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1 Introduction

When studying elliptic equilibria in Hamiltonian systems, a useful starting point is considering only the
quadratic part of the Hamiltonian. The dynamics defined by this quadratic part boils down to the dynamics
of uncoupled harmonic oscillators. These harmonic oscillators have certain frequencies/periods and alignment
of these frequencies can cause big changes in the dynamics of the complete system. For example, consider
some Hamiltonian of which the quadratic part defines two decoupled harmonic oscillators. The frequency of
one of the oscillators is precisely twice as big as the frequency of the other oscillator. Then the higher order
terms in the Hamiltonian have a larger effect on the full dynamics than if those oscillators would not have
been in resonance. This phenomenon is a large part of what is being studied in normal form theory.

In this report we study a specific case of resonance, namely the 2:3:6 resonance. Before we start with
this we first give a small review of the necessary Hamiltonian and normal form theory in chapter 2. Then in
chapter 3 we apply this to the 2:3:6 resonance by examining the cubic and quartic normal form. The cubic
normal form will turn out to define a completely integrable system. This means that the dynamics are much
simpler to study. For the quartic normal form this is not necessarily the case. However, we apply our findings
for the cubic and quartic normal form to a specific Hamiltonian. The quartic normal form of this specific
Hamiltonian will turn out to define a completely integrable system. At the end of this chapter we give some
remarks on what can happen if we normalize further.
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2 Hamiltonian systems and normal forms

In this section we quickly review some of the most important notions that arise in Hamiltonian systems
and normal forms. For this small section I have taken inspiration from chapter 10 in [SVM07]. Consider a
manifoldM and its cotangent bundle T ∗M. WithM we associate the configuration space and with T ∗M the
phase space. The dimension of M will be referred to as the number of degrees of freedom. On the cotangent
bundle we can define a symplectic form ω such that every function H : T ∗M → R defines a Hamiltonian
vector field XH on the phase space via the following relation:

ιXH
ω = dH.

In canonical local coordinates (x, y) ∈ T ∗M this reduces to the equations of motion:{
ẋ = ∂

∂yH

ẏ = − ∂
∂xH.

On the phase space we can define for any two smooth F,G : T ∗M → R the Poisson bracket {F,G} =
ω(XF , XG). In our case of a Hamiltonian H we get that for any smooth function F we have that

Ḟ = XH(F ) = {F,H}.

A particularly important class of Hamiltonian systems are completely integrable Hamiltonian systems. These
are systems that include n degrees of freedom that have n conserved quantities or integrals F1, ..., Fn. These
integrals must be functionally independent and in involution, i.e. {Fi, Fj} = 0, i, j = 1, ..., n. These systems
are particularly interesting since the dynamics can be easily studied. In fact, the Liouville-Arnold theorem
tells us that for completely integrable systems we have action-angle coordinates (I, ϕ) which simplify the
dynamics to quasi-periodic motion on invariant tori. In these coordinates the Hamiltonian can be written in
terms of only the action H(I) which yield the equations of motion{

ϕ̇ = ∂
∂IH(I)

İ = 0 .

The map α(y) = ∂
∂IH(I) is known as the frequency map. If the Jacobian with respect to the actions of this

map is invertible, the whole system is said to be non-degenerate. This condition ensures that almost all tori
have dense orbits [Han06]. A natural question is to ask if these integrable systems retain these motions once
a small perturbation is introduced to the system. This leads to the KAM-theorem which roughly states that
most of the invariant tori survive if a completely integrable non-degenerate Hamiltonian system undergoes a
small perturbation. Since these systems are so well-understood, the question arises if we can expand these
ideas to general Hamiltonian systems.

Now consider a general Hamiltonian system at equilibrium at the origin. There we can expand the Hamilto-
nian like

H =

∞∑
k=0

H0
k

k!
.

where H0
k is in the space Gj+2 of homogeneous real polynomials of degree j + 2. This system is in general

not an integrable system. However, around this equilibrium the quadratic part of the Hamiltonian governs
most of the dynamics and we can in some sense view all higher order terms as a perturbation. Furthermore,
around an elliptic equilibrium there exists some symplectic change of variables such that H0

0 can always be
written in the form without mixed terms, so for n degrees of freedom:

H0
0 =

n∑
i=1

ωi
x2
i + y2i
2

.
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We call ω = (ω1, ..., ωn) the frequency vector. We see that the quadratic part of the Hamiltonian reduces to n
decoupled harmonic oscillators. The Hamiltonian system defined by H0

0 is a simple system that is understood
well. It is in fact an integrable system and the details of this system will be discussed later. Most importantly,
the dynamics are quasi-periodic orbits on invariant tori. If H0

0 even defines a non-degenerate system, then
we can apply the KAM-theorem to the full system to conclude that around this equilibrium most of these
invariant tori survive in the general Hamiltonian system. Unfortunately H0

0 defines a degenerate integrable
system since the frequencies are constant and hence the Hessian is the zero matrix with determinant zero.
So we cannot apply the KAM-theorem. This idea does however signify the main approach that will be used
when formulating normal forms.
Normal forms are new Hamiltonians which are derived from the original Hamiltonian by performing a sym-
plectic change of variables m times. The first change of variables has the purpose of removing as many third
order terms as possible from H. The second change of variables wants to remove as many fourth order terms
as possible. This process continues. The hope is to end up with a Hamiltonian that, up to the polynomials
of order m, defines a completely integrable non-degenerate system. Then all higher order terms can be seen
as a perturbation and we can apply the KAM-theorem. To define such a symplectic change of variables, we
choose some Hamiltonian W and compose H with the time-1 flow of the vector field defined by W . This is a
symplectic map. The optimal choice of W depends on H and can be chosen accordingly. To illustrate this,
the first step in the normalization process will go as follows:

H = H ◦ φW
t=1 = H + {H,W}+ 1

2
{{H,W},W}+ h.o.t.

