENSITY FUNCTIONAL THEORY

Several approaches were historically considered that build upon the success of ‘static’ DF'T, so that
dynamics in heterogeneous systems could also be analyzed within the DFT framework. We refer the
interested reader to Ref. [30] and papers referenced therein. The starting point for the development
of Dynamic Density Functional Theory, abbreviated DDFT, is the Smoluchowski equation [36]. A
full derivation of this formalism goes beyond the scope of these lectures, but the physical intuition
will be explored in the following and Exercise 1.



A. The Smoluchowski Equation

Consider a system of N Brownian particles — colloids or macromolecules suspended in a fluid
medium — that are subjected to a test or fictitious external force F' that derives from a potential
V. The external force on the j-th particle now reads F; = —VT],\I/(TN), where 7"V is the set of
particle positions {ri,...,7n}. The use of the subscript in the gradient indicates to which particle
coordinate the derivatives are taken. In equilibrium, we know that the canonical probability density
function for all N particles is given by

PNy = —exp [0 — pUG)] (7)

Here, 8 = 1/(kgT), U(r") is the potential energy in the system that includes already present
external potentials and particle interactions, and Z is a normalization factor related to the partition
function. Making both P and U dependent on time and using ¥ to express forces in terms of
probability, see Exercise 1, leads to the Smoluchowski equation

;P(TN, =T i A ([kBTv,,i + VU@, t)] P, t)) . (8)

Here, I' is the hydrodynamic friction experienced by the particles. The above expression can be
interpreted as a probability conservation equation, which is based on a flux driven by (i) diffusive
spreading of P(r"t) with diffusion coefficient, (kgT)T', and (ii) a tendency of particles to move
along in gradients of the potential.

Exercise 1: In this exercise we will obtain the Smoluchowski equation. The first step is to convert
particle coordinates to probability densities and then through a series of physical arguments arrive
at the probability conservation equation. The goal of this exercise is not to fully formalize the
calculation, rather it is to gain physical intuition.

(a) Take the gradient of Eq. (7) to obtain an expression for the fictitious force exerted by the
external test field in terms of the equilibrium density function P. You should arrive at
F; =V, U@")+kgTV,, log P(r"). Provide a physical interpretation for this expression
and explain what the purpose of introducing the test field is. Hint: the notation is suggestive.

We assume slow variation of the external forcing with respect to the Brownian time 5. Examining
dynamics on time scales longer than 73, it is reasonable to write

N
7=1

for the velocity of the i-th particle. Here, I';; is a mobility tensor that depends on all particle
coordinates 7V at that instant in time.

(b) Why is Eq. (9) reasonable? That is, what is the underlying physical assumption for this
equation to describe the dynamics of the colloids well? Hint: think back to your class on
hydrodynamics for soft matter.

(c) Assume that P(r"V) and U(r") can be made time dependent — P(r™V,t) and U (r",t) — and
that the expression from (a) still holds in the time-dependent form. What do you physically
assume to hold in this case? Is this assumption reasonable for colloids? Hint: U is present
in the equation, what is missing in terms of a Hamiltonian?



(d) Write down the continuity equation for P(r",t), given that the particle number is conserved
and the i-th probability flux follows from the associated velocity v;. That is, probability is
advected by the flow of particles.

Neglecting hydrodynamic interactions and assuming spherical colloids implies that we can use the
mean-field expression Lj = 1'0;5.

(e) Show that can recover Eq. (8) from (a), Eq. (9), and (d).

Note that the Smoluchowski is thus a generalized diffusion equation. More formally, Eq. (8),
can also be derived as the Fokker-Planck equation for a system of N Brownian particles in the
high-friction limit [37]. We refer to a course on stochastic processes for more information.

