Analyse in meer variabelen

51. Let (V,+,0,-) be a vector space of finite dimension dim V' = n. Show that an associative
unital algebra (A,+,0,-, A, 1) together with a linear mapping ¢ : V. — A are uniquely
determined — up to canonical isomorphy — by the two properties

@) N\ e Ap@) =0 (sopw)Ap)=—p)Apw))

veV
(77) for every linear mapping h : V' — A into an associative unital algebra (A, +,0, -, %, 1)
satisfying

A\ ) xh(v) =0

veV

there is a unique 1-preserving algebra-homomorphism h:A— Awith ho © = h.

52. Denote by P = P({1,...,n}) the set of all subsets of {1,...,n} and by {er | T € P} a
fixed basis of R?". For r,s € {1,...,n} put

1 r<s
o(r,s) = 0 if r=s
-1 r> s
and
7(R,S) = [[[]et9
reR seS
for R, S € P. Show that
er N es = T(R,S)erus

turns R?" into an associative unital algebra A(er|T € P) with ey = 1. Check that

N e Mewm = —ew Aegy
3,5€{1,....,n}
and that
er = ey N ey A oo A ey
for all T = {iy, ..., ix} with i; < ... <ig. Let V be a vector space with basis {ey, ..., e,}.
Prove that A := A(er|T € P) together with ¢ : V. — A defined by ¢(e;) = eqy,
i =1,...,n satisfy () and (i) of the previous exercise.

This unique algebra A = A(V') is called the exterior (or Graffmann) algebra of V. Gene-
ralize from R to any field K. Can you also generalize to a ring R 7 How important is the
assumption of finite dimension?
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53. Let A be the exterior algebra of an n—dimensional vector space V' with basis {ey,...,e,}.

(1) Explain that the e;; A...Ae;,, i1 < ... <1 together with 1 form a basis of A.
(77) Check that for all subsets {i; < ... <}, {51 <...<Jje} €{1,...,n} one has

ey Ao Nej, ANeg A Ne, = (=DFeg Ao Ae, A ey Al Ney,

(#4i) Show that {vy,...,v,} € V is linear dependent if and only if v; A ... A v, =0.

() Let {uq,...,un}, {v1,...,o;m} CV with {us,...,u,} linear independent. Prove that
(Ug, ..., Up) = (v1,...,0y) have the same linear span if and only if uy A ... Aw,, is
a scalar multiple of vy A ... A vp,.

Define A*V := (vy A ... A v | v; € V), the kth exterior power of V.

(v) Show that A*V = 0 for k > n and that for k < n the e; A...Aey, iy < ... < iy
with the now fixed index k form a basis of A*V. Conclude dim AV = (7). Identify

V = AV and check .
A = Patv
k=0

and
N AV ANV = AV
k,£eNg
where ANB:=(aAb|a€ Abe B).

(vi) For ¢ : V. — A(V) and ¢ : W — A(W) show that for every f € L(V, W) there
is a unique 1-preserving algebra-homomorphism A(f) : A(V) — A(W) satisfying
A(f)op=1of.

(vii) Prove that A(fog) = A(f)oA(g)if g € L(U,V) for some other vector space U with
exterior algebra A(U).

(viii) Check that A(f)(A*V) C AW, yielding A¥f € L(A*V,A*W) and the splitting
A(f) = @ A*(f). How is A*(f) for f € L(V) related to det(f) ?

(iz) Explain why v; A ... A v, can be interpreted as the m—dimensional parallelepiped
with sides vy, ..., v,,.

(x) Let V* = L(V,R) be the dual space of V. Validate

n

Py = Ay = AV = é/\kv*
k=0

k=0

and prove that
(ar Ao Aag)(vr,eooo) == (ar A Aag)(or A Avg) = det (a5(v;)); 52,

for all ay,...,a, € V¥ and vy,...,v, € V.
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