= H0
0 +H0

1 + {H0
0 +H0

1 ,W}+ 1

2

{
{H0

0 +H0
1 ,W},W

}
+ h.o.t.

= H0
0 +H0

1 + {H0
0 ,W}+ {H0

1 ,W}+ 1

2

{
{H0

0 ,W},W
}
+

1

2

{
{H0

1 ,W},W
}
+ h.o.t..

Then the cubic normal form H3 is the same as H but truncated after the third order polynomials. The
resulting third order normal form will be

H3 = H0
0 +H0

1 + {H0
0 ,W}.

Ideally we choose W in such a way that H0
1 = {W,H0

0} to eliminate all third order terms. This would be
possible if all functions in H0

1 are in the image of the linear mapping {·, H0
0} : Gj+2 → Gj+2. Therefore to

determine if such a W exists we must examine the linear mapping {·,H0
0} : Gj+2 → Gj+2. Note that by the

definition of the Poisson bracket this linear mapping can be viewed as the vector field XH0
0
. To investigate

this linear mapping it is useful to first switch to complex variables on the space GC
j+2 of homogeneous complex

polynomials of order j + 2. Complex variables make all computations easier and after these computations it
is possible to switch back to real variables by taking the real and imaginary parts of variables. This space
admits the splitting

GC
j+2 = ker(XH0

0
)⊕ im(XH0

0
).

This splitting makes apparent that we cannot find a W that eliminates all complex polynomials if the kernel
is non-empty. The kernel is spanned by all eigenvectors of the mapping XH0

0
with eigenvalue 0. If the ratios

between the components of the frequency vector ω are irrational, this kernel consists only of polynomials

that can be written in terms of
x2
i+y2

i

2 , i = 1, ..., n. If however the ratios are rational, for simplicity say
ω ∈ Zn, then the kernel can become much larger. All monomials in ker(XH0

0
) we will call resonant monomi-

als of order j + 2. If there are no third order resonant monomials, the cubic normal form becomes just the
quadratic Hamiltonian and hence we have simplified the system drastically. Even if the kernel is non-empty,
it is much smaller than the image and we end up with a simplified Hamiltonian in any case. The hope is to
conclude this simplified Hamiltonian defines a non-degenerate integrable system. If this is not the case, we
can normalize again using the same procedure with some Hamiltonian W ′ of fourth order to obtain a quartic
normal form H4. In particular we find that the non-resonant terms can be removed with some symplectic
change of variables but the resonant terms remain. These resonant terms then really determine the dynamics
of the normal forms and that is what will be studied in the next section for the 2:3:6 resonance.
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3 Normal forms of the 2:3:6 resonance and its dynamics

In this section we study the dynamics of a Hamiltonian system defined by the Hamiltonian H(x, y) =
H0

0 (x, y) +H0
1 (x, y) + . . . around an elliptic equilibrium at the origin with quadratic part

H0
0 (x, y) = 2

y21 + x2
1

2
+ 3

y22 + x2
2

2
+ 6

y23 + x2
3

2
.

The corresponding frequency vector is ω = (ω1, ω2, ω3) := (2, 3, 6).
To investigate this system we recall some identities we have computed in past exercises. To avoid overcom-
plicating the notation, if i is written in subscript it is an index, if i is not written in subscript it denotes√
−1. Define complex variables

zi = xi + iyi, i = 1, 2, 3.

The complex variables satisfy the following Poisson brackets

{zi, zj} = 0, i, j = 1, 2, 3 ,

and

{zi, z̄j} = −2iδij , i, j = 1, 2, 3 .

These identities give rise to the basic invariants

τi =
ziz̄i
2

, i = 1, 2, 3 .

These basic invariants satisfy the Poisson brackets

{τi, τj} = 0, i, j = 1, 2, 3 .

Then the quadratic Hamiltonian becomes

H0
0 = ω1τ1 + ω2τ2 + ω3τ3 .

Furthermore we have the Poisson brackets

{zi, H0
0} = −2iωizi and {z̄i, H0

0} = 2iωiz̄i, i = 1, 2, 3 .

By repeated application of Leibniz’ rule we also get for any n ∈ N

{zn, H0
0} = nzn−1{z,H0

0}.

As we have seen in the previous section, to study the normal forms we must first study properties of the
linear mapping XH0

0
.

Since we are talking about a Hamiltonian system the equations of motion become{
ẋi = ∂

∂yi
H0

0 = ωiyi

ẏi = − ∂
∂xi

H0
0 = −ωixi.

for i = 1, 2, 3,. This is a harmonic oscillator with general solution{
xi(t) = xi(0) cos(ωit) + yi(0) sin(ωit)

yi(t) = yi(0) cos(ωit)− xi(0) sin(ωit).

