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1. INTRODUCTION

Let R be a commutative noetherian d-dimensional ring. Recall that for
n > d + 2 the group E,(R) (the subgroup of GL,(R) generated by elementary
matrices) acts transitively on Um,(R), the set of unimodular rows of length »
over R. If d > 2, we will describe an abelian group structure on Um,, ((R)/
E, . ((R). This group structure will be closely related with the higher
Mennicke symbols of Suslin. In fact this article is mainly an elaboration of a
theme in Suslin [14] (in particular {14, Sect. 1]). Recall that for d = 1, by
the Bass—Kubota theorem there is a bijection MS,(R) « Um,(R)/SL,(RYM
E(R), where MS,(R) denotes the target group of the universal Mennicke
symbol, as in  Suslin [13,Sect. 5]. We will see thai more generally
MS,, (R)—Um,;, (R)/SL,, (RYME(R) if d is odd. Now let d = 2. Then,
by a theorem of Vaserstein, Um,;(R)/E,(R) is in bijective correspondence
with a certain Witt group [17, Cor. 7.4]. In particular Um,(R)/E4(R) gets
the structure of an abelian group. We will derive from this (inductively) the
structure of an abelian group on Um,, (R)/E ;. (R) for d > 3. (It would be
desirable to have an interpretation of these abelian groups in terms of Wit
groups or of similar Grothendieck groups of categories.)

As an intriguing by-product we get an abelian group structure on the sei
of isomorphism classes of oriented stably free rank d projective modules. (If
d is odd one doess not need the orientations. See 4.8.)

We will borrow heavily from the work of Suslin and Vaserstein. For the
convenience of the reader we have included a proof of Vaserstein's
prestabilization theorem for K|, making no restriction on the presence of
zero-divisors. (In Vaserstein’s original proof such restrictions were made, but
he has long since been able to remove them. Because of the crucial role his
theorem plays in connecting higher Mennicke symbols with ordinary X-
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groups and with the group constructed in this article, an updated exposition
seemed desirable.)

2. VASERSTEIN’S PRE-STABILIZATION THEOREM FOR K,

(2.1). Let 4 be an associative ring with 1 and let 7 be a two-sided ideal
in A. For n > 2 we define EL(4, I) to be the subgroup of GL,(4) generated
by the e (a) with a€ 4, 2 i n, and the e;(x), x €I, 2 i< n Recall
that E (A4, I) denotes the smallest normal subgroup of E,(4) containing the
elements e,,(x) with x € 1. As is pointed out in [17, Sect. 2], E (4, 1) is
generated by elements e;(a) e;/(x) e;(—a) with a €4, x € I, i #j, provided
that »n > 3. (The proof (see [21, Lemma 8]), exploits the Steinberg relations,
as in the next proof.) Recall that GL (4, I) = ker(GL,(4) -~ GL (4/])).

(2.2) LEMMA. For n > 3 the following sequence is exact.
1> E A, )>ENA,T)» ELA/L,0)- 1.

Thus E, (A, I) equals E\(4,T) " GL (4, I).

Proof. It suffices to show that E.(4,I) contains the sets
S, = {eja)ei(x)e(—a)a€ A, xe€I} for all roots ij (cf. 2.1). In the
following computation we show that if E,(4,/) contains S, and S, it
contains S;;. We write * for some elements of I and of E,(4, I) and we use
the standard identities [ gh, k| = [k, k|[ & k|, & hk] = [ g h]" | g, k], where
*y denotes xpx~" and |x,y] denotes *v - y~', as usual. Let x€ [, a € A. We
get (compare also [6, 3.5])

eﬁ‘a)eji(x) = €@ [ejk(l )s €xi(*)]
= [eij(a)ejk(l), o Deyi(*)]
= [ew(a) eu(1), ei(x) e ()]
= e [ejk(l )s €yi(*) ekj(*)] leix(@)s ey (*) ekj(*)]
= e'k(a)eji(*) cil@enl=) [ejk(l)’ ekj(*)] [exx(@), e(%)] ekj(*) e;(*)
= (x) “® (e () €;(x)[es(1), ex(+)])[esn(a), €4i(x)](x)
= (+)[e;(a), eki(*)](*)[ejk(l)' ekj(*)](*)[eik(a)’ e, (+)](x),
which lies in the group generated by EL(4.1), S,,, S Similarly, if E(A.1)

contains §;; and S,; it contains S,;. Therefore, as it contains S,,, §;, it
contains S,;, S3,, S5, 55;. And so on.
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Remark. The same type of argument may be used in the Steinberg group
St,(A).

(2.3) Conventions. In the rest of this article we make the following
assumptions (cf. [2, Chap. IV, V]):

The ring 4 is finitely generated as a module over a central subring K. There
is an integer 4 so that the maximal spectrum of R is the union of V() = {m:
the image of I in A/mA is contained in the Jacobson radical of 4/md4} and
finitely many subsets V,, where each V;, when endowed with the (topology
induced from the) Zariski topology is a noetherian space of dimension <d.
{The reader may feel more comfortable with the special case where
A =1=R is a commutative noetherian ring of dimension d}. As a subspace
of a noetherian space X never has larger dimension than X, we further
assume that the V, are disjoint from each other and from V{I).

{2.4) The hypotheses in (2.3) are designed to make Bass’ Stable Range
Theorem apply to the ideal I. ie., to make that str. (1} d+ 1 in the
terminology of [19]. In fact we have the following result, which may appear
stronger, but is actually equivalent to st.r.(I) < d + L.

PropoSITION (cf. {20, Thm. 2.3(e), Thm. 2.5}). Ler (ay...a,}€
Um,, (A4). m>2d+1, ag— 1€l Let S be a subset of size d+1 of
{0,....,m — 1}. Then there are t,€1 with 1,=0 for i€ S such that

(a() + am [0 e amgl + am[m— l) S Umm(A )

Procf. We argue by induction on d as in the proof of {20, Thm. 2.5]
(compare also |2, proof of V Thm. 3.5]). First let us check the result when R
is a field. We may compute modulo the Jacobson radical, so we may as well
assume that A4 is simple. But then the ideal I equals 0 or 4. If /=20, then
a,=1. If I=A, use [19, Thm. 1, Cor. to Thm. 3]. More generally the case
d =0 is easy, as one has to deal with only finitely many points outside ¥(J).
(See also what follows.) Now let d> 1. Choose m,,..., m, so that each
irreducible component of each V; contains at least one m,. Say s€ S, s # Q.
We now wish to choose r;,& 4 sothat r, € I and sothat 4. =a + >, . a,7
is a unit in 4 ® R/m, for j = ..., g. To see that this is possible, consider the
image J of IinA=4®R/m;M--- N"m,=]],4® R/m, and observe that
we can use the argument above in each factor 4 ® R/m;, as R/m; is a field.
Now compute as in [20, proof Theorem 3.5]: One finds g in R M d 4, g not
in any of the m;, applies the inductive assumption to the image of / in 4/gA.
with s deleted from §, and so on.

(2.5) Contrary to [20] we will further restrict ourselves to the case d > 1.

(2.6) Norations. M, (A) is the ring of n by n matrices over 4.
M, (Iy=ker(M, (4)> M, (4/D)), GL,(A.I)=ker(GL (AY— GL (4/I})). I
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X=1,+ Y .diag(g, 1..., 1) is invertible, write )?qiy, or simply fq, for the
invertible matrix 1,4+ diag(g, 1,..., 1) - Y(cf. [4,8.4; 20, Sect.1]). Let
E’\(4,I) be the subgroup of GL,(4) generated by E}(4, ) and the X, ; with
X=1,+7Y-diag(g 1,.., 1), XEELA,I), YEM, (), g€ A. We intend to
prove the following version of Vaserstein’s pre-stabilization theorem.