B. Evolution of the One-Body Density

We can now use the Smoluchowski equation to derive the time evolution of the one-body density
p(r,t), as defined by

N
plri,t) =N H/drj P(rN ) 1). (10)
j=2

The general (n-body) form of this expression reads

N

p(r" t) = (NN' H /drj P(TN,t), (11)

—n)!
n)! j=n+1

where 7" is a set containing n < N particle coordinates and the prefactor accounts for combinatorics
and normalization. If we also assume that all interactions in the system are given by pair potentials
va(7,7;), we can write

N

N
U t) = ZVext(’r’i,t)—i-%Zng(m,rj). (12)

i=1 i=1 j#i

Subsequently integrating Eq. (8) using this expression, we obtain the expression for the time
evolution of p(r,t)

F—l 8p('f’1, t)

e kgTVE p(r1,t) + Vi, - [p(r1,6) Vi Vet (71, 1)

+V7«1 '/d'l"gp(’l"l,’l"g,t)vrlvg('l“l,’l"Q). (13)

Here, we have introduced the two-body density p(r1,72,t). You might recognize elements of the
hierarchy of equations in this expression that you obtain when you consider the evolution of density
fields that follow from the Liouville equation for many-body Hamiltonian dynamics.

Exercise 2: Perform the somewhat tedious partial integrations required to arrive at Eq. (13).
While this exercise may be instructive, it is probably better to ignore it until the very end of your
problem class / self-allotted homework time.



We proceed by analyzing the interaction term and introducing the direct correlation function

B 1 dFex|p]
co(r) = " kaT p(r)

(14)

which measures the correlation between two particles that is not mediated by the presence of other
particles in the solvent. The expression in Eq. (14) is the first element is a series of correlation
functions that are obtained by taking higher-order functional derivatives of the excess free energy.
In dilute gases, ¢(r) simply specifies the pair-wise interaction between particles. In denser systems,
c(r) plays the role of an effective mean-field for the particle interactions. This can be understood
by introducing the expression for the ideal and excess free-energy functional, and rewriting

0 Fex(p]

kBT IOg(Agp(T)) + 6P(T)

+ Vext(r) — = 0; (15)
= p(7) = poulk exp (—BVext(r) +e(r) + ﬁu) ) (16)

Here, we have introduced the bulk density ppuk and slightly abused the notation to remove the
equilibrium ‘0’ subscript. From Eq. (16) it becomes clear that ¢(7) modulates the spatial density via
the interaction term. Note that we must have lim,.| o, ¢(r) = —Bu. Thus, we have a self-consistent
equation for p(r), as ¢(r) depends on the density profile itself.

In equilibrium, for a system where particles interact solely by pair potentials, the gradient of
the one-body direct correlation function ¢(r) is related to the two-body density via

—kTp(r)Vyc(r) = /dr'p(r,r',t)VTvg(r,r’). (17)

This follows straightforwardly from the technical manipulations you performed in Exercise 2 and
the definition of ¢(r).

C. Expressions for Dynamic Density Functional Theory

We now make the approximation that the direct-correlation-function identities also hold out of
equilibrium, such that we arrive at the DDFT equation

1 8p(Ta t)

F ot

(18)

_v. [p(r,t)vfw] 7

ép(r,t)

where we have
Flp(r,t)] = kBT/dr p(r,t) <log (p(r,t)A3> - 1> + Fex[p(r,t)] + /dr Vext(r, t)p(r,t). (19)

The first term is a time-dependent variant of the ideal-gas expression of Eq. (2), the second part
takes into account the non-idealities in the particle interactions, and the third introduces a time-
dependent potential working on the system.

Exercise 3: Use Eq. (18) to obtain the diffusion equation for an ideal Brownian gas, i.e., a
colloidal gas for which there are no particle interactions.



D. Further Considerations for DDFT

The concept of a chemical potential is applicable out of equilibrium, and we may therefore rewrite
Eq. (18) as follows

1 8p(ra t)
ot

where the chemical potential now depends on position and time. We can take the perspective that
Ip(r,t) is density-dependent mobility for the particle, with the (negative) gradient of the chemical
potential acting as a thermodynamic driving force for the evolution of the particle density. Note
that this expression for the mobility is not particularly realistic, since the mobility of individual
particles suspended in a fluid is highly dependent on local density in a non-linear fashion [38].
However, we had already eliminated a more accurate description at the level of the Smoluchowski
approximation. If one would want a better DDFT in this regard, that is the place to start.

