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Abstract: The problem of renormalization of gauge fields is studied. It is observed that the use
of non-gauge invariant regulator fields is not excluded provided that in the limit of high
regulator mass gauge invariance can be restored by means of a finite number of counter-
terms in the Lagrangian. Massless Yang-Mills fields can be treated in this manner, and
appear to be renormalizable in the usual sense.

Consistency of the method is proved for diagrams with non-overlapping divergencies
by means of gauge invariant regulators, which however, cannot be interpreted in terms of
regulator fields. Assuming consistency the S-matrix is shown to be unitary in any order
of the coupling constant. A restriction must be made: no local, parity-changing transfor-
mations must be contained in the underlying gauge group. The interactions must con-
serve parity.

1. INTRODUCTION

In recent years the Feynman rules for massless Yang-Mills fields have been es-
tablished [1-5]. Naive power counting suggests a renormalizable theory; however,
in order to carry through a renormalization procedure one must first define a cut-off
procedure. And if the cut-off procedure breaks the gauge-invariance of the theory
then it is no more clear what the Feynman rules are. The reason is that gauge-
invariance, through Ward identities, is essential for the S-matrix to be unitary.

Thus the problem poses itself as follows: how to find a gauge invariant cut-off
procedure. This problem is of course quite the same in quantum electrodynamics.
There the problem was solved by Pauli, Villars {6] and Gupta [7] who succeeded
in finding a set of regulator fields that could be coupled in a gauge invariant way.
Now in the case of massless Yang-Mills fields a gauge invariant regularizing proce-
dure also seems to exist. Unfortunately, however, this procedure cannot be inter-
preted in terms of fields with indefinite metric and/or wrong statistics, like in the
case of electrodynamics. Hence, unitarity and causality are no longer evident.

However, it must be realized that the whole renormalization procedure involves
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also the addition of counterterms in the Lagrangian. And in fact the important point
is that the total effect of regulator fields and counterterms is to be gauge invariant,
at least in the limit of infinite regulator masses. Thus let us suppose now that we
have found a set of regulator fields, that makes the various amplitudes finite but
destroys the gauge invariance. If we are to restore gauge invariance by means of a
finite number of counterterms in the Lagrangian then the gauge-invariance breaking
terms in the above mentioned amplitudes must be polynomials of a definite degree
in the external momenta, order by order in perturbation theory. But this is precisely
the same problem as with the ultra-violet infinities in perturbation theory: the cut-
off dependent terms must be polynomials of a definite degree in order for the theo-
ry to be renormalizable. Thus the usual proofs of the renormalizability of quantum
electrodynamics also guarantee that the unwanted effects of a non-gauge invariant
regulator procedure may be off-set by suitably chosen counterterms. Qur aim with
this procedure is twofold: first, causality is evident, and unitarity can be proven
using Cutkosky relations. Secondly, actual calculations are much easier this way,
because the counterterms can be fixed easily by applying Ward identities, whereas
gauge-invariant regulators become rather complicated particularly at higher orders.

The above point may be illustrated in quantum electrodynamics; in sect. 2 our
cut-off procedure is applied to the lowest order photon self energy diagram. Here
the unwanted effects of a non-gauge invariant regulator procedure are seen to be
such that they can be cured by means of counterterms, one of which has the form
of a photon mass term.

One may argue that the method is equivalent with a dispersion relation techni-
que, where the subtraction constants are determined by generalized Ward identities;
and that is then sufficient to have a completely gauge invariant theory.

In sect. 3 the situation for massless Yang-Mills fields is outlined. First we use
non-gauge invariant regulators, and require that counterterms that remove diver-
gencies are such that Ward identities hold*.

Consequently, three important questions must be answered:

(i) Do the Ward identities determine the hitherto arbitrary coefficients unique-
ly? Indeed, we will show that only one arbitrary physical constant remains, being
the renormalized coupling constant. Two other arbitrary numbers are unobservable
and can be chosen by some convention.

(ii) Are there no internal inconsistencies, like in the PCAC case [8, 9], where no
renormalizable counterterm could be found in such a way that PCAC and gauge in-
variance hold at the same time? In sect. 4 we show a combinatorial proof of the
Ward identities, and it appears that many shifts of integration variables are neces-
sary for this proof. Nevertheless, there are no inconsistencies, and for the case of
one closed loop we prove this by deriving the gauge invariant set of regulators al-
ready referred to (sect. 5). Extension of a similar regulator technique to higher-orders

* The method of removing infinities by the use of Ward identities and counterterms for Quan-
tum Electrodynamics is described in Jauch and Rohrlich, Theory of photons and electrons,
p. 189.
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seems possible, but complicated and tricky, and we shall not bother about it in this
article.

(iii) Is the resulting S-matrix unitary? In sect. 5 we generalize the Ward identities,
in order to show that the ghost particle intermediate states cancel the intermediate
states with non-physically polarized W-particles. Thus in the unitarity equation only
physically (i.e. transversely) polarized W-particles occur in the intermediate states.