(2.7) THEOREM. Let d> 1 (¢f- (2.3)). Then

Ed+2(A,1)ﬂ GLd+1(A) :E(II+I(A" [)f'\ GLd+1(A5 I).

(2.8) CoRrOLLARY (Vaserstein’s Pre-stabilization Theorem, cf. |20,
(3.4)]). The kernel of the surjective homomorphism GL,, (4,1)— K(4,1)
is the smallest subgroup H of GL,,  (4) normalized by E,, (4) and
containing all matrices of the form (1+DY)1+YD)™' wih
D =diag(q, 1,..., 1) for some g€ A, YEM,, ,(I), 1 + DY € GL,, (4,]).

Proof of Corollary. E,, (A,I) is contained in H and H is contained in
the kernel, by [20, Sect. 1]. We have to show that the kernel is not larger
than H. By stability for K, (|20, Theorem 3.2[; see also [16, Thm. 2.2]), the
kernel equals E,,,(4, )N GL,, ,(4) and the rest is easy (use (2.2)).

(2.9) Remarks. (a) For n>3 one has [E (4), GLA,I)|=E(4,1)
(see [21, Cor. 14]). Hence for d > 2 the group H of the corollary is actually
generated by E,. ,(4,1) and the matrices (I +DY)(1+ YD)~' of the
corollary.

(b) For d=1 the pre-stabilization theorem implies the Bass—Kubota
theorem (cf. |17, Sect. 16, Remark (b)]), as follows. As in [13, Sect. 5], let
MS (4, I) denote the target group of the universal Mennicke symbol on
Um, (A, I) and let ms(v) denote the class of v.

THEOREM (Kubota). Let d=1 and A=R (¢f (2.3)). The map ms:
@ YY1 ms(a, b) defines a homomorphism GL,(A, I)— MS,(4, I).

Progf. The proof in [4] is given for the case that 4 is a 1-dimensional
domain. As is well known, one can easily deal with zero divisors. Before
sketching the argument we give some definitions.

(2.10) DeFiNITIONS.  If X is an irreducible component of dimension & of
one of the V; (see (2.3)), we say that the prime ideal p = (), m is a critical
prime ideal. There are finitely many critical primes. If p is critical then R/p
is infinite, because d > 1. Recall that this fact is useful for achieving
“multiple” goals (compare [6, Sect. 2, 6; 7]). In this article we say that an
element a of A is in general position if for each critical p, @ ® 1 is a unit in
A(p)=A ®, k(p), where k(p) is the field of fractions of R/p. If a is in
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general position, there is an x € 4 such that xa € R, xa & p for each critical
p. Observe that spec(R/xaR) is the union of V(I + xad/xaA) and finitely
many subspaces of dimension at most d — 1.

(2.11) Let us return to the proof of Kubota’s theorem. Thus d= 1. Let

be elements of GL,(4, I). From [4, Sect. 6] one sees

(i) If g€ E,(A) then ms(gag ') = ms(a),
(ii) If h€ E,(4, 1) then ms(ah) = ms(ha) = ms(a),
(i) If d=1 mod (a’—1) and dA +a'd=4. then ms{c'a)=
ms{a’) ms(a). .

To show that ms(a'a) = ms(a’) ms(a) in the general case. we adapt page 105
of [4] as follows. First multiply a’ by an element of E,(I) so as to reduce to
the case that a’, @’ — 1 are in general position. Then multiply a (from the
right) by an element of E,(4,) so as to achieve d=1 mod (a’ — I). (By
Prop.2.4 we may use [20, Thm.2.3(d)] to see that SL,(4.1)=
SLy(A4,(a’ — 1)A) E,(4, 1).) Finally multiply « from the right by an element
e.(x), xe (a’ — 1) A = I to reduce to case (iii).

(2.12) Tueorem (Bass—Kubota). Let d =1, 4 = R. Then ms induces an
isomorphism SK {A. 1) > MS,(4,I).

Proof. By 2.11(i) the kernel of ms: GL,(4, ) —» MS,{4, I) is normalized
by E,{(A). If Y& M,(I), g€ A, D =diag(q, 1) with | + DY invertible, then
clearly ms(1 + DY)=ms(1 + YD). By Corollary 2.8 we therefore ger a
homomorphism K,(4, I} > MS,(4, I), induced by ms. Now compare with the
usual homomorphism MS,(4, ) - SK,(4.1), as in |4, Sect. 5]: <f. |9,
Sect. 13].

(2.13) To prove Theorem 2.7 we introduce a normal form. Put

Let C (cf. [6,7,8]) denote the set of elements of GL, ,(4) that can be
written as (¥ ) ) with MEE}, (4, )NGL,, (A.]), v a row with

481 R2 26
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entries in A, w a row with entries in 7, P~'NP € £ (4,1). Note that
modulo I every element of C has the form

(e 0)
* 1/

(2.14) Lemma (cf. [20, Sect. 1]). Ler X=1,,,+YDE GL, ,(A), with
D = diag(q, 1,..., 1), g € 4, as usual. Let b denote the first column of Y. Then

1 0 0
Ly, b
(o l)01d0
qg 0 1
1 0 0
X 0 1 0y\/1 0
_<o 1)0 la O(o P>(O (Xq)-')
g 0 |1
X(l 0)1 * )
0 P! (o 1,“,)

In particular, if Y € My, (I), X € E}, (4, 1), then X, € E}, (4, 1) and the
matrix is in C.

Proof. Say Y=(} ;) with M &€ M, (A4). Then

1 0 0 1 v ~u 1 0 O
100 b B XO)
(o 1)01(,0 0 1+M —w _(01101d
g 0 1 0 —qv l+4+gqu g 0 1

(2.15) PROPOSITION. Let d> 1 and E =e e, --- e,, where

€€ le,,,(a)a€A, 1<p<Ld+ 1}
Ule, g x €L 1L p<d+ 24

Choose a row u, with entries in A, so that the lower left hand corner of

1 0
< du+l 1)6"---61-

is in general position (see 2.10) for i =0, 1,..., 1. Then there is a column v so

that i
lgyy v Ly 0)
( A 1)( v )eec
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Proof. It clearly suffices to show: If Y& C, e is one of the ¢;, and the
lower left hand corners of Y, Ye are both in general position, then there is a
column v such that

Ly v ,
< 0 1) e C.