Then the flow is given by the general solution for any initial condition. For x, y ∈ R3:

φt(x, y) = (x cos(ωt) + y sin(ωt), y cos(ωt)− x sin(ωt)) ,
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or in complex coordinates

φt(z1, z2, z3) = (e−2itz1, e
−3itz2, e

−6itz3).

We now investigate the spectrum of the linear mapping XH0
0
which will help us find the resonant monomials.

The resonant monomials are the monomials that are invariant under the flow defined by H0
0 and are given

by the eigenvectors with eigenvalue 0 of the linear mapping XH0
0
. Recall that for any smooth function F we

have that XH0
0
(F ) = {F,H0

0} and define the complex monomial of degree j + 2 as

Ma,b,c,d,e,f = za1 z̄
b
1z

c
2z̄

d
2z

e
3 z̄

f
3 with a+ b+ c+ d+ e+ f = j + 2.

These form a basis of the space GC
j+2 of complex monomials of degree j + 2. This yields the relation

{Ma,b,c,d,e,f , H
0
0} =

(
a

z1
{z1, H0

0}+
b

z̄1
{z̄1, H0

0}+
c

z2
{z2, H0

0}+
d

z̄2
{z̄2, H0

0}

+
e

z3
{z3, H0

0}+
f

z̄3
{z̄3, H0

0}

)
Ma,b,c,d,e,f

=

(
a

z1
(−4iz1) +

b

z̄1
4iz̄1 +

c

z2
(−6iz2) +

d

z̄2
6iz̄2 +

e

z3
(−12iz3) +

f

z̄3
12iz̄3

)
Ma,b,c,d,e,f

= 2i (2(b− a) + 3(d− c) + 6(f − e))Ma,b,c,d,e,f .

The first equality follows from a similar calculation as we have done in exercise 28. We conclude that
Ma,b,c,d,e,f form a basis of eigenvectors with eigenvalues 2i (2(b− a) + 3(d− c) + 6(f − e)). To determine
which monomials form a basis for each part of the splitting we need to check which monomials have eigenvalue
0, i.e. which combinations of a, b, c, d, e, f satisfy both relations 2(b − a) + 3(d − c) + 6(f − e) = 0 and
a+ b+ c+ d+ e+ f = j + 2. This gives the following options up to at least order 5:

i) (b− a) = (d− c) = (f − e) = 0

ii) (b− a) = ∓3, (d− c) = 0, (f − e) = ±1

iii) (b− a) = 0, (d− c) = ∓2, (f − e) = ±1

iv) (b− a) = ∓3, (d− c) = ±2, (f − e) = 0

v) (b− a) = ∓6, (d− c) = ±3, (f − e) = 0

vi) (b− a) = ∓6, (d− c) = 0, (f − e) = ±2

vii) (b− a) = 0, (d− c) = ∓4, (f − e) = ±2

Note that for each option, if we sum the absolute values of the numbers in that option, the lowest order
possible monomial is of that order. Then any other possible monomial in this option must have order some
multiple of 2 added to this lower order. For example, in option iii), the lowest order possible monomial is
order 2 + 1 = 3. All monomials in this option must be of order 3 + 2n, n ∈ N0. To see this, note that if we
want to create another monomial satisfying this option, we for example need to add 1 to a. To keep satisfying
the condition we must in turn add 1 to b. This increases the order of the monomial by 2. In particular, all
monomials are of odd order in this example.
For j = 1, 2, 3 we can immediately discard options v),vi),vii) and all other possibilities since they would
require a monomial of higher order. Now we treat each j by cases:

• j=1: Option i) gives no possibilities since this would mean that a and b are both even or odd. The same
can be said for the combination of c and d and the combination of e and f . To add two even numbers
gives another even number. To add two odd numbers gives an even number. Hence a+ b+ c+d+ e+f
can never add up to 3 which is odd. Option ii) and iv) are immediately impossible since that would
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require a monomial which is of higher order than 3. Option iii) gives rise to the resonant monomials
which span the kernel of XH0

0

z22 z̄3, z̄22z3.

All remaining monomials span the image of XH0
0
.

• j=2: Option i) gives rise to the monomials

ziz̄izi′ z̄i′ , i, i′ = 1, 2, 3.

These can all be written in terms of the basic invariants τ1, τ2, τ3. Option ii) yields the monomials

z31 z̄3, z̄31z3.

Option iii) yields no possibilities since the lowest order possible monomial is of order 3 hence each
possible monomial has to be of odd order. The other options require a higher order monomial hence
these monomials span the kernel. The remaining monomials span the image.

• j=3: Option i) and ii) are not possible because all monomials must be of odd order. Option iii) yields
the monomials

z1z̄1z̄
2
2z3, z1z̄1z

2
2 z̄3, z2z̄

3
2z3, z32 z̄2z̄3, z22z3z̄

2
3 , z̄22z

2
3 z̄3.

Note that these monomials are the product of one second order resonant monomial (τ1, τ2 or τ3) and
one third order resonant monomial. Option iv) yields the monomials

z31 z̄
2
2 , z̄31z

2
2 .

These monomials span the kernel. The remaining monomials span the image.

We have computed the resonant monomials using complex variables zi. However the Hamiltonian should
be defined using real functions. Every monomial that can be written in terms of the invariants τ1, τ2, τ3
are already real monomials. Then note that for each monomial Ma,b,c,d,e,f in the kernel the monomial
Ma,b,c,d,e,f = Mb,a,d,c,f,e is also in the kernel. Consider the case j = 1; to make the kernel real, define

σ1 = ℜ(z22 z̄3), σ2 = ℑ(z22 z̄3).

