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Abstract: A recently proposed gauge theory for strong interactions, in which the set of planar
diagrams play a dominant role, is considered in one space and one time dimension. In this
case, the planar diagrams can be reduced to self-energy and ladder diagrams, and they can be
summed. The gauge field interactions resemble those of the quantized dual string, and the
physical mass spectrum consists of a nearly straight “Regge trajectory”.

It has widely been speculated that a quantized non-Abelian gauge field without
Higgs fields, provides for the force that keeps the quarks inseparably together [1—4]
Due to the infra-red instability of the system, the gauge field flux lines should
squeeze together to form a structure resembling the quantized dual string.

If all this is true, then the strong interactions will undoubtedly be by far the most
complicated force in nature. It may therefore be of help that an amusingly simple
model exists which exhibits the most remarkable feature of such a theory: the
infinite potential well. In the model there is only one space, and one time dimension
There is a local gauge group U(V), of which the parameter MV is so large that the per-
turbation expansion with respect to 1/ is reasonable.

Our Lagrangian is, like in ref. [4],

L= iGuvijGuvfi o aaiquu * m(a)) qai ’ (1)
where

Guvij:ayAijv_auAiju+g[Au’AV]ij ; (2)

D,g% =34 + gAl.j”q"].; (2.b)

4/ ()= —A¥ i”(x) ; (2.c)

gl =p; q*=n; ¢>=1x. 2.d)

The Lorentz indices u, v, can take the two values 0 and 1. It will be convenient to us¢
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light cone coordinates. For upper indices:

+

x* = xlixo), (3.a)

1
\’5(

and for lower indices

1
pi=\72(p1ip0),

(3b)
1
At :—\/—2- (A1 iAO) , etc.,
where
p,=r'. py=-1"
Our summation convention will then be as follows,
B xkph = =
Xpo =X EXP, .
4)

x+p+ +x p =x+p_ +x_pJr =xX,p_ tx p,.

The model becomes particularly simple if we impose the light-cone gauge condi-
tion:

A =4%=0. 5)
In that gauge we have

G,_=-0_4,, (6)
and

L=-3Te(d_4,)% - q°(yd+my +ey_A,)q" . ©)

There is no ghost in this gauge. If we take x* as our time direction, then we notice
that the field A, is not an independent dynamical variable because it has no time
derivative in the Lagrangian. But it does provide for a (non-local) Coulomb force
between the Fermions.

The Feynman rules are given in fig. 1 (using the notation of ref. [4]).

The algebra for the y matrices is

73=7f=0, (8.a)
VYt v, =2 (8.b)

Since the only vertex in the model is proportional to y_ and 73 =0, only that part
of the quark propagator that is proportional to y, will contribute. As a consequence



G. 't Hooft, Two-dimensional model for mesons 463

mg =ik, =iy, k. Sik,
ml . 2k, k_ - i€ mi.2kk_ -ic

———
o= e S

Fig. 1. Planar Feynman rules in the light cone gauge.

we can eliminate the y matrices from our Feynman rules (see the right-hand side
of fig. 1).

We now consider the limit N - oo; g2V fixed, which corresponds to taking only
the planar diagrams with no Fermion loops [4] . They are of the type of fig. 2. All
gauge field lines must be between the Fermion lines and may not cross each other.

They are so much simpler than the diagrams of ref. [4], because the gauge fields
do not interact with themselves. We have nothing but ladder diagrams with self-
energy insertions for the Fermions. Let us first concentrate on these self-energy
parts. Let /T'(k) stand for the sum of the irreducible self-energy parts (after having
eliminated the y matrices). The dressed propagator is

—ik
m? 2%k k_—~k T(k)—ie @

\AY)
mm@_@\__‘;"

oY

Fig. 2. Large diagram. a and b must have opposite U(V) charge, but need not be each other’s
antiparticle.
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Fig. 3. Equations for the planar self-energy blob.

Since the gauge field lines must all be at one side of the Fermion line, we have a
simple bootstrap equation (see fig. 3).