Note further that we may assume e =e¢,, ((x), the other cases being easy.
Write Y as

1 0 O
M 0 1 w
0 1, 0 ( )
(0 1) d 0 N
g 1

with MEEL (4, )NGL,, (4, ), w=0 mod I, P"'NPE€ E}_ (A.I). As
M normalizes the group of the

<1d+1 * )

.0 i)

and C is invariant under left multiplication by M*', we may replace M by
14, As we may also absorb

1 00
0 1 0
0O r 1

1 00
‘1w
Y={0 1t O
(o )
g 0 1

Write the first column of Ye as
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where a,,a,, z are scalars and a, is a column of length d — 1. Choose
sE€ Az MR such that s is not in any of the critical primes. Choose ry, r,,
both congruent to zero mod I, so that

a, +rya,
a,+ria,
z

is unimodular. (Modulo s one may take a lower value for d and then apply
Proposition 2.4 to the transpose of the column; cf. (20, Thm. 2.6].) Say

ay + rya,

(by. b,y a, +ra, |= 1.

yA

Put A= (a,— 1+ rya, —a,)y and put
—rol
v={ —ri

A

Note that the entries of v are in I. We have to show that ({ !) Ye € C. As

[ —rydg 0 —r
—ridg 1., 0 |EE, (4],
Ag 0 1

it follows from Lemma 2.14 that () Y)Y € C. Say

1 0

1w M, 0 1 0
= 1

(0 I)Y (* 1)0 do(o Nl)
00 1

10 ¢

3
01, 0(0 l)eec,
00 I
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or that
1 0 f\/1 0 0
01 Ofgeg 1, Olec
0 0 1/\r 0 1
where
1 0 O
1 0 1 0
ol (s g el
ONleON(‘)
h 0 1
Put

where u =a,— 1 +rya, —a,. Note that BE E), (4, 1YNGL,, ,(4,]) and
that

—

e
O ™
—_ O
S
———
[an IR
—
——
N
Il
< O
*

Therefore the first column of the element

1 0
L0 e
—g 14
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of Ey, (4, )N GL,, (4, ) is equal to the top part of the first column of

1 0 O 1
‘M 0\ /B! 0 B 0 1 v
1 ! | )
8 do(* 1)<0 1,(0 1)(0 1) Ye
0 0 1
1 0 f 1

and that does it, as

01 OReg 1 O
L0 0 1/\x O 1
is just
1 00
1 0
0 0 1

times this element.

(2.16) Next let us prove Theorem 2.7. First consider a generator of type
X, v of EL, (4, ). By Lemma 2.2 the corresponding X lies in £, 5(4, I) and
we see from Lemma 2.14, viewed as giving a relation in E,, ,(4)/E,, ,(4, ),
that X, , lies in £, (4, I) too (cf. [20, Sect. 1]). Thus the right hand side in
Theorem 2.7 is contained in the group Ej, ,(4,1)NGL, (4, I); hence by
2.2 it is contained in the left hand side. To derive the reverse inclusion,
consider an element E’ of E, ,(4,])NGL,_(A).

Put
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say E= (g ). E€E,,,(4,]). By Lemma 2.2, with the indices 1 and d + 2
interchanged, we may write E=e, --- ¢, as in Proposition 2.15. Thus we
have () D)(1 ¢) E=(" (3 ;) with MEEL. (4. )N GL,. (A1),
PINPEE}, (4,]). u a suitable row, v a suitable column. Write (! ) as

1 0 O
6 1, O
qg r 1
Then by Lemma 2.14,
1 0 O
1 v
0 1
(.0 1) a« 0
g 0 1
1 0 0O
‘M 0 0 1 0 )(1 O')('l *)
(0 1) O(M)l 0 P'INO 1,/
g 0 1
So
1 0
1 0 0yv/1 0v/ 1 0
o ]
(0 T) P)(O M,/\O P“)
0 —r
1 0 O
M O\ /M 0y 1 ®
Lo e v
X 0 O._O 1)* I(O N,
—q 0 1

Cancel M~'M, compare first columns and then first rows. The resuit
follows.

(2.17) THEOREM. Let d>1, A=R. Then E,. (A, 1) GL,. (A.1) is
generated by EL, (A, )NGL, (A,1) and the 1, ,+DY with
D =diag(q, 1., 1), g€, 1 + YDEEY, (A, I). 1 + DY € GL,, (4, ]).

(2.18) Remarks. E(A,1)GL,(4,1) is generated by the e,(a)e,,(x)
e,(—a) with x €I, a € 4, and the e,(x) with x €L For n >3, EX{A, 1)
GL,(A,1) is just E (4, 1), by Lemma 2.2.

(2.19) Theorem 2.17 is proved in the same fashion as Theorem 2.7. Now
one takes C= {(¥ %)y ¥):MEEYA.I), v =0 mod [. P"'NP € the group
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generated by the elements mentioned in 2.17}. In the analogue of
Proposition 2.15 one takes the elementary matrices e; to be in £} ,(4, ).
We may leave the details to the reader.

(2.20) Remark. 1t follows from the proof of Theorem 2.17 that one may
replace the condition 4 =R by the weaker condition that / contains an
element in general position. Examples of this situation are

(1) R is a d-dimensional noetherian domain and R N1+ 0.

(2) The image of 7 in A=A4/(INR)A is contained in the Jacobson
radical of A.

3. THeE Groups MSE,, (R, ])

In this section we prove the main result (Theorem 3.6). We prove the
existence of a group structure on certain orbit sets, first in the absolute case,
then relative to an ideal. It turns out that the relative case follows from the
absolute case because the orbit sets satisfy an excision property
(Theorem 3.21). Having constructed a multiplicative structure we explore its
calculus and show that many known formulas have their counterpart in our
setting (Theorems 3.6, 3.16, 3.25).

(3.1) From now on we will only consider commutative rings. In 2.3 we
therefore take 4 = R. Note that }(I) now equals {m: m is maximal ideal of
R containing I}. -

(3.2) Notations. 1If J is an ideal in the (commutative) ring B and n > 2,
write Um,(B,J) or Um,(J) for the set of J-unimodular rows of length .
Recall that Um,(J) does not depend, up to natural bijections, on the ambient
ring B [19,Lemma l]. If »>3, write MSE, (B,J) for the orbit set
Um,(J)/E (B, J). Write MSE,(B,J) for Um,(J)/T,(B.J), where T,(B,J) is
the subgroup of SL,(B) generated by matrices

(’1~abt —bt >
a’t 1+ abr

with a, b€ B, t&€J. One checks that T,(B,J) is a normal subgroup of
GL,(B), containing E,(B,J). (In fact the generating set is invariant under
conjugation by elements of GL,(B).) Note further that T,(B,J) < E(B,J),
because

(1 — abt —bt

bt 11 s ) =@ (b en@) € Ex(B.J).



ORBITS OF UNIMODULAR ROWS 375

(Use Mennicke relations or [20, Lemmal.l] or Lemma2.14.) If
v € Um,(B,J), write mse(v) for its orbit under E (B,J)} (resp. To(B.J) if
n=2). If g€ GL {(B) has first row v € Um {J), write mse(g) for mseiv).
The usual argument (cf. [4,Sect. 5]) shows that g+ mse(g) induces a
bijection SL,(B,J)/T,(B.J)— MSE,(B,J). By way of this bijection we may
give MSE,(B,J) the structure of a group. We wish to generalize this. Some
hypotheses on the ring are needed for the generalization. The case of
MSE,(B) has been treated by Vaserstein [17, Sects.5. 7]. (If n>3,
MSE (B) stands for MSE (B, B)= Um (B)/E (B), of course.)

(3.3) Recall that A =R (see 3.1). As the setting of 2.3 is somewhat more
complicated than the one in [13], we need a replacement for conditions of
the type At(a, R+ --- a,R) > d.

DeFmTION (cf. 2.10). We say that {(a,,....a,) is in general position if
Via,R+---+a,R) is the union of V(I+a,R+---+a,R) and finitely
many subsets of dimension <d — r. Note that if ¢ is in general position in the
sense of 2.10, (a) is in general position in the sense of the present definition.

(3.4) Lemma (cf. [14, Lemma 1.2; 4, Lemma 2.4]). Ler v. w &
Umgy, (R, I). There exist o, € E, (R, I) such that v - a=(a,.0,....a,).
w - f=by.a,..,a,) with {a,....,a,) in general position.