These will function as the real basis vectors of the kernel and hence be the real resonant monomials of order
3. Apply the same strategy as for the kernel to the image to obtain a real basis for the image. For higher
orders we define similarly

σ3 = ℜ(z31 z̄3), σ4 = ℑ(z31 z̄3), σ5 = ℜ(z31 z̄22), σ6 = ℑ(z31 z̄22).

We do not need to define new invariants for the real and imaginary parts of the monomials

z2z̄
3
2z3, z32 z̄2z̄3, z22z3z̄

2
3 , z̄22z

2
3 z̄3,

since the real and imaginary parts of these monomials can be written in terms of tau’s and sigma’s. We get

ℜ(z1z̄1z̄22z3) = 2τ1σ1

ℑ(z1z̄1z̄22z3) = 2τ1σ2

ℜ(z2z̄32z3) = 2τ2σ1

ℑ(z2z̄32z3) = −2τ2σ2

ℜ(z22z3z̄23) = 2τ3σ1

ℑ(z22z3z̄23) = 2τ3σ2.
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These nine basic invariants generate the ring of functions invariant under the flow defined by H0
0 . Then the

normal forms up to fifth order will consist of the invariants τ1, τ2, τ3 and the additional real resonant terms
σ1, σ2, σ3, σ4, σ5, σ6. For real constants ci, i = 1, ..., 18 the resulting normal form takes the form

H5 = 2τ1 + 3τ2 + 6τ3 + c1σ1 + c2σ2 + c3τ
2
1 + c4τ

2
2 + c5τ

2
3 + c6τ1τ2 + c7τ2τ3 + c8τ1τ3 + c9σ3 + c10σ4 + ...

c11σ5 + c12σ6 + c13τ1σ1 + c14τ1σ2 + c15τ2σ1 + c16τ2σ2 + c17τ3σ1 + c18τ3σ2.

In the following subsections we will investigate the normal forms and apply it to a Hamiltonian that has
cubic part H0

1 (x, y) =
x2

2

(
x2
1 + x2x3

)
and no higher order terms.

3.1 The cubic normal form

For constants c1 and c2 the cubic normal form takes the form

H3 = 2τ1 + 3τ2 + 6τ3 + c1σ1 + c2σ2.

with

σ1 = ℜ(z22 z̄3), σ2 = ℑ(z22 z̄3).

If (c1, c2) ̸= (0, 0) we can perform a rotation and a scaling such that the normal form simply becomes

H3 = 2τ1 + 3τ2 + 6τ3 + σ1.

As always, H0
0 and H are integrals of the normal form system. Denote these by F1 = H0

0 and F2 = H3.
Now note that the third order normal form contains only one resonant cubic monomial (and its complex
conjugate) which does not depend on z1. Therefore we get the additional integral F3 = τ1 since

{τ1,H3} = 0 .

This follows from the Poisson bracket relations given in the introduction. All Poisson brackets are 0. Also
{τ1, H0

0} = 0 by the same argument hence all integrals are in involution. The integrals are independent since
if (c1, c2) ̸= (0, 0), then

dF1 ∧ dF2 ∧ dF3 ̸= 0.

From this we can conclude it is an integrable system since we have three functionally independent integrals
F1, F2, F3. We cannot immediately conclude the system is non-degenerate since the cubic normal form now
contains the terms σ1 and σ2 which cannot be written in our original action variables τ1, τ2 and τ3. Therefore
we do not know the exact frequency map and cannot easily check the non-degeneracy condition.

In the remainder of this subsection we will consider a Hamiltonian H = H0
0 + H0

1 that has cubic part
H0

1 (x, y) =
x2

2

(
x2
1 + x2x3

)
and no higher order terms. For the resulting dynamics for the cubic normal form

it does not really matter if we use this example or consider the general cubic normal form. But the example
will later give useful results for the quartic normal form. Using that xi =

1
2 (zi + z̄i) we can write the cubic

Hamiltonian in the following way:

H0
1 =

x2

2

(
x2
1 + x2x3

)
=

1

2
(x2

1x2 + x2
2x3)

=
1

2

(
(z1 + z̄1)

2

4
· z2 + z̄2

2
+

(z2 + z̄2)
2

4
· z3 + z̄3

2

)
=

1

16

(
(z21 + 2z1z̄1 + z̄21)(z2 + z̄2) + (z22 + 2z2z̄2 + z̄22)(z3 + z̄3)

)
=

1

16

(
z21z2 + 2z1z̄1z2 + z̄21z2 + z21 z̄2 + 2z1z̄1z̄2 + z̄21 z̄2 . . .

+ z22z3 + 2z2z̄2z3 + z̄22z3 + z22 z̄3 + 2z2z̄2z̄3 + z̄22 z̄3

)
. (1)
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This term contains the resonant term 1
16 (z̄

2
2z3+z22 z̄3). All other terms are non-resonant and can be eliminated.