The expression in Eq. (20) can be used even when the local chemical potential is not integrable to
a free-energy functional®. It is good to note that, in equilibrium, we regain the expected behavior.
This suggests that, provided Voxt does not depend on time, the result of DDFT reduces to that of
DFT for a given system, irrespective of initial condition, i.e., lim;_ o p(r,t) = po(r). Lastly, we
should note that stochastic variants of DDFT also exist, the above introduction provides only the
deterministic variant. We refer an interested reader to Ref. [29] for an overview.

-

=V [pr,t)Vu(rt)], (20)

IV. PHASE-FIELD CRYSTAL METHOD FROM DDFT

In the following, we will assume that Vex(7,¢) = 0 and that we have an initially (almost) homoge-
nous fluid. We will chart the evolution of the fluctuations in density p(r,t) = p(r,t) — pn about
the homogeneous bulk density p,. The final goal is to study a system that spinodally decomposes
and chart the initial departures away from the homogeneous fluid (possibly after a quench into the
spinodal region). Two phases must form, which implies a free-energy functional that has an ideal
and excess part

Fudlp(r,t)] = k:BT/dr p(r,t) <log (p(r,t)A3> - 1> + Fexlp(r, t)], (21)
where Fex[p(7,t)] leads to phase separation through interactions.

Exercise 4: When you insert Eq. (21) into Eq. (18), this gives

—1 Gﬁ(r, t)
ot

where V? is the Laplacian and we have reintroduced the dynamic one-body direct correlation
function ¢(r,t). Use properties of the Helmholtz free-energy functional and the one-body direct
correlation function to arrive at Eq. (22). A potential route toward studying spinodal decomposi-
tion is to analyze the derivatives of ¢(r,t) and express these in terms of the two-body correlation
function [34]. We will follow a different route in these notes.

(TkpT) = V25(r,t) — pnV2c(r,t) — V- [p(r,t)Ve(r,t)] (22)

The next step in approaching phase separation is to expand both Fiq and Fx appropriately in
terms of p(r,t). As Cahn-Hilliard is an effective phase-field theory, we introduce a notation that

3 Terms that break integrability of the chemical potential have been explored to gain understanding of (strongly)
non-equilibrium physics and coexistence in active matter [39].



will eventually lead to this formalism* ¢(r,t) = p(r,t)/pn. Assuming that the departure away
from pp can be captured by a Taylor approximation, we arrive at the following expression for the
ideal free-energy functional

Fialé) = Falpw) + kT [y log(0%0)] [ dro(r.)

FhnTon [ dr |36 - g0+ 5ot - (23)

6
The term Fiq(py) is an irrelevant constant that gives the bulk free-energy contribution in the
homogenous phase with density py,.

Exercise 5: Perform the expansion required to obtain Eq. (23). What do the terms contribute to
the dynamics of the field and why?

The excess free-energy functional is usually approximated as

Fex[¢] = Fex[pn] — szpﬁ/dr o(r,t) (co — V2 4V — - ) o(r,t), (24)
using an expansion of the Fourier transform of the two-particle direct correlation function [35].
Here, the ¢; (i € {0,2,4}) are constants resulting from the expansion. These prefactors can also be
associated with features of the solid phase, such as elasticity. The bulk term Fix(py) is an irrelevant
constant factor to our derivation.

Let us now go through the major steps in this expansion. Consider small-density deviations
dp(r) = p(r) — pp, about a uniform, homogenous state. To quadratic order, we then have that

dk
80T == [ Gt sk - (25)

where ¢?) (k) is the 3D Fourier transform of ¢(?)(r):

e (k) = 47r/ dr 26 (r) sin(kr) (26)
0 kr
and the real-space two-body direct correlation function follows from the functional derivative
0 Fexp]
(2) N =-8 ex 27
c(r,r :
)= et 0

Note that we have further assumed an interaction that depends only on the separation |r — 7/|.
Exercise 6: Perform the expansion and justify why the first-order term drops out.