Proof. By induction on d. Let v = (V... Ug), W = Wy W), Acting on
v, w, we may arrange that v, is in general position and that
(Lo, Wea Wyae Wy_y) s unimodular (cf. 2.4). Say fiv,+gew,+ - +
By 1 Weo =1 Adding (w,—v,)fov, to v, and (v, —w ) gywe+ -+ +
ga_1W4_1) to w, we reduce to the case that w,=r,. Now arrange that w, is
also in general position and add a multiple of v, w, to both v, and w, so as
to get them in general position {(and still equal). Apply the induction
hypothesis to

(Cparnen Ty i) (Woeen Wy_ 1) € Um R/, R. I/V4R).

(3.5) Remark. This proof is an important ingredient in the proof of
Theorem 3.6.

(3.6) TUEOREM. Let A=R, d>2 (see 2.3). Then MSE,_ {R.I) is an
abelian group with the following operation:

I mse(v), mse(w)& MSE,, (R,I). choose represeniatives (dy, Q... a,;) €
mse{t). (bg,.... b,) € mse(w) with a;,=b; for i>1 (¢f. Lemma3.4), and
choose p, such that a, p,=1 mod (¢, R + --- + a,R). Then

mse(w) - mse(v) = mse(a,(by + py) — L. (by + pg)a,. as...., ay).
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Remark. For d=1 there also is a group structure on MSE,, (R, I).
(See 3.2.) As the next computation shows it can also be characterised by the
formula in the theorem. But we do not claim that MSE,(R, ) is abelian.

(3.7) The proof of this theorem will be finished in 3.32, First let us show
that the Theorem is true for 4 =R =1,d=2.Say a,p,+a,p, +a, p, = 1.
We have

a a
(boal)(_; [):(aobo“alpnboal"f’poal)

1 P
= (ag(by + Po) — 1 +a, Py, (by + o) ay)
and the result follows from |17, Thm. 5.2, Cor. 7.4|(take transposes).

(3.8) Remark. By expanding the techniques used in the remainder of the
proof, we might give a proof, independent of [17], that the operation in
Theorem 3.6 yields a group. Little would be gained that way, however.
Vaserstein’s theorem is simply better. It applies to MSE,(B) for a wider
class of rings B, and it gives a good interpretation for the group which one
obtains. For instance, we have not found an independent proof for the fact
that the group is abelian.

(3.9) For the time being we only consider the absolute case A =R =1.
Thus we consider MSE,, (R, R) = MSE . (R). Theorem 3.6 will be proved
by induction on d. For simplicity we only show how to get from d =2 to
d = 3. (The general induction step is essentially the same.) Let d =3 now.
As the definition of the product in MSE,_,(R) involves choosing represen-
tatives, we first construct “composition maps” *; defined on subsets of
Umy,, (R) X Um,(R), taking values in MSE,, ,(R). The construction is
such that , extends %, and *, extends *,.

(3.10) DEFINITION OF x*,. If v=(v,,v,,0,,1), w=(wy, w,, w,,t) are
unimodular and (¢) is in general position, choose (z,,z,,2,} so that
mse(Ty, Uy, U,) - mse(Wy, Wy, W,) = mse(Z,, Z,,7,) in MSE,(R/tR) and put
vk, W= (24,2, 25, ). It is easy to show that this is well defined.

(3.11) DEFINITION OF *,. If v=(vy, v, 0,,0;), w=(wg, w;, w,y, w3),
(vg, v, Uy, Wy, W, W,) are unimodular and (p,q), (y,z) are in general
position with p, g € v,R + v, R + v, R, y, z E woR + w, R + w, R, choose (¢)
in general position such that r—v,€v,R+v,R+1v,R, —w;E
woR + w,R + w,R (cf. proof of Lemma 3.4) and put vx*,w=(vy, v,
Uy, £) %, (Wy, Wi, wy. £). (We will need p, g, y, z to see that *, is well-defined.
One may also use them at this stage to move [ more easily into general
position: Use that we may refine the partition of the maximal spectrum in
2.3 so that F(pR + gR) and V(YR + zR) are themselves partitioned by the
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V, that they contain.) To see that v %, w is well defined, suppose (¢') is in
general position, ' —v; € )R +v;R +v,R, I' —wy EwR + W, R+ w,R.
We have to show that

(09> 15 U2, ) 5 (Woo Wiy Wyu £) = (Vs U5 g, 8) 5y (Wo, Wy, Wy, ).

Neither side changes if we operate upon the tows (vy, v,, 0,), (g, Wy, w,) by
elements of E,(R). It is easy to see (use a convenient partitioning of the
maximal spectrum) that we can arrange (by having elements of £,(R) act)
that (vy), (vy,v,) are in general position. Similarly, arrange that (i),
(wy, w,) are in general position while simultaneously (vy, v, v,, o, w,) is
unimodular. (Look at (w,, W, w,) € Umy(R/tyR +v,R +v,R) and note
that we simply want to put (w,, w,) in general position while we are putting
(we)s (wy. w,) in general position. These tasks are compatible.) Working on
(vy, vy, U,) again, make that (vy,v,, w,, wy) is unimodular, (v,), {(w,) both
still in general position. Next arrange (cf. proof of Lemma 3.4) that v, = w.,
(v,), (v,,#t") both in general position, v, =w, mod (v,, ft'). dropping the
older requirements involving v, v,, wy, w,. It is clear from the formulas in
Theorem 3.6 (or in 3.7) that

gy Uy Ty 8) ok (Woa Wi, 09, ) = (U, 05 —1 U2) % {Wg, Wy, —1. 8y).

But the ideals vyR + v, R + v, R, woR + w R + w,R did not change while
we were playing with the v;, w,. Therefore the right hand side equals

1

Vo, Uy, —t.0,) %, (Wy, w,, —f', v,) and the rest is clear.
0 1 2 1 1) 1 2

(3.12) DEFINITION OF x,. If v = (vy, vy, Uy, U3), W= (g, W, W,, Wy} are
unimodular, choose a, f, 7, & so that there are p, g€ (v, + ac.)
R + (v, + fv;) R + v,R with (p, g) in general position and y, z € (wy + yw;)
R+ (w,+dow;) R +w,R with (y,z) in general position. (To see that o, f
exist, use a partitioning that distinguishes maxima! ideals that contain o,
from those that do not. Note also that p, g exist if and only if
V{{vy + avy) R + (v, + fr;) R + v, R) is the union of the empty set F(J) and
finitely many subspaces of dimension at most d — 2.) Adapt the choice of ¢,
B, y, O further, if necessary, to make that (v, + av;, v, +fv,. 05, Wy~
pwy, W, + Sw,, w,) is unimodular. (As in 3.11 this can be done by adapting
¥, ¢ so that (w,+ yw;, w;+0w;) is unimodular over R/(v,+ aV;}
R+ (v, + fvi) R +v,R + w,R.) In short, choose ¢, 8, y, 6 so that (v, + ar,,
Uy + s, Uy, 04) %, (Wg + ywg, W, + Swy, w,, ) is defined, and define v x; w
to be the result one gets. As usual we need to show that this result does not
depend on the particular choice of (o, f, ¥, ). Thus suppose

(0o + @'y, 0y F B3, 0,3,04) %5 (Wo + 3w, W, + O'wy, Wasy Wy)
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is also defined. We may add multiples of v, to vy, v; and of w, to w,, w,.
Use this to arrange that (v, + avy, v; + fvs), (Wy + yw,, w, + dw;) are in
general position and that (v, +av;, v, + vy, wo+ ywy, w4+ dwy) s
unimodular (compare with 3.11). Also arrange that these same properties
hold with «, 8, y, d replaced by a’, §', y', 6'. (For this “multiple” goal one
may either count as in [6, Sect. 2], in particular 2.11, or observe that one
only needs to consider prime ideals p with R/p infinite; see 2.10.) Now
observe that (v, + av,, v, + fv3, Uy, U3) #, (W + YWy, w; + dwy, w,, w;) can
be computed as