We will do this explicitly by defining some Hamiltonian W which consists of third order monomials and
perform a coordinate transformation by the time-1 flow along the vector field generated by W . We want
to choose W in such a way that H0

1 − 1
16 (z̄

2
2z3 + z22 z̄3) = −{H0

0 ,W}. Then the transformed Hamiltonian
becomes

H = H ◦ φW
t=1 = H + {H,W}+ 1

2
{{H,W},W}+ h.o.t.

= H0
0 +H0

1 + {H0
0 +H0

1 ,W}+ 1

2

{
{H0

0 +H0
1 ,W},W

}
+ h.o.t.

= H0
0 +

1

16
(z̄22z3 + z22 z̄3) +

1

2
{H0

1 ,W}+ 1

2

{
1

16
(z̄22z3 + z22 z̄3),W

}
+

1

2

{
{H0

1 ,W},W
}
+ h.o.t..

(2)

We can immediately conclude that the third order normal form will be

H3 = H0
0 +

1

16
(z̄22z3 + z22 z̄3) .

This follows from the fact that the Poisson bracket lowers order by 2 and hence {H0
1 ,W} and

{
1
16 (z̄

2
2z3 + z22 z̄3),W

}
are of fourth order, {{H0

1 ,W},W} is of fifth order, etc.
To find W , consider all non-resonant monomials in H0

1 and compute the Poisson bracket with H0
0 . We show

the following bracket explicitly:

{z21z2, H0
0} = 2i(−4− 3)z21z2

= −14iz21z2.

From this we can conclude that
{

1
16 · 1

14 iz
2
1z2, H

0
0

}
= 1

16z
2
1z2. Performing similar calculations for the remain-

ing non-resonant monomials gives us the function W :

W =
i

16

(
z21z2
14

+
z1z̄1z2

3
− z̄21z2

2
+

z21 z̄2
2

− z1z̄1z̄2
3

− z̄21 z̄2
14

. . .

+
z22z3
24

+
z2z̄2z3

6
− z2z̄2z̄3

6
− z̄22 z̄3

24

)
. (3)

After this coordinate transformation we are left with the third order normal form H3 = H0
0 +

1
16 (z̄

2
2z3+z22 z̄3).

Now that we have obtained this normal form we can study the dynamics of the corresponding Hamilto-
nian system. Recall that σ1 = ℜ(z22 z̄3) = 1

2 (z
2
2 z̄3 + z̄22z3). Then the third order normal form becomes

H3 = H0
0 +

1

8
σ1 .

where we have the five basic invariants (τ1, τ2, τ3, σ1, σ2). We want to reduce dimensions to determine the
dynamics. First notice that τ1 is a constant of motion of H3 so set τ1 = c for now. This corresponds to
reducing the phase space by the S1 action induced by the conserved quantity τ1. To study the dynamics we
introduce a detuning parameter λ into the Hamiltonian as follows

Hλ
3 = 2c+ (3 + λ)τ2 + 6τ3 +

1

8
σ1 .

We could get rid of the constant c since this would not influence the dynamics but since it is also τ1 we keep
it in the equation.
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Figure 1: Surface of revolution corresponding to the reduced phase space. The lines on the surface are
geodesics to show the curvature.

Then between the four invariants that are left we have the syzygy

σ2
1 + σ2

2 =
1

4
(z22 z̄3 + z̄22z3)

2 − 1

4
(z22 z̄3 − z̄22z3)

2

=
1

4
(4z22 z̄3z̄

2
2z3)

= (z2z̄2)
2z3z̄3

= 8τ22 τ3 .

This reduces the dimension again by one. We also have the conserved quantity η = H0
0 = 2c+3τ2 +6τ3 and

hence we can write

τ3 =
η − 2c− 3τ2

6
, (4)

further reducing the dimension by one. Plugging this into the syzygy yields

σ2
1 + σ2

2 =
4τ22 (η − 2c− 3τ2)

3
.

Furthermore we have the relations

τ2 ≥ 0, τ3 ≥ 0 ,

from which we can deduce that 0 ≤ τ2 ≤ η−2c
3 . What we are left with is the following reduced phase space:

Pc,η =

{
(τ2, σ1, σ2) ∈ R3 | 0 ≤ τ2 ≤ η − 2c

3
, σ2

1 + σ2
2 =

4τ22 (η − 2c− 3τ2)

3

}
.

This is a two dimensional surface which consists of circles in the (σ1, σ2) plane where the radius of the circles
depends on τ2. If we set τ1 = c = 0, then the origin in the reduced phase space becomes the normal 3-mode.
This point is an equilibrium. In the original system this would correspond to a periodic orbit. The point on
the surface at (τ2, σ1, σ2) = (η−2c

3 , 0, 0) corresponds to the normal 2-mode. As we will see in the following
parts, this is not automatically an equilibrium. From equation (4) we conclude that we can only consider
the normal 1-mode if τ1 = c = η

2 . Then the whole reduced phase space would reduce to a single point at the
origin and is also an equilibrium which corresponds to a periodic orbit in the original system. This surface
is smooth everywhere except at the origin. Because of isotropy, the origin is always an equilibrium. Now we

10



substitute equation (4) into Hλ
3 to find that

Hλ
3 = 2c+ (3 + λ)τ2 + η − 2c− 3τ2 +

1

8
σ1

= η + λτ2 +
1

8
σ1 .

The level sets of this Hamiltonian are given by two dimensional planes in R3 where the orientation of these
planes depends on the parameter λ. To draw the phase portraits we need to find the intersections

Pc,η ∩Hλ
3 .