For slowly varying fields, we can expand the Fourier transform of the two-body direct correlation
function around k£ = 0 to obtain

(k) = Co + Cok® + Cuk* + O(K5), (28)
4 You may recall that density itself is not an appropriate order parameter in a (phase-field) Landau sense, as order

parameters are not thermodynamic state variables. However, (reduced) density gap, the change in density when
undergoing a phase transition is an order parameter, hence we can use ¢(r,t) as introduced here.



with phase-space coefficients (moments of ¢(2))

Co = 47r/ drr2c¢®(r), (29)
0
Cy = _dm drrtc® (r), (30)
3! Jo
A 4 o0
Cy= 7r/ dr r5¢2) (). (31)
GTIA

Exercise 7: Why are there no odd terms to the above expansion? Provide a physical intuition
based on symmetry, justify your answer using a few words only.

Inserting Eq. (28) into Eq. (25) and inverse-transforming (labelling the coefficients C; — ¢;)
gives the desired gradient expansion

1
BAFex = —3 / drdp [cg — 2V + gV - | dp. (32)
Upon introducing our definition of the density expansion, p = pp(1 + ¢), this yields

1
58T o= =5k [dro (- ¥+ eavi= )0 (33)

Exercise 8: Rework the terms in Eq. (33) to physically interpret ¢y, and identify the square-

gradient stiffness k = %cz and the biharmonic coefficient A\ = —%04. Comment on the sign of

% that is required to ensure stability. Now assume py, | 0 and show that ¢ (r) = —Bu(r) + O(po)
with u(r) the pair potential. Rewrite ¢y, c2, and ¢4 in terms of integrals over u(r) and comment
on the physical requirements for u(r) to ensure stability.

To make the above abstract notion more explicit, let us examine a few examples. For a Gaussian
repulsive potential,

u(r) = 6677"2/02, (34)
with € > 0 the potential strength and ¢ the range, we have that
D (r) ~ —Bee 17, (35)
in the dilute limit. This gives the Fourier-space expression
¢ (k) = *ﬁe(ﬂ'3/20'3)€_(kg/2)2, (36)

for which a Taylor expansion reveals

co = —Ber 203, (37)
¢y = +Ber®?6° /4; (38)
ey = —Ber®?67 /32. (39)

Thus, we conclude that the square gradient stiffness x > 0 and the biharmonic coefficient A > 0,
see Exercise 8 for the definitions.
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Exercise 9: Repeat this analysis for a Yukawa and hard-sphere interaction, as well as a square-
well potential. What conclusions can you draw about the nature of the short-ranged interactions
and the signs of the ¢;?

Following this section, we conclude that shape of 6(2)(k) near k = 0 encodes the physics: ¢q
sets the bulk quadratic curvature, co the interfacial penalty [V |2, and ¢4 the preferred mesoscale.
In phase-field-crystal models, we therefore have that when Cj changes sign a transition can occur
from a homogenous to a patterned phase, while co > 0; Cy > 0 is needed for stability.

Introducing the above expansions in terms of ¢(r,t) into our DDFT, see Eq. (18), we can now
come to a phase-field description of the evolution of a system. Here, we make the further reducing
assumption that the mobility factor I'p(r,t) is well approximated by I'py. The implication is that
particle mobility is only proportional to the overall particle density of the starting phase, which
was constant to begin with. Clearly, this dynamics is approximative in nature, but we know at
which stages we made reducing assumptions. The resulting expression for the dynamics of the
phase field is then

&’5(8’;” = DV? [(;S(r,t) — %¢(r,t)2 + %qb(r,t)?’ — (ao — V24Vt ) qﬁ(r,t)] . (40)
Here, D = kpTT, denotes the diffusion coefficient of the colloidal particles. Equation (40) is
known as the phase-field crystal model [32], which describes particles as a field and can be used to
study nucleation and growth, see Fig. 2. We will numerically solve it ourselves for another set of
coefficients and initial conditions in Exercise 13.