(vo + avy, vy + By, vy, 1) #, (Wg + ywy, W, + Wy, wy, 1),

where ¢ is chosen such that (¢) is in general position, —v; € (v, + av;)
R+ (v, +PBv;) R, t —w; € (wy + ywy) R + (w, + dw;) R. From this one sees
that the answer does not change if we add to v, an element of (v, + ar;) R +
(v, +Bv;) R + tR=0v,R + v R + v;R. Similarly we may add multiples of
Wy, Wy, Wy to w,. Therefore we may arrange that v,=w,, and that (v,),
(tt',v,) are both in general position (here ' is the analogue of ¢, obtained
when working with a’, f’, y’, 8’ rather than a, ff, ¥, ). As before one
shows that (v, + avs, v, + Buy, v, 1) * (Wo + Wy, w + 0wy, v,, 1) equals
(vy + avy, vy + fvy, —1, Uy) %, (W + w3, Wy + 6wy, —1, v,). Hence it equals
(Ugs Uy>—03. Uy) %, (Wo, Wy, —W;, U,). (Recall how ¢ has been chosen). But
that does not involve a, f, y, 0 any more, so v *, w is well-defined.

(3.13) DEFINITION OF AN OPERATION IN MSE, (R) (Case d=3,
A=R=ID. If x, yEMSE, (R), choose v, w so that x=mse(v).
y=mse(w) and put x-y=1v*, w. We will see later that this is the same
operation as in Theorem 3.6 (see 3.32). Now we wish to show that the
operation is well-defined. We have to show that vg s, wh=1v*,w for g,
h € E,, (R). Deduce from the above that the answer does not change if we
add a multiple of vy, v, or v; to v,. It also does not change if we add
multiples of v, to v,, v,. If ¢ € R one may choose a, §, y, J so that

(vo + a(v; + quy) vy, v, + B0y + quy) 13, 035 13)

#y (Wo + YWy, Wi + 0wy, Wy, W3)

is defined. Use this to show that » %, w does not change either if we add gv,
to v;. Now E,, (R) is generated by the elements e,.(*) and e.,(x). Therefore
the above implies vg *; wh = v *; wh. Similarly v ; wh =v %, w.

(3.14) LEMMA. With the operation of 3.13, MSE, ,(R) is an abelian
group (case d=3, A=R=1I).

Proof. That it will be abelian is clear from the construction and the fact
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that the case d = 2 yields abelian groups. Existence of inverses is easy for the
same reason. To get associativity we need to strengthen Lemma 3.4 a bit (cf.
[4, Lemma 2.4]). Namely, if u = (Ug,e, Uy)s U= (Ugues Vg W= {Wgaous W)
are unimodular, we wish to act upon them to achieve u;=v;,=w, for i > 1,
{1, ..., uy) in general position. (If we can do that, we can check associativity
by reducing to lower dimension. In fact, we can reduce all the way down to
MSE, ) First make that u; = v, for i > | and make that u,. v, are in general
position. Then make that (u,v,, wy,..., Ww,_ ) is unimodular and exploit that
as in 3.4 to make u,, v,, w, equal. Make that w, is in general position and
add a multiple of u,vyw, to uy,, v,. W, to make that moreover u, (=v,= w,)
is in general position. Finish by induction.

(3.15) Extend the above to the case A =R =1, d > 3.

(3.16) THEOREM (cf. [12. Lemma 2.10; 14, Prop. 1.31) (A=R=1I). Ler
d>2.

() If'v=(vg,.vy) € Uny, (R) then
MSE(D s Uy Usggeres Ug) = MSE(Vs U]y Vs ere Uyg)-
i) Ifv=(+at,b,...b,)€ Um,, (R). then

mse(v) = mse(l + at, b, t, bst. by..... b,)
=mse(l +ai. b, ", by..... b,).

(i) If v=(0gsrUg) W={Wg, Vs y) are in Um,. (R} then
mse(w) » MSe(T } . U\ yeuey Uyg) = MSE(UG W5 U yoeey Uy)-
vy If veUmy; (R), g€ SL,, (R). then mse(v-g)=mse(r):
mse( g)-
(3.17) Remarks. (1) In contrast with [14, Prop. 1.3] the condition
g€ SL,. (R) can not be replaced by g &€ GL,, (R). (See 4.16, 4.13 below.}
(2) For now we will be working with the description of the group
structure by means of *, (see 3.13).
(3.18) Proof of Theorem 3.16.

(i) See [12. Lemma 2.10].

(it} Adding multiples of 1 + ar, b,t, byt to b, (i > 3) reduces to the
case that (b,,..,b,) is in general position. We may compute in
MSE(R/b;R + -+ + b, R). As

o ") =
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we have mse(i, 0. 1+ at) - mse(b,,b,, 1+ at) = mse(th,, th,, 1 +ar) [17,
Thm. 5.2, whence the first equality in (ii). To prove the second equality one
multiplies (b;¢, b,f) from the right by an element of E,(R) that modulo
1 + at looks like diag(s,t™").

(iii) Say pvy=1mod(v R --- + v4R). Then

mse(w) « mse(Vg, U}y Uy)
=mse(vi(p* + wy) — 1, (P* + Wy) U5 Uspeun, )
= mse(vg(p® + wy) — L, (U(P* + Wy))? 015 03 )

= mse(vy(P° + W) — 1,01, Ugpersy 0g) = M@V Wy U porns Ug)-

(iv) We argue as in the proof of [14, Prop. 1.3]. As E, (R) is
normal in GL,_,(R) [15, Cor. 1.4|, neither side changes if we replace v by
va, g by fgy, with a, B, y € E,;, (R). Apply Lemma 3.4 to v and the first row
of g~! to achieve that this first row of g~' equals (w,, v;,.... v,), where
Wwo €E R, (U4, Vy) is in general position, v = (vy, U} .., Uy). Say the first row
of g is (ugy, Uy,.., uy) and

-1 _ Wo Uperr Uy
§ “(* N )

Let my,.,m, be the finitely many maximal ideals containing J=
v R+ -+ v, R and let S be the complement in R of (J{_, m,. Note that
J=u,R+---+uyR (eg., use Cramer’s rule twice). Let M be the associate
matrix of &, such that NM = MN =det(N) - 1,. As det(g)=1 we have det
(N)=uy,€ S, and det (M)=ul '€ S, so M€ GL,(S™'R). The ring S 'R
is semi-local, so

with E € E,(S™'R). Choose s € S so that

rg,d—1
M= (HO 0 )el...er
0 Iy

in GL(R[1/s]), with the e; elementary (s may very well be a zero-divisor).
Note that § is invertible in R/J. Choose p € R with ps = v, — wymod J. As
we may add multiples of v,,..., v; to v, we may arrange that ps = v, — w,.
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Then
mse(v - g) = mse((wWy + Vg — Wos U}y Ug) * £)
=mse(l + (v, — wo) g, (Vg — Wo) Uy (g — Wo) Uy)
= mse(l + psug, (v, — W) UL, oy (09 — W) UDUY).
Now

(Vg — W) Ug(y yoees Uy)
= (0 — wy) Ul ey Uig) NM
= (Vg — Wo) (U 3oy Vg) M (look at first row of gg ')

= (wo — o) ug(v UG, vyps D) € <o

where the e;, however, are in E{R[1/s]), not E R). On the other hand we
may by (il) multiply coordinates such as (v, — wy)uju, freely by s°.
Therefore we mimic the effect of the e; as follows. For each e; choose a
diagonal matrix d; with positive powers of s’ on the diagonal, so that e,d; =
d;e; in GL([1/s]) for some e/ € E (R). Choose d}, also a diagonal matrix
with positive powers of s* on the diagonal, so that d;d/ is central in
GL,(R[1/s]). Then

)
(vg— wo) ug(Uy s gy dydy -+ d,d!
= (Wo— Vo) U0 Us s Vg ) dy €5 d -+ d el d!