In appendix A a simple formal path integral derivation of the Feynman rules
for Yang-Mills fields and the generalized Ward identities is given for both Landau
and Feynman gauge. The rules are listed in appendix B.

We use the notation k, = (k, ik ,); k2=k2- kg. Throughout the paper we confine
ourselves to the perturbation expansion. The underlying group here is SU(2),
though this is not essential. For simplicity also, no other particles with isospin are
taken into account, but introducing them does not give rise to any serious difficul-

ty, as long as the matrix y° and the tensor €xauy 40 NOt occur in the Lagrangian.

2. QUANTUM ELECTRODYNAMICS
In this section we review the situation in quantum electrodynamics. We calculate
the contribution of the diagram in fig. | to the photon self-energy: a spin } particle

forms a closed loop. We do this calculation in order to show the procedure, which
can readily be extended to non-Abelian gauge fields.

Fig. 1.

The integral diverges quadratically. Now suppose we regularize by replacing the
propagator (m + iyk)~ ! by

2 ci(m; +ivk)! 2.1)

with

Z)-c,-=0, Z;cim,:O, 2c,-m,2=0, =1, mg=m,(2.2)
1 1) 1

and let ultimately m; go to infinity for i # o (¢; remain finite).
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For finite m; the integral now converges and we may shift the integration varia-
ble and integrate symmetrically. Then we have

T vk — iy(k +
I, = . fd " Ecc t(m;— iy )Zvﬂ(m t‘;( D)7,
(27r) (K2 +md) ((k + @)% + m})

| 4ie? f dxf i 2 e (mm +3k2 - x(1 —x)q?) 8, + 2x(1 —x)q,q,

(2my* [k2+m2x+m (1-x) +q*(1 —x)]?
(2.3)
Let us define
u,j—m x+m2(1 —x)tq x(l—x) 2.4)
then we also have
2 2
ij
and we can evaluate the convergent integral using
fE ¢ici ——inzz; c,-cjlogul-zj,
w? ,,)‘ U
mm; d%k
fz;cc 2—~11r Ec mmloguu,
v (k +:“z])
244
fE e §d§2"21n22ccu1110guv, (2.6)
"o+ i)
so that (2.3) becomes
2 1
e
(ﬁ) Of dx ? cici{8,,(2x(1 —~x)q2 + m,‘?‘x + m]-z(l —Xx) - m,-mj)
—2x(1-x)q,q,} log [m,~2x + mjz(l —x)+g>x(1-x)] . 2.7)

To see what happens if for i # 0 m; goes to infinity while the ¢; remain finite, we
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split off the term i =j = 0 and ignore contributions of order qz/m,2 fori+#0:

2 1
I, = (%) Of dx (2x(1 —x)(qzﬁw—q”qv) |:log(m2 +g2x(1 —x))

+ E ¢ic; log (m; x+m2(l x))jl

+ E ¢i¢;8,,(m; x+m2(1 —X)—m;m) [log(mlzx+m]~2(1—x))
i

+_.2_qﬁc£1_——_xl_] +terms0( 32 )} , (2.8)

2
m,—x+m]-(1-—x) MmiLo

where E;-]- denotes the sum over all i and j except the term with both i =j = 0. This
result does not satisfy the usual gauge condition

q,1,(q)=0, (2.9)

and the renormalized mass of the photon is not evidently zero.

Of course, the reason is that our regulators are not gauge invariant; a vertex
where a photon line is attached to particle lines with different masses is not allowed.
If we had used Pauli-Vilars-Gupta regulator fields instead of the propagators (2.1),
that is, if in formulae (2.3)~(2.8) Z;; ¢,c; is replaced by

Ec&

19 »

Ul]

then the second term in (2.8) would vanish identically and eq. (2.9) would be ful-
filled [6, 71.

However, it is important to note that the gauge non-invariant term in (2.8) is
only a polynomial of rank one as a function of g2. Let us abbreviate it by

2
(&) orerads,,. 2.10)

It can be removed from expression (2.8) if we add a simple counterterm into the
Lagrangian*

2
AL=—4 (2"—“) MAL+L(3,4)%) . (2.11)

* This implies that terms in the Lagrangian are renormalized, not the fields, as is often done.
The difference is merely a scale transformation of the bare quantities.
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These terms are local and have dimension less than or equal to four, so that causali-
ty and renormalizability are not destroyed.

This can be seen to be a very general feature: instead of the gauge invariant
Pauli-Villars-Gupta regularization technique we could just as well regularize with
the revised propagator (2.1) (which is a non-gauge invariant procedure) and add to
the Lagrangian as many local counterterms with dimension less than or equal to
four, as desirable. All arbitrary coefficients can then be fixed by requiring the
validity of identities like (2.9).

Equations like (2.9) will be called generalized Ward identities* from now on.
They are derived from the usual Ward-Takahashi identity

(pl—p)u ru(p,’ p):S%— l(p’)‘Si:_ I(P) > (212)

which can be symbolized as

| ’ : \
1 / N
i ’ \
/ \
?‘@T‘ = % - ’-—)@9_‘? /

Here the dashed line denotes a “scalar photon’ (a photon line with polarization
vector proportional to its own momentum). This identity can be used to derive
other equalities for diagrams. For instance

which is precisely eq. (2.9).