To figure out in which direction the orbits go we need to compute a single Poisson bracket:

τ̇2 = {τ2,Hλ
3} (5)

=
1

8
{τ2, σ1}

=
1

32

(
{z2z̄2, z22 z̄3}+ {z2z̄2, z̄22z3}

)
=

1

32

(
z2{z̄2, z22 z̄3}+ z̄2{z2, z̄22z3}

)
=

1

32

(
z2z̄3{z̄2, z22}+ z̄2z3{z2, z̄22}

)
=

1

32

(
2z22 z̄3{z̄2, z2}+ 2z̄22z3{z2, z̄2}

)
=

1

8
(iz22 z̄3 − iz̄22z3)

= −1

4

(
z22 z̄ − z̄22z3

2i

)
= −1

4
σ2 .

In the third and fourth line we used Leibniz’ rule together with the fact that the only non-zero bracket
between complex variables is {zi, z̄i} for i = 1, 2, 3. We conclude that τ2 moves in the negative direction if
σ2 > 0 and τ2 moves in the positive direction if σ2 < 0. The planes of the Hamiltonian have slope −8λ in
the (τ2, σ1) plane so the planes of the Hamiltonian are tangent to Pc,η at (0, 0, 0) when d

dτ2
σ1|τ2=0 = −8λ.

In the (τ2, σ1) plane the surface is given by

σ1 = ±
√

4τ22 (η − 2c− 3τ2)

3
,

so the planes are tangent to Pc,η at (0, 0, 0) precisely when

λ = −1

8

d

dτ2

[
±
√

4τ22 (η − 2c− 3τ2)

3

]
τ2=0

= ± 1

12

√
3(η − 2c).

At these values of λ the equilibrium at (0, 0, 0) undergoes a Hamiltonian flip/period doubling bifurcation.
To draw the phase portrait, we will draw the orbit lines by projecting the surface when σ2 < 0 to the plane
where σ2 = 0. This projection is visualized in figure (2). Interestingly, if λ → ±∞, then the normal 2-mode
does become an equilibrium in the reduced phase space and a periodic orbit in the original system. The
phase portraits for interesting values of λ can be found in figure (3). We have given only phase portraits for
non-positive λ but the phase portraits extend easily to positive λ by reversing the direction of rotation of the
level sets of the Hamiltonian.
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Figure 2: Projection of the orbits on the surface Pc,η for σ2 < 0 to the plane (τ2, σ1, 0).

(a) λ = 0 (b) − 1
12

√
3(η − 2c) < λ < 0

(c) λ = − 1
12

√
3(η − 2c) (d) λ → −∞

Figure 3: Phase portraits for specific values of λ.

3.2 The quartic normal form

From the introduction of this section we know that the fourth order resonant terms are the monomials

τ21 , τ22 , τ23 , τ1τ2, τ1τ3, τ2τ3 ,

and

z31 z̄3, z̄31z3 .

Define σ3 = ℜ(z31 z̄3) and σ4 = ℑ(z31 z̄3). Then the fourth order normal form will take the following form

H4 = 2τ1 + 3τ2 + 6τ3 + c1σ1 + c2σ2 + c3τ
2
1 + c4τ

2
2 + c5τ

2
3 + c6τ1τ2 + c7τ1τ3 + c8τ2τ3 + c9σ3 + c10σ4.

If (c1, c2) ̸= 0 and (c9, c10) ̸= 0 we can perform a rotation and a scaling such that the normal form becomes

H4 = 2τ1 + 3τ2 + 6τ3 + σ1 + c3τ
2
1 + c4τ

2
2 + c5τ

2
3 + c6τ1τ2 + c7τ1τ3 + c8τ2τ3 + c9σ3.

12



Note that we also obtain the following syzygy

σ2
3 + σ2

4 = 16τ31 τ3.

The quartic normal form is in general not immediately integrable since τ1 is not necessarily conserved anymore.
We see this by the following:

{τ1, σ3} = −3σ4 ̸= 0,

by a similar computation as in equation (5) for τ̇2. So there is no obvious third integral. The system can be
integrable if the resonant terms σ3, σ4 do not appear in the quartic normal form. Then τ1 is still an integral of
the system. Of course it is still possible that the general quartic normal form is integrable with a non-trivial
third integral. We again cannot check non-degeneracy explicitly. However with every higher order normal
form it is expected that non-degeneracy holds with a higher probability than before.

To study the dynamics of the quartic normal form we will follow a similar approach as in [HMSV21]. The
goal will be to conclude if the normal modes are equilibria. We compute all Poisson brackets between the
basic invariants. These can be found in table 1 and 2. Note that in table 2 some Poisson brackets equate
to the invariants σ5 and σ6. This signifies that the basic invariants up to fifth order generate the ring of
invariant functions under the flow of H0

0 .

{ ↓ ,→ } σ1 σ2 σ3 σ4

τ1 0 0 −3σ4 3σ3

τ2 −2σ2 2σ1 0 0
τ3 σ2 −σ1 σ4 −σ3

Table 1: The Poisson brackets between the basic invariants τi, i = 1, 2, 3 and σj , j = 1, 2, 3, 4.