(over R[1/s] and one may arrange it to be true over R too) so that

mse(v + g) = mse(l + psuy, (Wy —v,) 0, Ul (g — L) Uyeees (Wy — ) )
=mse(l + (vg — wq) tg. (Wo— 1) Up)T ™ {(Wg — Ug) 112 Uypeena Uy)
=mse(l + (Vg — Wo) Uy, (Wg— Ug) Uy Ugorees Uy)

=mse(v) - Mmse(—Uy, U} seees Uy) as  (—uy)(—w,) = 1 mod J.

But mse(—u,, vy ,..., v4) is just the inverse of mse(w,.v,..., v,), hence of
mse(g~'). We have shown that mse(v-g)=mse(r)  mse(g~') "
Substituting (1, 0...., 0) for v we see mse(g)=mse(g '), and (iv) follows.

(3.19) We now wish to show how the relative case (R + I} can be reduced
to the absolute case. If J is an ideal in the commutative ring B, one may
adjoin a unit to J and thus obtain the ring 7 @ J with multiplication (n @® )
mEBH=mm® W +mi+i), formneci i jeJ (Note that J=0DJ is
an ideal of Z @ J.) In particular, if one does this to the ideal I in R (R =4}
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one gets a ring Z @ I whose maximal spectrum consists of two parts: One
part, viz. {m:m contains /}, is homeomorphic to the maximal spectrum of Z.
The other part, the complement of the first part, is homeomorphic to the
complement of V(I) in the maximal spectrum of R. Therefore if d > 2 the
maximal spectrum of Z @[ is the union of finitely many subspaces of
dimension <d and we may apply the above fesults to MSE,, (7 ®I).

(3.20) Remark. It is not true that if R is d-dimensional noetherian,
Z @I must be d-dimensional or mnoetherian. (Consider, for example,
I=XR + YR in R=QJ[X, Y|].) Thus one needs the setting of 2.3 here.
Note that the maximal spectrum of Z @ [ is still noetherian, even if the ring
Z ® 1 is not.

(3.21) THeEOREM (Excision). Let n>3 and let J be an ideal in the
commutative ring B. Then the natural maps MSE (7 ® J,J) > MSE (B, J),
MSE (Z ®J.J)~ MSE,(Z @ J) are bijective.

Remark. In this theorem MSE (B, J) need not be a group.

Proof of the Excision Theorem. Surjectivity is clear for both maps (see
j19, Lemma 1]). To see that the second map is injective, consider »,
w&Um,J), g€EE(ZDJ) with v-g=w. Write g as g, g, with
S EE(Z®J,J)and g, €EE,(Z). Clearly g, = (# [,)withM€ESL, (Z)=
E, (Z) To see that w is in the same E,(Z @J, J) orbit as v, use the
following lemma, substituting 7 @ J for B.

(3.22) LemMA. Let n 23, v € Um,(J). The orbit of v under E,(Z ® J,J)
is invariant under matrices whose transpose is in E}(B,J) (see 2.1, 2.2). It is
also invariant under matrices of the form (; ) with M E E,_(B).

Proof. Write v = (1+a,,a,,...a,), a;€J, and let tE B. For 2<i<n,
2<j<n, i#j, we have v - e;(f) =v - e,;(a;t) e;(—ta,), which is in ©’s orbit.
(Here one needs that B is commutative.) Also

vee(t)=v-eylt) e;(1) e (—1) e;(—1).

In the right hand side we may replace e;(t), e;;(—t), by suitable elements of
the normal subgroup E,(Z ®J,J) of E (£ ®J), because of the previous
computation. Therefore ¢, (¢) leaves the orbit invariant and all transposes of
“the” generators of E.(B,J) leave the orbit invariant.

(3.23) To finish the proof of the excision theorem, consider u,
w& Um,(J), g € E,(B,J) with v - g =w. Note that the transpose of g is in
E)(B,J) by Lemma 2.2, and apply Lemma 3.22.

(3.24) Notation. We may further write MSE, (J) for MSE (B, J), n >3,
as the excision theorem tells us that the result is independent of the ambient
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ring B. Note that for v € Um,(J) one may view mse(v) € MSE, (J) as the
orbit of v under E (Z ® J,J), and also as the orbit under a larger group of
operations on Um,(J) which contains the operations from Lemma 3.22.

(3.25) Let us now state the relative counterpart of Theorem 3.16, plus
some related facts.

THEOREM (cf. [14, Prop. 1.3; 17, Thm. 5.2]) (4 =R. d>2). MSE,, ()
enjoys the following properties.
(i) Ifv=(vgs Uy} € Um, (I} then

MSE(VY, U seees Uy) = MSE(Ug, U4 Uy ooy U).

(i) Ifv=Q0+at, bys.bye Um,, (I) witha€ I, t € R, then
mse(v) = mse(1 + at, b, t, byt, by, by) = mse(l + at, b, £, bye., b).

(iti) Let y={(Fgses Vg)s U= (Vgoeess Ups Ppyq0es ¥gq) be I — unimodular,
gE€ M, (R) such that the first row of g is (yy,....»,) and det(g) is a square
of a unit in the ring R/y, R+ --- + y,R. Then

mse(v) - mse(y) = mSe(Zgsny Z,s Vyi yoeoee Vghy

where (Zyyn 2,) = (Vg 1)) - 8 (0 < 7 ).

(iv) Similarly, if y= (Vg Va) V=YooV Upysn Uy are I-
unimodular and g€ M, (R) is such that the first row of g is (¥, s Vg)
and det(g) is a square of a unit in the ring R/y,R + --- + y.R, then

mse(r) - mse(y) = MSe(Vguues Vrn Zps freees Zhs

where (Z,, (s Zg) = (U, 15 Ug) - 8 O r<d— 1)

(v} If v€Um,, (I) and g is one of the matrices in 3.22 then
mse(v) = mse(v - g).

Remark. 1f t is a unit in R one easily checks (using part (ii) for instance}
that (©gyes Ug) F= (Uganes Ug_qs t0,) induces a group endomorphism of
MSE, (I). If ¢ is not a square this endomorphism may be non-trivial (see
4.16. 4.13) so that in (iii), (iv), det(g) really has to be a square of a unit

(3.26) CoroOLLARY (4 =R,d > 2)(cf. {14, Cor. 1.4}).

(i) mse: SL,;, (R,I)> MSE,, () is a homomorphism.
(“) [SLdJrl(Ra I)’ SLd+ I(R’ I)] = SLd(R’ I) Ed+ I(R'a I)

Remark. We will see in 4.16 that [GL,_ (R.I), GL,, (R, )] need not
be contained in GL (R, I)E,. (R, ).
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Proof of Corollary. Part (i) follows from part (iii) of the theorem (take
r=d); (ii) then follows from the fact that MSE, () is abelian. (Look at
ker(SL,, (R, 1) » MSE,  (I))).

(3.27) Proof of Theorem 3.25(i), (ii), (v). Part (i) follows from 3.16(i)
by excision, and (v) is obvious.

(ii) The second equality follows as in 3.18, now using Lemma 3.22.

To prove the first equality observe that

mse(v) = mse(1 + at, (—at)’ b, by .., by)
=mse(l + at, b, t*, by ..., by) - mse(1 + at, a’, b, ..., b,),

where the last equality follows by excision from 3.16(iii). Now observe that
(1 + at, @) is unimodular.