In our example we see that the coefficient in front of (q26w,~ q,9,) is still un-
specified. This is because we can add freely counter terms proportional to F, F, ,
to the Lagrangian because they are gauge invariant themselves, It corresponds to a
scale transformation in our definition of the field 4,,. So the freedom we have is
only a freedom in definition. The most convenient choice is to keep the matrix ele-

ment of 4 (x) between the vacuum and the one-photon state fixed:
©14,(x) |k, e = g, ek, (2.13)

The renormalized propagator must then have a pole with residue unity at k2 =0,
just as the bare propagator.

* See e.g. J.D.Bjorken and S.D.Drell, Relativistic quantum fields.
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So (2.8) must vanish on the mass shell:
n,G*=0)=0, (2.14)

and we derive finally
(%= (—) f dx 2x(1 —x)(q%6 ., — 9,4,)

X [log(m? + ¢2x(1 —x)) —logm?] . (2.15)

Once we know that the above mentioned procedure works well, we can go even
further and leave the particular set of regulator fields or propagators altogether un-
specified. Instead of the identities (2.6) we may use the symbolic expressions:

d4k .
rerrrai i
u
244
f(kkh(j k2)2 = 2in?p? logu® + Dy + Dyu? (2.16)
U

indicating only the termsi=; = 0 in eq. (2.6) explicitly.

The constants D, ; 3 depend on the diagram for which the integral is evaluated,
but do not depend on u. Of course, expressions like (2.15) must be handled with
great care, but in general they give a very clear idea of where arbitrary numbers en-
ter in the theory. The arbitrariness can only be removed if some additional sym-
metry property of the system is known, like gauge invariance.

3. MASSLESS YANG-MILLS FIELDS
We now consider the Lagrangian of the massless Yang-Mills theory {10]:
BYM = _4Gquuv’ (3-1)

GL,=3,W,—a,W,+ge

abc

b
wows, (3.2)

which is invariant under the local gauge transformation

WA(x) = fpx) WE(x) — 3 Cabc@u SOV f~ 1)), - (3.3)
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If one wants to apply conventional field theory to this model one encounters
difficulties [1] . Mandelstam [2] derived Feynman rules for the system using path
dependent Green’s functions. DeWitt, Faddeev and Popov [3, 4] derived the same
rules using a path integral method. We sketch a simple path integral derivation for
different gauges in appendix A, and the resulting rules are listed in appendix B;

An auxiliary “ghost particle” appears. In fact it will be seen to cancel the third
polarization direction of the W-particles. There is an arbitrariness in gauge, ex-
pressed in the parameter X in the propagator
k,k,

X2

6‘“)—}\
k2

Other gauges, like the transversal, can be described in the same way [5].
A path integral derivation of generelized Ward identities is also given in appen-
dix A. A “‘scalar” W-line

is defined as a W-line with polarization vector — ik,

_______ = = —ik/“ ( —-——/“o ) (34)

A “transversal line”” has a polarization vector ¢, satisfyin,
n

k# €,= 0,
(3.5)
€47 0
A generalized Ward identity is then:
on mass shell on mass shell
transversal transversal
N =0. (3.6)
x % %
)

off mass shell

Amplitudes with “longitudinal W-lines” (e, = (— 1)°u4 k,) satisfy more complicated
Ward identities (cf. sect. 6).

These identities are seen to express the gauge invariance of the theory. For ex-
ample, the equivalence of the Feynman (A = 0) and the Landau gauge (A = 1) can be
proven using (3.6).
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Without much effort one now ‘can verify that the Ward identities are sufficient
to prescribe all subtraction constants uniquely, except for the coupling constant.
The only needed (and allowed) counterterms are of the following type

—%— 8p[8,,(Cot C1kD) + ok k] (3.72)

“—=X—>- §,,C3k2, (3.7b)

/l\ — 18 Cyeapel85y (@ — D)o+ Byalk — @)+ B — K] (3.70)

— g%Cs (€0ac€gpa®apls + PErmutations]
(3.7d)
+ g2C6 (658 ca(® o505 t 64569 + permutations} ,

JL —igCu, , (3.7¢)

) A
q

(vertices with more g-lines do not occur because any amplitude must contain as a
factor the momenta of the outgoing ¢-particles (or ingoing g-antiparticles) as can be
seen from the rules (B.1)—(B.6).

The numbers C, C3 and C4 may be chosen freely, using some convention for the
physical amplitude of the W- and ¢-fields, and the definition of the physical coup-
ling constant gfenomalzed n the [andau gauge moreover, C, is immaterial.