{ ↓ ,→ } σ1 σ2 σ3 σ4

σ1 0 4τ2(4τ3 − τ2) σ6 −σ5

σ2 −4τ2(4τ3 − τ2) 0 σ5 σ6

σ3 −σ6 −σ5 0 8τ21 (9τ3 − τ1)
σ4 σ5 −σ6 −8τ21 (9τ3 − τ1) 0

Table 2: The Poisson brackets between the basic invariants σi, i = 1, 2, 3, 4.

From the syzygys and the Poisson brackets we can conclude that {τ1 = 0} and {τ2 = 0} are invariant sets.
Take for instance {τ1 = 0}. By the syzygys we know that σ3 = σ4 = 0. Furthermore by the chain rule,
Leibniz rule and the Poisson brackets we have that

τ̇1 = {τ1,H4}

=

3∑
i=1

{τ1, τj}
∂H4

∂τi
+

4∑
j=1

{τ1, σj}
∂H4

∂σj

=

4∑
j=1

{τ1, σj}
∂H4

∂σj

= −3σ4
∂H4

∂σ3
+ 3σ3

∂H4

∂σ4
= 0.

Similarly we can conclude that σ̇3 = σ̇4 = 0 where we use that τ1 = 0 if and only if z1 = 0. A similar
calculation holds for {τ2 = 0} for which holds that σ1 = σ2 = 0 by the syzygy and τ̇2 = σ̇1 = σ̇2 = 0. From
this we can immediately conclude that the normal 3-mode (τ1, τ2, τ3, σ1, σ2, σ3, σ4) = (0, 0, τ3, 0, 0, 0, 0) is an
equilibrium since all derivatives of the basic invariants (including τ̇3) are 0.
The set {τ3 = 0} is not an invariant set. For this set we would have that σ1 = σ2 = σ3 = σ4 = 0, However
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σ̇i ̸= 0, i = 1, 2, 3, 4. This follows since the brackets {σ1, σ2} and {σ3, σ4} are not necessarily 0 if τ3 = 0.
It can also be seen that the normal 3-mode is an equilibrium in the following way; on the invariant set {τ1 = 0}
we can view the reduced phase space in a similar manner as in the case for the cubic normal form. On this
set σ3 = σ4 = 0 so we are left with the basic invariants (τ2, τ3, σ1, σ2). Using the syzygy σ2

1 + σ2
2 = 8τ22 τ3

and the conserved quantity η = 3τ2 +6τ3 we can construct a reduced phase space in the variables (τ2, σ1, σ2)
and intersect this with the level sets of the Hamiltonian. On the reduced phase space (τ2, σ1, σ2) = (0, 0, 0)
is always an equilibrium. We can thus conclude that the normal 3-mode is an equilibrium. Similar reasoning
can be used on the invariant set {τ2 = 0} to conclude the normal 3-mode is an equilibrium. The reduced
phase space looks slightly different from the 1:2 resonance, it does not grow as fast around the origin. A
sketch of what this would look like can be found in figure (4). Here τ3 corresponds to the singular point with
isotropy Z6. The singular part corresponding to the invariant set {τ1 = 0} has isotropy Z3 and the singular
part corresponding to the invariant set {τ2 = 0} has isotropy Z2. On the sets {τi > 0} it is not possible to

Figure 4: The simplex corresponding to the quartic normal form drawn in the action space. On the invariant
sets {τ1 = 0} and {τ2 = 0} the singular parts can be found corresponding to the reduced two dimensional
phase space.

reduce as much. Then the σi are not immediately 0 from the syzygys. On this set it is much more difficult
to obtain results about the dynamics.

To illustrate this, consider the same Hamiltonian H = H0
0 + H0

1 we considered in the cubic case that
has cubic part H0

1 (x, y) =
x2

2

(
x2
1 + x2x3

)
. To find the quartic normal form, recall equations (1), (2) and (3).

The fourth order terms in the cubic normal form are given by

1

2
{H0

1 ,W}+ 1

2

{
1

16
(z̄22z3 + z22 z̄3),W

}
.

To find which monomials are resonant in this term, we could compute all 120 Poisson brackets between the
12 monomials in H0

1 and the 10 monomials in W . To avoid this computation we will consider a different
strategy; Consider general monomials f, g ∈ GC

3 . What are the possible forms these monomials can take such
that their bracket produces a resonant term? To investigate this, recall that by the coordinate transformation
to complex coordinates the canonical Poisson bracket takes the following form:

{f, g} = −2i

3∑
j=1

(
∂f

∂zj

∂g

∂z̄j
− ∂f

∂z̄j

∂g

∂zj

)
.
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Resonant monomial Possible product for j = 1, 2, 3 Could this occur?
τ21 z21 z̄

2
1zj z̄j yes if j = 2, two options

τ22 z22 z̄
2
2zj z̄j yes if j = 3, two options

τ23 z23 z̄
2
3zj z̄j no

τ1τ2 z1z̄1z2z̄2zj z̄j yes if j = 1, two options
τ1τ3 z1z̄1z3z̄3zj z̄j no
τ2τ3 z2z̄2z3z̄3zj z̄j yes if j = 2, two options
z31 z̄3 z31 z̄3zj z̄j no
z̄31z3 z̄31z3zj z̄j no

Table 3: In the left column are all possible quartic resonant monomials displayed. If a possible product in
the middle column cannot occur, then certainly the corresponding resonant term is not in the normal form.
If it can occur, further computation is needed to show it is in the normal form.