(3.28) Before proving (iii) and (iv) let us introduce a different model for
MSE (I).

Notation. If J is an ideal in the commutative ring B, n >3, write
Um)(B, J) for the set of (vg,..., v;) € Um,(B) with v, — 1 € J. Write GA(B, J)
for the sugroup of E,(B) generated by EL(B,J) (see 2.1, 2.2) and {(o 2):
EcE,_(B).

(3.29) Lemma. With n, B, J as above, the natural map MSE, (J)—
Um)(B, J)/GLX(B,J) is bijective.

Proof. Surjectivity is easy. If v, w € Um,(J), g € G.(B,J) are such that
v - g = w then we claim that mse(v) = mse(w). Because E (B, J) is normal in
GL(B,J), we may write g=hk with h=(§ J), EEE,_(B), k€ EXB,J).
In fact Kk € £, (B,J) by Lemma 2.2. Use Lemma 3.22.

(3.30) Proofof3.25(ii). One extreme is easy: The case r=0 follows
from 3.16(iii) by excision. At the other extreme, let r =d. By part (ii) we
may divide y,, z, by det(g) (= square of unit). Therefore assume det(g)= 1.
We will modify the proof of 3.16(iv) to fit the present needs. First let us
change g (and therefore also y) such that the first column of g is also /-
unimodular. (One can achieve this by multiplying g from the right with a
suitable matrix of the form

!
* 1,

Then g normalizes E), (R, ). To see this, let (ag,..., a,) denote the first
column of g. Recall that Suslin in [1S5, Sect. 1] gives a recipe to write
ge,{) g7 " as a product of elementary matrices (fE R, 2 i< d+ 1). Say
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d=2 for simplicity. From the recipe we see that in order to show
ge () g™ € EY (R, ), it suffices to consider matrices like

L4+aga, p —atp 0
ap l—aa,p O with p € R,
0 0 I
and
1 0 0
0 l+a,a,q —alg with g € R,

0 ajq l—ayayg

There are various ways to see that such matrices are indeed in E}, (R, I}
For instance, put

y— (aop ~—Qy P )‘ D::diag(a“l)-
@GP —Gd p

Then |1+ DY =¢e,(q,)e,(a, p)e,,(—a,), so that Lemma2.14 yields
1+ YD ESL,(RYNE'(R,I).

Now that g normalizes E} (R,I), we represent mse(v). mse{g).
mse(v - g) by the corresponding elements of Um}, (R,[)/G}, (R.I) (see
Lemma 3.29). Given o, f, y € Ej;, ,(Z @ I, [) {(which maps into £}, ,(R.])).
we may replace v by va, g by Bgy. Use this (cf. Lemma 3.4 and Prop. 2.4) to
reduce to the case: v = (Ugyes Ug)s Uyseees Uy_ys Uy — LEL R/U,R + -+ + 4R
is semi-local, the first row of g7 equals (i, v',,..., v;) for some w,, the first
column of g~' is (necessarily) still I-unimodular. (Taking v, € 1 + I makes
that ¥(v,R + --- + v,R) does not intersect F(I), so it eliminates V(I) from
the maximal spectrum.)

Let u;, N, J, S, M, 5 be as in the proof of 3.16(iv). Multiplication by s
induces a bijection of R/J modules I mod 17 - I mod IJ. Choose p €7 sc
that vy, — w, = ps mod IJ. As we may add I-multiples of v, ..., v, to vy, we
may arrange that ps = v, — w,. We find ds before that

mse(v » g) = mse(l + uy(v, — wy) (Wy — Ug) U, ud=

(Wo — Ug) Uy seery (Wg — Ug) D).

(As it happens, v - g is in Umy, (I), not just Umy. (R, I}, so that the old
arguments go through, using Lemma 3.22.) As the first column of g is I-
unimodular, we have wu w,=1mod(v, I+ .-+ v, l), so that the old
arguments show mse(v - g) = mse(v) - mse (first row of g~ ')~' in
MSE,, ,(Z®I). (Each of the three mse’s is obtained by lifting via



386 WILBERD VAN DER KALLEN

Umy, (Z®1)/Gy,(Z®I).) Chase a diagram to check that this means that
the same relation holds with the original v, g in MSE,, (R, I) and finish the
proof of 3.25(iii), case r = d, as in 3.18.

(3.31) Let 0 <r < d. We prove part (iii) by induction on d. As modulo
Vet R+ -+ + y,4R the determinant of g is a square of a unit ¢t and y,— l is a
multiple of #, we may use (ii) to replace y, by y, det(g), and similarly z, by
z, det (g). Therefore, replacing g by g - diag(l, det(g), 1,..., 1), we may
further assume that det(g) is a square in R. Put

J=det(g)voR + --- +det(g)v,R+y, . R+ +y,_,R.
By Cramer’s rule J is contained in both poR + --- +y,_,R and
ZOR + - +ZrR -{—}’,HR + - +}'d_1R-

As it is also contained in vgR + --- + 0, R +y,, R+ -+ +y,_ (R, we may
add elements of IJ to y,. Now (det(g)vy...,det(g)v,, P, . s Yq) 1S
unimodular, so we may further assume that y, is in general position. If 4 > 2,
go modulo y, and apply the inductive assumption using the *, product (see
3.10). If d = 2, instead of making det(g) a square in R, make it 1 modulo v,
and observe that induction applies again (i.e., note that Vaserstein multiplies
by reducing to MSE, just as in the *, product. See [17, Thm. 5.2, Cor. 7.4];
cf. 3.7).

(3.32) Theorem 3.6 follows as in 3.7 from Theorem 3.25(iii), case r = 1.
(3.33) Proof of Theorem 3.25(iv).

LEMMA (A =R, d>2). Let p=(pgssPg)s G=(D9g:q15qy), F=
(DosFroes )y Dy @ ¥ € Umy (I), such that p, is in general position,
MS( P yeees Dy) - MS€(G ;50 §@4) = mse(Fy .., 7y)  in MSE(R/pyR). Then
mse(p) - mse(q) = mse(r) in MSE,, (I).

Proof. Reduce to the case that p, =g, for i > 2. We may assume that 7;
is computed (in the fashion described in Theorem 3.6) from the p;, g;, z;.
where z = (z,,..., 24) is T-unimodular with 3, q;z,= 1. By excision the result
follows from part (iii), applied to MSE,, (Z® I, ZDI).

(3.34) To prove 3.25(iv) first observe that det(g) € I and that det(g) is
congruent to a square of an element of / mod(y,R + --- + y,R). (Recall that
Yo— L EL) Thus if r=d— 1, part (iv) follows from Theorem 3.16(iii) by
excision. And if r < d — 1, we have

mse(y) - mse(Yosws Va1, det(8)) = mMse(¥g s Y15 ¥a - det(g))-
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But (¥g,..., J',» det(g)) is unimodular, so we simply have

mse(y) = mse(Yosws Va1V - det(g)).

Similarly z, may be replaced by z,- det(g) and we further assume, as in
3.31. that det(g) is a square in R. Put

J=yR+--+y,R+det(g)r,, R+ +det(g)ryR.

As in 3.31 we may add elements of IJ to 3, and we may further assume that
¥, is in general position. Use Lemma 3.33 and finish as in 3.31.

