The energy momentum tensor

This is also a little exercise of inserting ¢ at the correct places. We put ¢ equal 1 for
convenience and re-insert it at the end.

Recall the Euler equations for an ideal fluid with density p(z?, t) and velocity v (z7, t):
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where p/ = pv’ is the j-component of the momentum density and p is the pressure.
The first equation (the continuity equation) expresses the conservation of mass, the
next equation expresses that the change of (a component of ) momentum per volume
according to Newton’s second law is equal to the force component per volume, i.e.
minus the gradient of the pressure.

Using the continuity equation in the momentum equation, this latter can be written
as

ov - 1 =
AN I v AV, S 1
5 +(U-V)o ) Vp, (1)

while the continuity equation can be written as a current conservation:

oui" =0, " = (p, pv) (2)

For an ideal fluid we have:
T =™ + (p+ p)U*U", 0,T" =0, (3)

where U* = ~(v)(1,v") is the four-velocity (U,U* = —1).

(4) Write out the equations explicitly for ;1 = 0 and for x = 4, and show (using both
equations) that the one for y =i can be written as

ovr . = 1—0% [~ _op
a+(U~V)U——p+p (Vp—l—v—).

(5) Show that this equation reduces to (1) in the non-relativistic limit and that the
equation for p = 0 likewise reduces to (2) in the non-relativistic limit.



Problem set 2

constant acceleration, part I

Consider the equation of motion in SR for a point particle:

dp = . 1 v
— =F, p=mw, 7=-—F———=, [=-

dt V1-5% c
Consider the situation where F points along the z-axis and has the constant value

F = mgg. Assume that the velocity is zero at time ¢ = 0.

(1) Show that the motion of the particle is hyperbolic:

()=

O=ctandy=2=0.

where x

(2) Let I denote the initial system where the particle is at rest at ¢ = 0. Show that
the proper time (times ¢) of a clock following the accelerated particle is given by:

2 0
r— s (9) , (5)
Y
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i.e.
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2 = — sinh (—2) : (6)
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(3) Show that the transformation from an inertial system I’; where the accelerated
particle is at rest at proper time 7 at 2’ = 0 (and 3’ = 2 = 0) with 2% = 0 to I is
given by:

2
r=5 (cosh (g—;) — 1) + 2’ cosh (g%) + 2% sinh (gg) (7)
g ¢ c ¢
2
2° = < ginh (%) + 2’ sinh <%> + 2% cosh (%) (8)
g ¢ ¢ ¢



Derivation of the geodesic equation

Define the following quantity:

dzx

Slz(V)] = / Cdn L\, 2(V), B =

A1

S is a functional of the set of paths x(\). Assume now that

L(x, &) = \/gij(x) 2737

(30)

(31)

(6) Prove that for the choice (31) the functional S is independent of the parametriza-
tion of the path @()\), i.e. given one parametrization, S is unchanged if we change

parametrization A = f()), f(A) > 0, and consider the new path Z(\) = z(f~()\))
(of course this path describes the same set of points, but the curve is “traveled” in

a different “speed” as a function of ).

(7) Show that if we choose the parameter s = A as the length of the curve:

s = [ AN a0 # 00 ()

A1

then the Euler-Lagrange equations

i oL _8L_O
ds \ 01° ort

simplify and can be written as:
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=1. (34)



Problem set 6

geodesics in Rindler space

Let (2° x) denote Minkowski coordinates in a system of inertia I, and let (w° w)
denote the Rindler coordinates of a system of reference R with constant acceleration

g relative to I:
2 0 0
T = < (COSh <gu2)) — 1) + w cosh (5]1121)
g c c

2 0 0
20 = c sinh (911;) + wsinh (gu;)
g c c

As shown we have

ds® = dr* — (d2°)? = dw? — (1 + gw/c*)*(dw®)?. (43)

(1) Write down the equation of motion for a particle in free fall as a second order

differential equation in w®.

(2) Show that the solution for a particle starting at w = w at time w® = 0 with

velocity zero is:
D 1
w(w?) = “ [(1 + gw) i 1] , (44)

(3) Calculate the velocity

vV =c—.
duw?

Find the maximum velocity of the particle and compare with the velocity of light
(calculate that too). What happens for w® — oco?