FIG. 2. Growth in the Phase-Field Crystal Model: Time series of the evolution of the phase field as
a function of time, running from top to bottom. In this case, a crystal lattice with a linear front grows out
into the fluid phase. The figure is reproduced from Ref. [35].

V. CAHN-HILLIARD FOR SPINODAL DECOMPOSITION

In examining Eq. (40) we recognize the power of writing more general phase-field expressions. The
Cahn-Hilliard formalism can be seen as a simpler variant of the phase-field crystal. The original
work by Cahn relied more heavily on derivation from microscopic laws [21] and is worth examining.
A common perturbative expression — suited for small perturbations away from homogeneous in
binary phase separation — is given by

0 t

qag;,) = DV2 [o(r,1)* = 6(r,t) - kV20(r, 1), (41)
where k governs the interface width. Note that here we do not have a quadratic term in ¢, as was
the case with the phase-field crystal. This is simply because our reference point is assumed to be



11

the critical composition. If you have a reference point that is shifted with respect to the critical
composition, you can redefine ¢ and recover a quadratic term.

Equation (41) follows from a (Landau) phase-field free-energy functional via

LU ST (42)
J(r,t) = —DVu(r,t); (43)
) = (5 =V sty ) 000 (44)

Flotr] = [ ar |3 (str02 = 1)"+ 51900 (45)

where in Eq. (45), we recognize 4th-order Landau double-well structure in ¢(7,t), which describes
a system that phase separates into ¢(r,t) = +1. This expression may also be derived from the
free-energy functional for a binary mixture, for which the above Landau expression follows from
Taylor expanding the entropy of mixing and interaction terms, see for example Ref. [31].

Most modern approaches dealing with Cahn-Hilliard instead use the more general form

Flotr, ) = [ ar [C;%(r,t)? + 2ot + IV o(r | (46)

Here, a7 is a prefactor that depends on temperature, such that it changes sign near the critical
point oy = (T — T¢), with T, the critical temperature and « a Taylor expansion coefficient. The
coefficient « is usually chosen to be temperature independent and must be positive.

Exercise 10: Assume we are working in one dimension (1D), with coordinate z, a; = (1 —T/T¢),
ag = 1/3, and that the system is stationary.

(a) Show that you can rewrite the (time-independent) Cahn-Hilliard equation that follows from
Eq. (46) to read

—n(x) +n(x)* - 17277(><) =0. (47)

Here, n(2) = ¢(2)/¢« with ¢, = /3(T/T. — 1) and x = z/& with & = V6r /..

(b) Show that the exact solution reads n(x) = =+ tanh(x), when lim, ;1 ¢(z) = +¢.. Sketch
the result and give a physical interpretation to ¢, and &.

(¢) Argue how this captures the formation of an interface both in the >1D Ising model and
phase separation in a binary mixture (e.g., as described by Flory-Huggins theory).

Using this result you can compute the surface tension as well, but we will not do so presently. It
turns out that n(x) = =+ tanh(x) is not the only solution to the stationary problem. There is a
whole family of solutions called soliton-lattice solutions, which are interesting, but go a bit beyond
the current material. They can be used to describe the coalescence of smaller domains, until the
two-distinct phases ‘ground state’ solution given by tanh(x) is obtained.
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A. Characterizing Spinodal Decomposition

In Exercise 10 you have already seen that the Cahn-Hilliard equation gives us two bulk phases
with a different order parameter, which are separated by an interface of a width that diverges
upon approaching the critical point (from below). In this last section, we will consider the scaling
and features of spinodal decomposition as predicted by Cahn-Hilliard theory. This analysis relies
on studying the Fourier modes of the equation, but can readily be transposed to the phase-field
crystal model [35] and the DDFT [34].