According to the Ward identity for the self-energy correction one must have:

..... .@._ o ceceme--- = 0 (3.8)

where the counterterm is indicated explicitly, while
et S EEEEINIE S I (o ZEX ol AR X oY ) B

So C,, is fixed and C) is expressed in C;.
Indeed, an actual calculation of the second-order self energy diagram in the
Feynman gauge using the symbolic expressions (2.16) shows:

2
ne=— & 5,192, — 9k k,] logk?+ 8,5

7 Co+ C1k2) + Cok k], (3.9)

MV(
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so indeed the Ward identity (3.8) can be satisfied:

C0=O, C1+C2='O.
The renormalized mass, depending on C, turns out to be zero. Note that the coeffi-
cients in front of the terms kzﬁw logk?2 and kyk, logk? would not be the same if
the g-particle loop had been left out.

For the four-point function we have,

AY 4
~ ’ ’
S ,/' \\\ /" ‘\\ R
) “aye 3 0 (3.10
¢ - =
SR @
7’ ~ ’ -~
s’ S ‘ ‘\\ ! '\\~
/, N ’, 7
while
\\ ,‘
AY ’
‘o .
;K + 0 if G or Cg#0,
/,, \\
’ AN

so Cs and Cg are expressed in terms of the other subtraction constants.

Finally, C; can be determined by applying the Ward identity (3.8) for the higher
order self-energy diagram of the W-particle, using for instance the BPH procedure of
renormalization [11], and the above mentioned observation that

K S

4. COMBINATORIAL PROOF OF THE WARD IDENTITIES

There is no a priori reason why no conflict situation could emerge if we try to
satisfy an infinite number of Ward identities using a finite number of counter terms.
This problem must be taken seriously, because the algebraic proof of the Ward iden-
tities, which will be given below, involves many shifts of integration variables. A
proof of the absence of such a conflict will be given only for one closed loop.

Let us introduce some conventions:
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stands for the set of diagrams of a given order in g, and a given
number of external transversal W-lines (cf. (3.5)) on mass-shell.
There are no longitudinal or scalar external lines. They are de-

noted explicitly:

stands for the set of diagrams of a given order in g, and a given
:‘;‘ number of external transversal W-lines, as above, and in addition a
-€- number of external ghost lines and W-lines with arbitrary polari-
* zation and momentum, as drawn. The ghost lines are followed in-
side the graph, which is possible because (B.5) is the only kind of
vertex for the ghost particle. The graphs may be disconnected.

\
-~
]
]

-9

The combinatorial proof of the validity of the Ward identities is as follows. From
now on we use the Feynman gauge.
Let us perform an infinitesimal gauge transformation in the Lagrangian (3.1):

Lyy=—4G

GGy = Lym = —3G Gy o CEY

uvTup o
W,l(x) = W) + g €gpe AP(x) WE(x) — 8, A%x) (4.2)
A is some external source which, according to (4.1), remains uncoupled.

‘Then we must add to all vertices (B.3) and (B.4) all vertices we get from (B.3) -
and (B.4) if one of the W-lines _% has been substituted by

ANS
N,

W= —&€pc A (4.32)

A ;-—»k_:_{ =840k, . (4.3b)

(Note: the double line is not meant to be a propagator; (4.3a) is a part of one ver-
tex). Also from the free part of Ly we derive an extra vertex term in B'YM, which
appears to be

b

—f-—

;rT_é‘_qc'“ Wgeabc(ap,yp2ip“py_5“yq2 +quq1}) . (43C)
The ghost particle resulting from the use of a certain gauge condition, is not in-
cluded in our gauge transformation (4.2). Hence, its vertices and propagators are un-
changed.

Now it is easy to verify that up to first order in A all extra vertices cancel, which
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they should do. In diagrams:

Y

—_ = 0 (4.4a)

\ * \

* Y v
Coé . - o (44b)

S “~a ' \

v y !

. o\ . ) = o (440)
\\ ] \\ 'l

(4.3b) is of the type which occurs in our Ward identities. We now see that it can be

replaced by (4.3a) and (4.3c) using eqgs. (4.4), except for the connections with the
ghost particle. So as

Pt -

-~

’

588

(Note the explicitly written minus sign for the p-loop and the combinatory fac-
tors, because the blobs are already symmetrized) we have

poj

-y
o~
..J;
w
~

k-
&

~_
R
wh
S’
"
[}
c€,
~ Y
1
[ B
]
roj=
[}
ol
®~-_—"‘
~
b
(=)}
~—
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eq. (4.6) may be written as

¥
\

A
’ ~
~
’

3 ‘ SEPNE)
() -1 (O -+ -10)-
B . C

A C,

—— -
—% -
- -
—--
k-

(Of course, C; equals C,.)

Note that C; cancels those diagrams contained in C; and C where the double
line is attached to a ghost vertex.

The next step is a propagator identity which is related to invariance of the gauge

condition under special gauge transformations A with 8,(3,A% + g€, Wﬁ’/\c) =0:

1 )

4 1 \ : [
/ [} A
1

\ \ 4 Y
a-(-,——o ‘Do s — M9 4 er-f—e ¢ o—-p-== = ( (4.82)

-

- s —_—— + = - €~ = 0 (4”8b)
P P P

The P denotes a transversal W-line on mass shell (cf. (3.5)). Note again that the

double line is no propagator.