4) Calculate the proper time of the particle as a function of w° and .
( prop p

Geodesics on the rotating disk

The metric of spatial geometry of the rotating disk is given by:

7,2

2 12
ds® = dr +71—r2w2/c2

do>. (45)

(5) Write down the equations for a geodesic.
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Figure 1:

(6) Show that first integrals are:

db 1—r?w?/c?

s - YT @ (46)
dr a?w? ol
A= )

where « is an integration constant.

2 a2w? a?
d VA
r 2 2 (48)

— =4
a6 a(l_rzuﬂ)

c2

Thus

and by integration we can in principle find r(6).

(7) Consider the geodesic passing through (rg,0) and having dr/ds = 0 at ry. Find
a expressed by 7.

(8) Find the geodesics corresponding to the aw = 0.

(9) Find the angle ¢ between two geodesics which go through the same point ex-
pressed by a; and «; and the r-coordinate at the point where they meet. Answer:

2, 2 2 2, 2 2 L 2002/.2
ajw?  of asw?  ad  oqag(l —riw?/c?)

Cos¢:i\/1+ 2 = 1+ 2 2t (49)

r2
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(10) Show that geodesics always met the boundary r* = ¢/w at a right angle (see
figure).

(11) Show that the sum of angles of the triangle OAB in the figure is less than 7.

How small can the sum of the angles in a triangle formed by geodesics be 7 How

large ?
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Problem set 8

The Riemann tensor

The Riemann tensor in n dimensions has at most n?(n? — 1)/12 independent com-
ponents.

(1) Show this using the symmetries of the Riemann tensor. (a) Show that Ry,
written as Rap, A = (kA\) B = (uv) is a symmetric matrix in the generalized indices
A, B. A symmetric N-dimensional matrix has N(N + 1)/2 independent elements.
Show that the indices A and B can take N = n(n — 1)/2 independent values. (b)
From the number of independent elements calculated this way we have to subtract
the constrains coming from the fact that the cyclic sum Ry + Reoay + Repwnn 18
completely antisymmetric. Show that this gives n(n—1)(n—2)(n—3)/4! constraints
and obtain the total number n*(n? — 1)/12 of independent components.

In two dimensions there is thus only one independent component and we can write:

1
Rm\uu = §R (gmug)\u - glil/g)\li) (53)

since this tensor has the right symmetries and the contraction gives the scalar cur-
vature.

Assume now that the metric has the form
ds® = dr? + gee(r)de*. (54)
We know already which components of Fék are different from zero, expressed in

terms of gus(1) and 0gye/0r.

(2) Show that R?, o = /2 and use the definition of R’ 4 0 terms of T to find a
general expression for R.

(3) Calculate R/2 for a sphere, for a pseudo-sphere and for the geometry corre-
sponding to the rotating disk.

Consider the maximally symmetric spaces in n dimensions in the representation

. S 1
Koo'+ 22 =1, ds*=da'ds’ + Edz? (55)
As we showed Ko
zta?
95(@) =0+ T (56)
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Problem set 9

The energy-momentum tensor

(1) Derive the energy-momentum tensor for a dust of point particles with action

S = Zmn/dT\/ gw, dx;( 7)

using the variation in g, .

(2) Derive the energy-momentum tensor for a scalar field with action

‘Sz/h%vCE@S(—;LWW¢—vw0.

using the variation in g, .

(3) Derive the energy-momentum tensor for the electromagnetic field with action

= / d*z\/—g(x) F, F™

using the variation in g, .

Use of the Lie-derivative

Under a diffeomorphism z# — y#(2") the metric will change as

, Ox" 92>
g;u/(y) 8/yua ,/gHA( ) (60)

The change of the metric under an infinitesimal diffeomorphisms can be written as:

30 (8) = 010 () — 0 () = ~guu() 2D g, P O0lT) iy (g

for an infinitesimal diffeomorphism
y* =t + et (x). (62)

Note that in (61) the tensor g, is evaluated in point x and not point y as in (60).
This change of argument explains the presence of the last term in (61) and it is
important in order to make dg,, () a tensor. g,,(y) — g, () is not a tensor even
for an infinitesimal diffeomorphism like (62)).
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