Suppose we want the bracket to produce at least one monomial m ∈ GC
4 . Consider the product fg. If the

bracket produces a monomial m, then we know that for some j ∈ {1, 2, 3} the product fg must be of the
form mzj z̄j since the bracket differentiates once with respect to zj and once with respect to z̄j . The reverse
implication is not necessarily true. We can however use the negation of this statement to conclude that the
bracket cannot produce a monomial m if the product fg is not of the form mzj z̄j . We can check for every
resonant monomial which fg corresponds to it in the following table: From table (3) we can conclude that the
only resonant monomials that can possibly appear in the fourth order terms are τ21 , τ1τ2, τ

2
2 and τ2τ3. What

remains is computing the remaining Poisson brackets that might produce those resonant terms to check if
they actually do. Note in table (3) that there are actually only two possible products, namely z21 z̄

2
1z2z̄2 and

z22 z̄
2
2z3z̄3. The Poisson brackets are as follows:

• z21 z̄
2
1z2z̄2: This is the product of the monomials z̄21z2 · z21 z̄2 or z1z̄1z2 · z1z̄1z̄2. These yield the Poisson

brackets {z̄21z2, z21 z̄2} = 8iz1z̄1z2z̄2 − 2iz21 z̄
2
1 and {z1z̄1z2, z1z̄1z̄2} = −2iz21 z̄

2
1 .

• z22 z̄
2
2z3z̄3: This is the product of the monomials z22z3 · z̄22 z̄3 or z2z̄2z3 · z2z̄2z̄3. These yield the Poisson

brackets {z22z3, z̄22 z̄3} = −8iz2z̄2z3z̄3 − 2iz22 z̄
2
2 and {z2z̄2z3, z2z̄2z̄3} = −2iz22 z̄

2
2 .

Hence we can conclude that the resonant monomials τ21 , τ
2
2 , τ1τ2 and τ2τ3 are present in the quartic normal

form. Using this approach we have reduced the number of Poisson bracket computations from 120 to just 4.

In particular note that the terms σ3 and σ4 do not appear. This means that for this specific normal form
τ1 = c is still a conserved quantity and this quartic normal form defines an integrable system. Using equation
(4) the quartic normal form for constants c1, c2, c3, c4 ∈ R with detuning parameter λ takes the following
form:

Hλ
4 = 2τ1 + (3 + λ)τ2 + 6τ3 +

1

8
σ1 + c1τ

2
1 + c2τ1τ2 + c3τ

2
2 + c4τ2τ3

= 2c+ (3 + λ)τ2 + 6

(
η − 2c− 3τ2

6

)
+

1

8
σ1 + c1c

2 + c2cτ2 + c4τ2
η − 2c− 3τ2

6
+ c3τ

2
2

= η + c1c
2 +

1

8
σ1 +

(
λ+ c2c+

c4(η − 2c)

6

)
τ2 +

(
c3 −

c4
2

)
τ22 .

We thus see that the level sets of the Hamiltonian are parabolas in the (τ2, σ1) plane. Since τ1 is still a
conserved quantity, we can perform the same reduction in the phase space as we did for the cubic normal
form. The only difference will be the orbits since the Hamiltonian has changed from being linear to quadratic.
An example of a possible phase portrait can be found in figure (5). The bifurcations that occur when λ is
tuned become much more complex than in the cubic case since the intersecting level sets are now parabolas
of which the shape depends greatly on many parameters and constants

3.3 Higher order normal forms

Of course we can continue the process of normalizing to obtain higher order normal forms. When normal-
izing up to fifth order we find the resonant terms including the basic invariants σ5, σ6. For higher orders,
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Figure 5: A possible phase portrait for the system defined by the quartic normal form.

all resonant monomials will be combinations of the 9 basic invariants we have found. The resulting space
is however not 9 dimensional since these basic invariants are related through many syzygys. For the fifth
order normal form, also many ideas from [HMSV21] can be applied. All Poisson brackets could be computed
between all basic invariants to show that the rank of the matrix ({τi, σj})i,j ≤ 4. If for instance the rank of
this matrix equals zero, this could give information about equilibria and normal modes.

The resulting Hamiltonian will describe the original system more closely but it becomes a more compli-
cated function. The probability of the resulting system being integrable is then much smaller. If our cubic
normal form turns out to be non-degenerate then we can apply the KAM-theorem to it since it is definitely
integrable. Then there is no real need to normalize further since the dynamics are mostly understood.
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4 Conclusions

We studied the 2:3:6 resonance in normal forms of Hamiltonian systems. In order to do this we started by
reviewing some theory on Hamiltonian systems and normal forms. We then applied this to obtain the cubic
normal form. This normal form defined in fact an integrable Hamiltonian system and hence we could study
the dynamics intensively. The reduced phase space became a compact surface embedded in R3 on which we
could draw the orbits by intersecting this surface with the Hamiltonian level sets. For the quartic normal form
we could not immediately conclude integrability. We could give a general statement about the normal 3-mode
being an equilibrium. For the specific example of the Hamiltonian with cubic part H0

1 = x2

2

(
x2
1 + x2x3

)
the

quartic normal form actually defines an integrable Hamiltonian system and we can discuss the dynamics in
a similar way as for the cubic normal form. When normalizing further it becomes significantly harder to say
anything meaningful about the dynamics of the system defined by the normal form.
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