Eq. (4.8a) is the Yang-Mills counterpart of the usual Ward-Takahashi identity
(2.12) for bare electron propagators and vertex functions. In the last two terms the
dashed line (*“A-line”) has the same vertices and propagators as the ghost particle
(“¢-line”, compare (B.2) and (B.5)). If some of the lines in (4.8) are parts of a
closed loop these identities are true provided one may shift integration variables.
This is the reason why subtraction constants must be chosen carefully.

Applying eqgs. (4.8) to eq. (4.7) we find

.~

6582

Eq. (4.9) can now be iterated, but then we must include the possibility that the

(4.9)
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A-line forms a closed loop and is attached to itself. The result is

- --=

)
, \
- N 1

C pu ‘;‘: i (4.10)
0 3' O’

Using one more identity

\\ ‘\' 4 N S '
x\,./ \/ A B :
~ ~ . ~ - .
S D s S S S R CR )
,/ "o N 7 \ 7 \ .
N i’ € ’ Y v rs . .
N s Y \ ’ \

.\_4

’

we have

(4.12)

Substituting (4.3b) into (4.3a) one obtains another vertex, for which the follow-
ing equation holds:

[}
L4

¢ memeeme--- = 0 (413)

[}

Consequently the derivation remains valid even if there are more off-mass shell
scalar W-lines:

(4.14a)
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which is the graphical notation for the formula

0 0 outTrWoxl)... NNyl =0, (4.14b)
ax! T axl # .
Y1 RN
in conventional field theory.

From this algebraic derivation of the Ward identities we draw the following con-
clusion: if we succeed in regularizing graphs containing one of the auxiliary vertices
(4.3a)—(4.3¢) in such a way that eqgs. (4.8), (4.11) and (4.13) remain valid also in-
side closed loops, then we acquire gauge invariant amplitudes (amplitudes satisfying
(4.14)).

5. GAUGE INVARIANT REGULATORS

In this section we construct a set of regulators satisfying all requirements for-
mulated in the previous section, but we confine ourselves to the one closed-loop
case. The mere existence of these regulators implies that no conflict situation arises
if one uses Ward identities for calculating subtraction constants in the first quantum-
mechanical correction, instead of gauge invariant regulators.

The procedure is as follows. Note that the identities (4.8), (4.11) and (4.13) are
not only valid in a four-dimensional Minkowsky space, but we may add another
dimension. Then the momenta k,, have five components, and the fields Wﬁ have
15 components. Let for all diagrams with one closed loop the external momenta be
in the Minkowsky space, that is, only their first four components differ from zero.
Let the momenta inside the closed loop have one more component of fixed length
M in a fixed fifth direction. Because of conservation of momentum, M is the same
for all propagators of the closed loop. With this interpretation in mind, we may now
reformulate the Feynman rules, which now contain an extra parameter M. Further-
more, they depend on which of the propagators belong to the closed loop; those
propagators will be denoted by a *.

The W- and p-propagators inside the closed loop are replaced by:

L)

—r ;;%% (5.1a)
)

ot ]ﬁ (5.1b)

The vertices (B.3)—(B.5) remain the same, as well as the propagators (B.1) and
(B.2) in the tree parts of a graph. In (5.1a) we let the indices u, v run from 1 to 4
as usual. The fifth polarization direction of the W-field is treated as a new particle,
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which only occurs inside the closed loop:

x &4
LEZEIR XL S ————a—a. (S.IC)
k2 +M2
It has the vertices:
. e (5.1d)
‘b“‘ Mgeabcéa,y s
<7
L 4 ,V/‘
1&04-«(\ . —Mg(:‘abcy (SIe)
¥
Ve
(note that the factors + J at each end of a crossed line have cancelled), and
/.Aa
« .
33aed — g — Py » (5.16)
P ~. *
g

an L_P
\.,/ - gz(egacegbd + €gad€abe) Sog - (5.1g)

* A" LI
x * 4 ‘

Now with vertices (5.1f) and (5.1g) one may have closed loops of crossed lines,
but these contributions are gauge invariant themselves, since the vertices (5.1f) and
(5.1g) are precisely those of an ordinary isospin one scalar particle. So we may ex-
clude diagrams with closed loops of crossed lines without invalidating the Ward
identities. The above vertices with the rule of no closed loop of crossed lines define
a set of diagrams which, up to one loop, satisfy the Ward identities. For M = 0 we
have the diagrams of the massless theory. For M non-zero we have diagrams that
may be used as regulator diagrams.

Consider now the sum of diagrams of the massless theory and regulator dia-
grams. Choosing the appropriate integration variables (remember that each indivi-
dual contribution may be infinite, and relative shifts of integration variables may
give different results) and furthermore regulators with masses M; and signs e;, in
such a way that
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2,€=0, e,=1,

(5.2)
YeM=0,  M,=0,
we obtain a finite result.
One may choose convenient, finite values for
20 ejlogM?=—4 2eM logM? =B . (5.3)

i#0
In the limit M;_, 5 — > we find the desired gauge invariant amplitudes.