As a first step we rewrite the Cahn-Hilliard equation following from the free-energy functional
in Eq. (46). We introduce 7 as a natural time and A as a natural length scale. We obtain

Droy [ ag 3 KTD =,

o¢

- =V?
ot

; (48)

where the use of ‘~’ indicates the new reduced units and we have introduced minus signs, as a; must
be negative in the regime where the decomposition can take place. We have that —a; /e = ((b*)2

(solving for the non-interfacial stationary ¢), and by choosing 7 = k/(a2D) and \?> = —k/a; we
arrive at

9% _ <o (20 T 927

5=V [(sb—l)qb—vm (49)

with (]3 = ¢/¢*. Note that this form is slightly different from the one you arrived at in Exercise 10,
but it is similar in spirit.

Now we are in a position to Fourier transform Eq. (49), for which we drop the tildes to ease the
notation, and analyze the growth of various modes via the transform

(1) = / dk (k. t)e kT (50)

In order to make this analysis a bit easier, we can assume é is small and expand to linear order.
The resulting Fourier-space Cahn-Hilliard dynamics is given by

o .
%0 = (WP - k1Y) 4, (51)
which has the general solution
B0 t) = 0e,0) x| (12 = k1) 1] (52)

It should be immediately clear that for |k| = 271/2 the growth is greatest (|k|?>— |k|* is maximized),
all wavelengths with |k| < 1 grow exponentially, while for |k| > 1 they decay exponentially.

The above analysis makes it clear that growth of a pattern is promoted when the system is
quenched from a homogeneous state. However, the fact that there is fastest growth at a wave
number of |k| = 2-1/2 pot extremely insightful. Firstly, Cahn-Hilliard provides an approximative
result for the very earliest times of spinodal decomposition. As you will recall, there were a
number of strongly reducing assumptions by which we arrived at the phase-field crystal model.
Cahn-Hilliard is approximative beyond even that model. A more thorough analysis of the evolution
of perturbations can be made using DFT [34]. However, it is also commonplace to numerically
chart the evolution of the phase field, for example, see Fig. 3. We refer the interested reader to
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Deviation from Equal Mass Fraction

<

P Time

FIG. 3. Solutions to the Cahn-Hilliard Equation: The above set of snapshots shows three rows
of coarsening patterns that result from different initial mass fractions (values of ¢) in the Cahn-Hilliard
formalism. Time increases from left to right. The figure is adapted from Ref. [40].

Refs. [40, 41] for specifics on implementing this approach.

Exercise 11: Assume we have a free-energy density of the following form

2 4
1(6.9%6,9'6) = (M — a280) 4 w8 4 230V + S6v (53)

where A, qo, a, Ay, and u are constants that specify the properties of the system. You can assume
that our result for functional derivatives, as presented in the notes, can be generalized to

OFIe(r )] _ S~y qynom . Of
o)~ 2"V Grgngy oY

where the - indicates an inner product when there are uneven terms.

(a) Show that the above free-energy functional gives this
p(r,t) = (Aqg - aAO) 6+ ug® + 222V26 + AV (55)

form of the (local) chemical potential.

(b) Assuming that the ¢ field is subject to conservative dynamics and diffuses with coefficient
D, derive the partial differential equation

&qﬁg;t) — DV? [~alos +ud® + Aad + V3)?9| (56)

for the dynamics of the ¢ field.
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(¢) Introducing reduced variables ¢ = ¢+/u/ (Agg), t = tDAg§, and V=V /4o, allows us to write

‘Z? % [((1+@2)2—e)d3+<53], (57)

provide € and give a physical interpretation to this quantity.

(d) Use the Fourier transform

p(r,t) = / dk d(k, t)e * T (58)

and an expansion to obtain an equation for the modes of growth. What is the fastest growing
mode? Which modes are conserved and why does this make physical sense?