—i(k_+
_ 4 f iE_*p) . (10
(2m)?i k2 (m*+ 20k, +p,) — Tk +p)] (k_+p_) —ic)

Observe that we can shift k, +p,_ >k, so I'(p) must be independent of p_, and

dk _(k_+p ) dk

+

'p_)= 2 2 '
m? k- m-—(k_+p )O(k_+p )+ 2k _+p )k, —ie

(an
Let us consider the last integral in (11). It is ultra-violet divergent, but as it is well
known, this is only a consequence of our rather singular gauge condition, eq. (3).
Fortunately, the divergence is only logarithmic (we work in two dimensions), and a
symmetric ultra-violet cut-off removes the infinity. But then the integral over & is
independent of I". It is

mi
20 +p | °
S0,

2 .dk
F(p_)=—~§—ﬂf?2: sgn(k_+p ). (12)

This integral is infra-red divergent. How should we make the infra-red cut-off ? One
can think of putting the system in a large but finite box, or turning off the inter-
actions at large distances, or simply drill a hole in momentum space around & = 0.
We shall take A < |k _| <= as our integration region and postpone the limit A > 0
until it makes sense. We shall not try to justify this procedure here, except for the
remark that our final result will be completely independent of A, so even if a more
thorough discussion would necessitate a more complicated momentum cut-off, this
would in general make no difference for our final result.

We find from (12), that
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2 sgn(p )
F(p)=F(p_)=—5ﬂ[g7\ ~p—1), (13)

and the dressed propagator is
—ik

S 5 5 . (14)
m-—g-fm+2k k_+glk_l/m\ — ie

Now because of the infra-red divergence, the pole of this propagator is shifted to-
wards k, = e and we conclude that there is no physical single quark state. This
will be confirmed by our study of the ladder diagrams, of which the spectrum has
no continuum corresponding to a state with two free quarks.

The ladder diagrams satisty a Bethe—Salpeter equation, depicted in fig. 4. Let
V(p,r) stand for an arbitrary blob out of which comes a quark with mass m; and

Pok-t

Fig. 4. Eq. (15).

momentum p, and an antiquark with mass 7, and momentum 7 — p. Such a blob
satisfies an inhomogeneous bootstrap equation. We are particularly interested in
the homogeneous part of this equation, which governs the spectrum of two-
particle states:

2 2 -
e L

(2m)?i
2 -1
2 g . Yptk, 1)

X [Ml t2pp_tsp_| —le] ff*—kz dk, dk_, (15)

where
2.2 &

Mi =ml. ‘*7; . (16)
writing

wp_,7) =ftl/(p+uv,,r)dp+ , (17)

we have for ¢
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2 M3 2 _
N == s fon oy e )]
M3 2 1, oo _tk_,r)
X[p++§l;—1~ + (g — i) sgn (o _ )] }f—k—2~—~ de_ . (18)

One integral has been separated. This was possible because the Coulomb force is
instantaneous. The p_ integral is only non-zero if the integration path is between
the poles, that is,

sgn(p_—r_)=—sgn(p_), (19)

and can easily be performed. Thus, if we take r > 0, then

= 9(1) )O0(r_~p )

M? M2 2 Lo Yk P
I 2 g - -’

— t o +3- + ——————— . 2
X[Zp_ 2r —p ) TA r+] f k2 dk_ (20)
The integral in eq. (20) is again infra-red divergent. Using the same cut-off as before,
we find

o(p_tk 1)

dk . @1

where the principal value integral is defined as

ok Ydk | ok tie)dk_ o(k_—- ie)dk
e SRS Aty e
k* (k +ie) k- ie)?
and is always finite.
Substituting (21) into (20) we find

M2 M‘?; 2 rp o tk o r)

U N M
UL R el s O L L =L S Tk

I) -

@23

The infra-red cut-off dependence has disappeared! In fact. we have here the exact
form of the Hamiltonian discussed in ref. [4]. Let us introduce dimensionless
units:

== T . _r r :g “2; 1 /I'V =X (24)
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u is the mass of the two-particle state in units of g/z/7.
Now we have the equation

o o 1

1 2

Kot = (< + Yot —pf 2 qy. (25)
0 —x)

We were unable to solve this equation analytically. But much can be said, in parti-

cular about the spectrum. First, one must settle the boundary condition. At the

boundary x = 0 the solutions ¢(x) may behave like x*#1 with

3, cotgnpf, +a; =0, (26)

but only in the Hilbert space of functions that vanish at the boundary the Hamil-
tonian (the right-hand side of (25)) is Hermitean:

atl aytl
W, Hoy === + 7= ) et ¥ *(x)dx
! 1 * *
o1 fae fay QOZONETW=976)) on
0 0 (x-»)
In particular, the “eigenstate”
w() = (5 fx]m

in the case &) =0, is not orthogonal to the ground state that does satisfy ¢(0) =
A«1)=0.