Let us demonstrate this regulator technique for the second order self-energy
contributions to the W-propagator:

’k—~~\ "'0“1
O T

Using expressions (2.6) we find

’oj

_ g2 } )

— k k, (2+8x(1-x))} log (M2 + x(1 —x) k%)

—6M75,,, log (M} +x(1 —x)K2) + 6M]5 ,,

logM?] . (5.5)
Indeed, one may convince oneself that this satisfies the Ward identity

k k N%x)y=0. (5.6)

[TR72RIT)

In the limit M;_ ;- o> we have

2
ne=— (_—f ; 8 (k28— K k) [ logh? — 194 — 58] . (5.7
(s

The number 4 is the logarithm of a suitably chosen reference mass. It must have
the same value for all graphs with one closed loop.

It must be emphasized that even if our regulator method appears very similar to
the Pauli-Villars method it is in fact very different. The regulators do not corres-
pond to fields in Lagrangians etc., and the procedure works only for one closed
loop. In fact the above is just a convenient way of implementing the scheme pro-
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posed in the beginning. Tentative investigation shows that probably a modification
of this regulator technique can produce finite gauge invariant amplitudes at higher
orders. As yet we shall consider this as a conjecture. It is important to note that
this technique of introducing more dimensions only works if the matrix y5 and the
tensor e, ,,, do not occur in the Lagrangian.

6. UNITARITY

In proving unitarity of the S-matrix one has to deal with on mass-shell ampli-
tudes. We are then confronted with infrared difficulties. Now if we add a very small
mass term k2 in the propagators, then the on mass-shell amplitudes (in finite order
of g) are proportional to some power of logk 2. The Ward identities however, are
violated with terms proportional to k2, k2 log k2, etc. So we can still use these Ward
identities keeping log k2 finite, but ignoring terms proportional to k2, k2 logk 2 etc.
For instance, in the regularized expressions in sect. 5 we might put M=« # 0, but
ignore the crossed line with mass x, because it is coupled with strength « 2.

We shall not go into the problems of the physical interpretation of these infrared
divergencies.

To compute imaginary parts we shall make use of the well-known Cutkosky
rules [12]:

B el e O e

+ (graphs with more than two lines cut through) =0 , (6.1)

where at the right-hand side of the dashed line the /¢ in the propagators is replaced
by —ie, and an extra minus sign is introduced for each propagator and each vertex.
The blobs are at least of order one in g. Now, if in the blobs of (6.1) all graphs are
added, including disconnected ones, such that the total order in g is kept fixed, then
equation (6.1) is an identity, whatever the choice of our subtraction coefficients
may be, provided that we use the following rules:
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a k b
A 28 (k2)0(k )8 ,,8 41 » (6.2)
]
Vok
P s
a ' 3
—ebok 218 (k%) 0(k2)5 45 (6.3)
a 1 Y

(a dashed line going through an external particle-line has no special meaning, except
that it separates the ingoing lines from the outgoing lines).
Now if we can prove a slightly different equation,

- e o e e - o

with

| kK
4 ] . 2 u™y
% standing for 218 (k2)8(k )8 5, (5“”_—|E|7) (1-5,9(1-8,9,

(6.5)

then unitarity has been proven, for the case that bosons with a given isospin have
only two helicity states, like the photons. We shall prove eq. (6.4) from eq. (6.1)
provided that we only look at the transverse components of the other outgoing
lines. Let us first consider the case of only two intermediate particles. Define

( — ik _
ik, 2800, K, =(- 1Mk,
a T wb 2|kl
(6.6)
1 il
' 3 lkl)
k. 2
. :——'! L 2m8(k2)0(ky)8 4 SR
A useful equation is:
kk +k k kK
_1 ulty Tty utv ‘ : =
auv-§T+ (5“0—_[,“_2) (1-8,4)(1=8,4) ifk2=0. (6.7
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Symbolically:

Also we have

! '

G-(---Iﬁ--(-o = e——éd----0 (69)
1 |
' 1

We shall apply the Ward identities

Q =0; d:o. (6.10)

Moreover, we need a generalization of the Ward identities (4.14) for amplitudes
with on mass-shell ghost particles and non-physically polarized W-particles, in parti-
cular W-particles with polarization vector e, not satisfying ke, = 0. Formula (4.8b)
is extended to

~
- -—
- = -

/’ ' (61 la)
-'——o' * ’—éT . O-¢-- - * —J-- -=)° =0
where the arrow in - - - = u stands for multiplication with — ik, and the lines

with a o are taken on mass-shell (k2 = 0). Note that the last graph in (6.11a) van-
ishes if multiplied with a transversal polarization vector e,,. We have also

[ [ |
! v - (6.11b)
o-é_o . 043. - -|_° . °——J -- -:)o = 0
Applying again the combinatorics of sect. 4 we derive the generalized Ward
identity
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(- @
° "o

(This identity is not altered if other gauge invariant interactions are introduced. The
other isospin particles must then be on mass-shell).
Equipped with eqgs. (6.8), (6.9), (6.10) and (6.12) we derive

- ol

from which eq. (6.4) follows, as long as we confine ourselves to the contributions
with at most two particles in the intermediate states.