Exercise 12: Let us now return to the Cahn-Hilliard equation, Eq. (49) and subject this to further
analysis. Assume we are operating in one dimension (1D) and that we have a nearly homogenous
solution ¢ = ¢g + €pi1(x,t). Here, ¢ is the spatially and temporally constant solution that is
perturbed by ¢1, with € the expansion coefficient.

(a) Assume € < 1 and expand Eq. (49) to linear order in e.

(b) Make the ansatz that ¢1(z,t) = exp(ikx+fFt), with k and 8 some constants to be determined.
Determine [ as a function of k.

(c) Using your above dispersion relation, and assuming that k is real, we realize that 5 gives the
growth rate of any wave with wave number k. Solve 5(k) = 0 to establish the cut-off wave
number k..

(d) Only positive, real valued solutions for k. make physical sense, explain why. Use this to
establish bounds on ¢g.

(e) What is the physical interpretation of these bounds? Relate them to the properties of the
reduced free energy that underlies Eq. (49).

(f) Repeat the procedure on Eq. (57). What do you learn?

Exercise 13: Consider the Cahn-Hilliard (CH) equation with a quartic local free-energy density
in reduced form. Use the Python-style pseudocode provided on the next page, to implement a
semi-implicit Fourier spectral scheme on a periodic 2-dimensional grid. Translate this into working
code (NumPy + FFT) code, in order to run a spinodal decomposition from random initial data
(small amplitude white noise), and analyze structure growth, e.g., via the dominant wave number
of |p(k,t)|2. The following will help: (i) Work with the reduced form of the equations, no need
to have addional complication by having a bunch of parameters floating around. (ii) Choose dt
small enough to remain stable; verify that (¢) is conserved to numerical tolerance. (iii) Start from
¢ = ¢ + 1073 x uniform[—1, 1] with ¢ € {0,0.2}. (iv) Produce and discuss snapshots of
¢(x,y,t) and the time dependence of the peak wave number of the structure factor.
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# Parameters and grid

Nx, Ny = 256, 256 # grid sizes

Lx, Ly = 1.0, 1.0 # domain lengths

dx, dy = Lx/Nx, Ly/Ny

dt = le-4 # time step (choose stable value)
Tend = 2.0 # final time

# Wavenumbers (2 pi-periodized) for spectral derivatives
kx = 2*xpixfftfreq(Nx, d=dx) # shape (Nx,)

ky = 2*pixfftfreq(Ny, d=dy) # shape (Ny,)

KX, KY = meshgrid(kx, ky, indexing="ij")

K2 = KX**2 + KY**2

L_op = M *x K2 # Laplacian prefactor in CH

# Initial condition
phi = phiO_mean + eps * random_uniform(-1, 1, size=(Nx, Ny))

# Time stepping: semi-implicit (Eyre-type) split

# Treat - Laplacian(phi) implicitly, and the nonlinear f’(phi) explicitly.
# In Fourier space, the update for phi_hat is:

# phi_hat"{n+1} = [phi_hat"n - dt * L_op * FFT( f£’(phi"n) )]

# / [ 1+ dt * L_op * K2 1]
t =0.0
while t < Tend:
mu_prime = -phi + (phi**3) # £’ (phi)

rhs_hat = FFT(phi) - dt * L_op * FFT(mu_prime)
denom = 1.0 + dt * L_op * K2

phi = IFFT( rhs_hat / denom ).real

t += dt

# Diagnostics:

# - Check mass conservation: mean(phi) ~ const.

# - Compute structure factor S(k) = <|phi_hat|"2>.

# - Track k_peak(t) where S(k) is maximal to analyze coarsening.

Lastly, we should provide the perspective that Cahn-Hilliard and models like it have found
common use in the fields of Soft and Active Matter. This formalism can be coupled to reaction-
diffusion type equations to model the growth and splitting of droplets [42], thereby addressing
questions regarding the origin of life. Additionally, non-reciprocal interactions between two species
that comprise a separating binary mixture have been considered [27]. This leads to intriguing
travelling patterns, which may give insight into self-organized behavior in organisms. There is
therefore much to explore beyond these lecture notes.
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