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1. Let π : R
m+n → R

m be a trivial fibre bundle. Find
dimJk(π) = ?

2. Verify that ϕ = f(x) · ux + 1

2
f ′(x) + g(y) · uy + 1

2
g′(y)

is a symmetry of the Liouville equation ELiou =
{

uxy =

exp(2u)
}

for any f, g. Find ϕ-invariant solutions of ELiou.
3. Find any one-parametric family of travelling-wave so-

lutions for the Korteweg–de Vries equation ut = −uxxx +
6uux.

4. Consider the extension E(ε) =
{

ũt = −1

2
ũxxx + 3ũũx +

3ε2ũ2ũx

}

of the equation E(0) =
{

ut = −1

2
uxxx + 3uux

}

.

• Verify that Gardner’s map mε =
{

u = ũ±εũx+ε2ũ2
}

yields the solution u(x, t) of E(0) for any solution
ũ(x, t; ε) of E(ε).

• Show that all the Taylor coefficients ũk(x, t) in the

expansion ũ =
+∞
∑

k=0

ũk(x, t) · εk are conserved densities

for E(0), and derive the recurrence relation between
them.

• Prove that all such odd-index densities are trivial:
ũ2k+1 = Dx(· · · ).

5. Prove Ibragimov’s identity

Eϕ = ϕ ·Eu +
n

∑

i=1

Dxi ◦ Qϕ,i,

where

Qϕ,i =
∑

τ

∑

ρ+η=τ

(−1)|η| · Dρ(ϕ) · Dη ◦
∂

∂uτ+1i

.