In the same way it can be shown for intermediate states with more than two
particles that the ghost particles cancel the non-physical polarization directions of
the W-bosons. In principle this can be verified by writing down further generaliza-
tions of the Ward identity (6.12), but a more straightforward proof of this cancella-
tion goes as follows. We apply induction with respect to the number of particles in
the intermediate states.

Suppose we have a diagram

A

(the external lines being on mass-shell). Let then

+
]

stand for the sum of all graphs acquired by cutting the
former diagram in all possible ways, except that at least
° one vertex must remain at either side of the dashed line.

: Applying again the Cutkosky rule to the left-hand side of
(6.12):
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| ]
\ ]

(D\‘ ;Q)\. 'L 0 (6.14)
r“ ) - r’:’ /z” |

one derives easily:

| [
: 19
’,I ) ,1/ : \\\
rd II - y

with the external lines on mass shell.

Now careful examination of the underlying propagator identities and combinat-
orics leads to the observation that eq. (6.15) is also valid if the total number of cut
propagators is kept fixed at both sides. So if we introduce the notation

N denoting the total number of cut propagators, then (6.15) reads:

t |
'N _ 'N
Q‘?_CD\ - O 6.17)
| | s
s . -

for all N. Moreover, one can impose the restriction that the cutting line must pass
through both of the explicitly denoted external lines in (6.17), and then we get:

N 'N
) '
- _1I_ - ~-=_ -
Now suppose that for a certain value of N

!
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then we have

)
z
*.

which completes the proof by induction.

So the S-matrix is unitary in a Hilbert space with only plane wave W-particle
states, in which each particle has helicity + 1. A necessary condition is that subtrac-
tion constants are chosen in such a way that all generalized Ward identities are satis-
fied.

7. CONCLUSION

Massless YM fields can be renormalized, A formal regulator procedure exists, at
least for diagrams with one closed loop, but the simplest way to deal with the diver-
gencies is to use the subtracted expressions (2.16) for divergent integrals, calculat-
ing subtraction constants by means of the Ward identities. In this article we have
not gone into the details of a regulator technique for diagrams with more loops, so
as yet a consistency proof of the Ward identity method for removing overlapping
divergencies, is lacking.

With this restriction, we have proven that the resulting S-matrix is unitary, if
infrared divergencies are dealt with in a proper way. There is only one physical
parameter in the theory, which is the coupling constant g. The renormalized mass
of the bosons is zero (at least, in perturbation theory).

The author is greatly indebted to Prof. M.Veltman for many helpful discussions
and critical remarks.
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APPENDIX A

Path inregral derivation of Feynman rules for massless Yang-Mills fields

The Feynman path integral expression for the amplitude is

(outlin>=fﬁ dWi(x) exp {iSyy [WI}
X, u,a

= [Dwexpisyy(W] | (A.1)

where a denotes isospin, u the Lorentz vector component, and Sy [W] =
Ly \(x) dx is the (unrenormalized) Yang-Mills action functional. Now if the
asymptotic states are invariant under local gauge transformations £2, that is

lin) = lin) , Qlout) = |out),

then the integrand, as well as the measure (DW, are invariant under local gauge trans-
formations.

In order to extract the infinite constant arising from this invariance we alter ex-
pression (A.1) by multiplying with a delta-function §(log £2) (defined in terms of
the same measure (DW) where £ is defined such, that the field

w' =0 Y(w)
satisfies a special gauge condition. We choose the gauge

0, W, Hx)=C%x) , (A.2)
with C4%(x) a fixed function. Then expression (A.l) becomes

[Dws(1og 2yexpiSyy (W] = [DW8(@, W2 - C%

X det (agz( N B#Wﬁ(x)) expiSYr&[Pg

In order to calculate the determinant we only need to know the change of
W:f(x) under an infinitesimal gauge transformation Ab(x):

8, =3, Wi+ e 0, (AP WD) —g 1 92 A°
=9, We-g ' 0,(D, N (A.4)

(D,, is the covariant derivative and g is the coupling constant).
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So we must calculate the determinant of the operator g~ 18 uDy- This we do with
the following trick. Note that even for a non-hermitean matrix 4;; the identity

1 _ .
M—Cfl—i—[ dRez;dImz;expi(z, Az) (A.S)

holds, where C is a trivial constant. So we write in a symbolic notation eq. (A.3) as
Jows@,wi-c? [D'pexp (iSyyW] +i [ 6" () 8,0, 00) dx} (A.6)

¢?(x) is a complex scalar particle field. The notation is symbolic because the deter-
minant in eq. (A.3) stands in the numerator and not in the denominator like in eq.
(A.5). But this only means that we have to add a factor — 1 for each closed loop of
¢’s, as can easily be established. It is denoted by the prime in D’p.