Also, from (27) it can be shown that the eigenstates <pk with npk(O) = gak(l) =0
form a complete set. We conclude that this is the correct boundary condition *. A
rough approximation for the eigenstates & is the following. The integral in (25)
gives its main contribution if y is close to x. For a periodic function we have

1 o0
P dy=P
6f()’~ ﬁm(y—x)z

The boundary condition is ¢(0) = ¢(1) =0. So if &y, @, = 0 then the eigenfunctions
can be approximated by

gpk(x)z sin kmx k=1,2,.., (28)

iwy .
Sdwx

dy = —nlw]| =

eia)y
x)

with eigenvalues
p(zk) ~n’k . (29)

This is a straight “Regge trajectory”, and there is no continuum in the spectrum!
The approximation is valid for large k, so (29) will determine the asymptotic form

* Footnote see next page.
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of the trajectories whereas deviations from the straight line are expected near the
origin as a consequence of the finiteness of the region of integration, and the con-
tribution of the mass terms.

Further, one can easily deduce from (27), that the system has only positive
eigenvalues if &y, a5 > —1. For @) =a, = —1 there is one eigenstate with eigenvalue
zero (¢ = 1). Evidently, tachyonic bound states only emerge if one or more of the
original quarks were tachyons (see eq. (24)). A zero mass bound state occurs if both
quarks have mass zero.

The physical interpretation is clear, The Coulomb force in a one-dimensional
world has the form

Vo le—le ,

which gives rise to an insurmountable potential well. Single quarks have no finite
dressed propagators because they cannot be produced. Only colourless states can
escape the Coulomb potential and are therefore free of infra-red ambiguities. Our
result is completely different from the exact solution of two-dimensional massless
quantum electrodynamics {5, 2], which should correspond to N =1 in our case.

The perturbation expansion with respect to 1/NV is then evidently not a good approx-
imation; in two dimensional massless Q.E.D. the spectrum consists of only one mas-
sive particle with the quantum numbers of the photon.

In order to check our ideas on the solutions of eq. (25), we devised a computer
program that generates accurately the first 40 or so eigenvalues u2. We used a set of
trial functions of the type Axf1(1-x)2=F1 + B(1--x)2x2~F2+ £}, C}, sin knx. The ac
curacy is typically of the order of 6 decimal places for the lowest eigenvalues, de-
creasing to 4 for the 40th eigenvalue, and less beyond the 40th.

A certain W.K.B. approximation that yields the formula

#(2”) ;:’ mn+ (@) +ay)logn + CSt(a] ,0y),  n=0,1,.. (30)

was confirmed qualitatively (the constant in front of the logarithm could not be
checked accurately).

In fig. 5 we show the mass spectra for mesons built from equal mass quarks. In
the case m, =mgz =1 (or a; =ay = 0) the straight line is approached rapidly, and
the constant in eq. (30) is likely to be exactly %nz.

In fig. 6 we give some results for quarks with different masses. The mass differ-
ence for the nonets built from two triplets are shown in two cases:

(a) ml' =0; m, =0.200; ms =0.400,

(b) m1=0.80; m2=1.00; m3=1.20,
in units of g/z/m. The higher states seem to spread logarithmically, in accordance with
* This will certainly not be the last word on the boundary condition. For a more thorough study

we would have to consider the unitarity condition for the interactions proportional to 1/N.
That is beyond the aim of this paper.
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Fig. 5. “Regge trajectories” for mesons built from a quark-antiquark pair with equal mass, m,

varying from 0 to 2.11 in units of g/~/n. The squared mass of the bound states is in units g2/,
~———0
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Fig. 6. Meson nonets built from quark triplets. The picture is to be interpreted just as the previous
figure, but in order to get a better display of the mass differences the members of one nonet have
been separated vertically, and the nth excited state has been shifted to the left by an amount na’.
In case (a) the masses of the triplet are m| = 0.00; m4 = 0.20; m3=0.40 and in case (b) m; = 0.80
m, = 1.00; m3 = 1.20. Again the unit of mass is g/
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eq. (30). But, contrary to eq. (30), it is rather the average mass, than the average
squared mass of the quarks that determines the mass of the lower bound states.

Comparing our model with the real world we find two basic flaws. First there
are no transverse motions, and hence there exists nothing like angular momentum,
nor particles such as photons. Secondly, at N = 3 there exist also other colourless
states: the baryons, built from three quarks or three antiquarks. In the 1/V expan-
sion, they do not turn up. To determine their spectra one must use different approxi
mation methods and we expect those calculations to become very tedious and the
results difficult to interpret. The unitarity problem for finite N will also be tricky.

Details on our numbers and computer calculations can be obtained from the
author or G. Komen, presently at CERN.

The author wishes to thank A. Neveu for discussions on the two dimensional
gauge field model; N.G. van Kampen, M. Nauenberg and H. de Groot, for a contri-
bution on the integral equation, and in particular G. Komen, who wrote the com-
puter programs for the mass spectra.
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