If C%is put equal to zero, we get the rules derived by Faddeev and Popov [4].
The transversal propagators

5 - k”kv
My k2
k2

(Sab ’ (A-7)

emerge (Landau gauge)7. We can get rid of the annoying k k, term by noting that

expression (A.6) is completely independent of the choice of C(x). So we may in-

tegrate over all values of C, together with an arbitrary weight function expiS'[C].
We then get

[DW [@'pexp {iSyy (W) - i [ @,0)" Dypdx +iS'[3,W,]} . (A.8)

S'|9 « W] may be chosen such that it cancels the corresponding term in Sy [W]
and we then find the Feynman gauge, with propagators

60b6uv
k2

(A.9)

The resulting Feynman rules are listed in appendix B.

Ward identities

We first derive Ward identities in the Landau gauge. Let us treat C? in expression
(A.6) as a source function and make an expansion with respect to it. Even with out-

1 The ie in a propagator is not found by the path integral method. Its sign is dictated by unitari-
ty and is essential for derivation of the Cutkosky rules (sect. 6).
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or ingoing particles at plus or minus infinity expression (A.6) is independent of C4.
So all expansion terms with respect to C2 must be zero except the first.

In order to derive the Feynman rules for the expansion terms we must treat the
transversal and longitudinal parts of the W-field separately. Integration over the
transversal part leads to the Feynman rules (B.1)—(B.6), with A = 1, but the fact
that 3, W, now is C and not zero gives us the additional C-lines:

— ik )
<Hox O py e, (A.10)
8, p x, b

where the cross denotes the action of the “source” C?(x), and the double line sim-
ply acts as a normal Yang-Mllls boson. (The derivation is done by making 9, W, vari-
able and adding —a(3, W, C") to the Lagrangian, which gives rise to a delta func
tion for @ — )

We can now formulate our Ward identity in the Landau gauge: The total contri-
bution of all diagrams with a given (non-zero ) number of C-lines off mass-shell, and
a given number of in- or outgoing lines on mass-shell, is zero.

This rule is visualized in the diagram notation (3.6), and corresponds to formula
(4.14b).

Eq. (3.6) greatly resembles the corresponding Ward identities in quantum elec-
trodynamics, the only difference being that we have to contract all off mass-shell
lines with their own momentum (that is, choose a polarization vector proportional
to their own momentum). The outgoing lines must be physical, that is, their polari-
zation vector must be orthogonal to their own momentum.

In the Feynman gauge we can do something similar. In expression (A.8) we
made the choice

S'[C] = [ax{~4C2x)} .
Now we add a source function J(x):
S'[C] = [ ax{~HCx) ~I)?} . (A.11)

Again, the result must be independent of J(x).

The Feynman rules are those of appendix B, with A = 0, together with a J-source
contribution which is the same as (A.10) except for the (immaterial) factor 1/k2.
So the Ward identities in this case are again those of eqs. (3.6) and (4.14).
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APPENDIX B

Feynman rules for massless Yang-Mills fields
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(B.1)

(B.2)

W Lk b 8ap (6 T k.k, ) A =1 Landau gauge ,
e v kK2—ie \* k2 e A = 0 Feynman gauge ,
6ab
© oo glip
a.a k

— 18 €85, — D)+ 8,k ~ @)+ Bofp ~ K),] ,

bpp 1.4
ax b.g —gzegacegbd(‘saﬁﬁ'y& — 84508 ,4p)
— 22 ga€ancBagd sy — Doy Bsp)
“7 48 _gzegabegcd(‘sayaﬁa —8a503y) 5
a.x

b 2 va —18€pcda >
" \\"1

(at the vertices all momenta are defined to be inwards).

For each closed loop of ¢ particles: —1 .

As usual: a factor 1/(2m)*i for each propagator and (2m)*i for each vertex.

REFERENCES

{11 R.P.Feynman, Acta Phys. Polon. 24 (1963) 697.
[2] S.Mandelstam, Phys. Rev. 175 (1968) 1580; 1604,
[3] B.S.DeWitt, Phys. Rev. 162 (1967) 1195; 1239,
{4] L.D.Faddeev and V.N.Popov, Phys. Letters 25B (1967) 29.
[5] E.S.Fradkin and 1.V.Tyutin, Phys. Rev. D2 (1970) 2841.
[6] W.Pauli and F.Villars, Rev. Mod. Phys. 21 (1949) 434,
[7] S.N.Gupta, Proc. Phys. Soc. 66 (1953) 129.
(8] J.S.Bell and R.Jackiw, Nuovo Cimento 60A (1969) 47.
[9] St.L.Adler, Phys. Rev. 177 (1969) 2426,

{10] C:N.Yang and R.L.Mills, Phys. Rev. 96 (1954) 191.

[11] K.Hepp, Comm. Math. Phys. 2 (1966) 301.

[12] R.E.Cutkosky, J. Math. Phys. 1 (1960) 429;

M.Veltman, Physica 29 (1963) 186.

(B.3)

(B.4)

(B.5)

(B.6)