(3.35) We finish Section 3 with some remarks. In Lemma3.29 we
obtained a bijection MSE ,(J) —» UmL(B,J)/G (B, J) from the inclusion map
Um,(J) - Um)(B,J). There is another way to get a bijection MSE (J)-
Umi(B, J)/GL(B,J). Call v=(vgpert, ) EUmJ), w=Wgpuw,_;)E
Um(B,J) associate if > v,w;=1. If v € Um,(J). it is clear that there is
w€ Uml(B.J) associate to it. Conversely, if w& Um,{J), choose
z € Um,(B) with 3 w;z,=1 and note that there is v € Um,{J), associate to
w, with

v=(%, z,(1 — Wo)yeer, z,,_ {1 — 1))

For n >3 all elements of Um,(J) associate to a fixed w € Um)(B,J) are in
the same orbit under E,(B,J). (Hence under E (7 ®J,J} by Lemma 3.22.)
To see this, take a closer look at [12] (proof of Cor. 2.8). Similarly. ail
elements of UmL(B, J) associate to a fixed v € Um,(J) are in the same orbit
under E(B,J) (n > 3). Further, if v is associate to w, then w - g is associate
to v - transpose (g) ' (g € GL(B,J)). Thus we get a bijective correspon-
dence MSE,(J)« Umk(B,J)/GL(B.J) with mse(r)« orbit of w, if v is
associate to w. Via this correspondence we can translate results such as
Lemma 3.22. We find that Um)(B,J)/G}(B.J) is the same as Um,(B,J)/
E}\(B,J).

(3.36) LeMMA. Let v = (vy,..., U,), W= (Wy...., w,) be associate elements
of Um,(B), n>2. Then for k < n/2, mse(v) = mse(W s, Wips Vs ey Uy o
Proof. 1If n=2 then

g= (" )ESLZ(B),

—w, W,

so that

0 1y /0 =l
mse(w,. w,) = mse ((vlvz)g‘1 (_1 O)g( L0 )):mse(v,,vz).
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(Compare [12, Cor.2.9].) As T,(B)— T,(B/v;B + --- + v,B) is surjective,
where T,(B) of course stands for T,(B, B) in the notation of 3.2, we see that
mse(v) = mse(w,, w,, U;,..., v,). Repeat the argument.

(3.37) If n is even we thus find that a row is in the same orbit as its
associate rows. If n is odd the situation is different. If d is even, A =R, v,
w € Um,_ ,(I) are associate, then mse(w) equals

mse(v - diag(l, 1,..., 1, _1))‘1'

(That this is different will follow from 4.1 and |14, Theorem 5.2, applied to
a suitable field.) Compare also with [17, Lemma [3.1].

(3.38) Exercise (A=R,d>2). Show that there is an exact sequence of
pointed sets

| - MSE,, (I) » MSE ., ((R® )~ MSE,, ,(R) 1.

(CE. [14, Prop. 3.4].)

4. HIGHER MENNICKE SYMBOLS,
StABLY FREE MODULES AND COHOMOTOPY GROUPS

(4.1) Recalll that 4=R. Let d>2. If p,€R, a=(ay,..a,), b=
(bpses byg)y a, BE Umy, (1), a,=b, for i>1, aypy=1mod (@, R+ -+ +
a,4R), then mse(b) - mse(a)™" = mse(1 — (a, — b,) o, (@g — byl ay, ay,..., ay).
(Use Theorem 3.25(iii) with r=1; cf. 3.7.) It follows that the map
MSE,, (- MS,, (R,I) given by mse(v)+— ms(v) is a homomorphism.
(We use Suslin’s notation for higher Mennicke symbols; see [13, Sect. 5]).
We claim that the kernel of this homomorphism is equal to the group M
generated by the elements of the form mse(l +pt, ta .., a,)-
mse(l + pt, a,...,a;)”" with pER, ¢, a; € 1. To see this we have to show
that the Mennicke relations hold in MSE,, ,(I)/M. One type of Mennicke
relation even holds in MSE, ,(I), by 3.25(v). Remains the multiplicative
type. The computation above implies that mse(a,,....a,) mod M is
multiplicative in a,. Similarly multiplicativity in a,, say, will follow if we
know that M contains the elements of the form mse(a,.,...,a;_ >, ta,; ;.
1 +pt —ay) - mse(@ypy @y, 1+pt—ay)~ ', with p, t, ag—1, a ..
a,_, €1 (Use 3.25(iv); cf. 3.33). Indeed M contains these elements, as one
sees by adding the last coordinate to the first.



()
o0
D

ORBITS OF UNIMODULAR ROWS

(4.2) THEOREM (A =R, d > 1). If d is odd, then

GL, (R, I)NER.I)-"™> MSE,, (R,I)»MS, (R, I)~1

is exact. If d is even, then mse(GL,, (R, [)NER,I))= 1.

Remarks. For d=1 this is the Bass—Kubota theorem and for d=2,
A=R=1I1tis a special case of a theorem of Vaserstein [17, Cor. 7.4]. We
will see in 4.14 that MSE, (R, I) > MS,, (R, I) need not be injective, even
if d is even.

Proof of the theorem. Let d> 2. Recall that GL, (R, IYNE(R,I) is
generated by E, (R, I) and elements of the form (1 + DY)(1 + YD) ™' with
D =diag(g, 1., 1), g€A4, YeM, (I)), 1+DYEGL, (R, I} (see
Remark 2.9a)). If d is even one sees from Theorem 3.25(ii) that
mse(l + DY) = mse(l + YD), proving the second half of the theorem.

Let d be odd. It is still clear that ms(l + DY) = ms(1 + YD), where. as in
[14], ms(g) denotes ms (first row of g). It remains to show that

mse: GL,, (R, )M E(R, I) > ker(MSE,, (I~ MS,, (R, 1))

is surjective. Therefore, consider mse(l + pt, ta,, a,,...,a,) with pER, &
2;€1, as in 4.1. Choose r € a,R + --- + a,R such that (i +pt, a,, 7) is
unimodular. As (I +pta,,r’) is also unimodular, there is g€
SL,(R/F*R)ME(R/r*R,I/r’R) such that (1 +pt,d,)-g=(1+pt.a, 1) in
Um,(R/r*R,I/r*R). (Use Mennicke symbols or use Lemma 2.14, with
D =diag(f, 1), Y=(7 7)€ M,(I/r'R).)

Let g€ E4(R,I) be a lift of §. As d is odd, we may now use the same
argument as in Suslin [12, Sect. 2]: Choose x,...,x, and a (d— 1) X2
matrix N so that

(Take
;X3
—a, X,
N= a, —xs |.)
—a, X,
L EJ
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Choose a 2 X 3 matrix M with coefficients in ¥R so that

< 0 0 1 xz---xd)(' g 0
l+pt a, 0 ay--ra,/\NM Id_,)
_( 0 0 1 xl---xd')

l+pt ayt 0 a,---a,)

Conjugating

g 0
(NM ld_l ) EEd+2(‘R’I)

by a suitable element of E,_ ,(R), we obtain 2 € E,_,(R, ) with

10 0 )_(1 0 0 )
(O 1 +pr a --a;) N0 l4+pt ait a,---a,)’

Write A= (! 7), with kE€GL, (R,[)NE(R,I). Then, by Theo-
rem 3.25(iii),

mse(l +pt, ta;, ayy..., ay) - mse(l + pt, a,,...,a,;) " = mse(k).

(4.3) Let d> 2. If N is a subgroup of SL,, (R, I) containing E,, (R, ]),
we may by Theorem 3.25(iii) identify Um,, (I)/N with the abelian group
MSE ;. (I)/mse(N). (In fact we may take N somewhat larger still, as one
sees from 3.25(iii).) Theorem 4.2 says that for N=GL,, (R, I)NER,I)
the group Um,, (R, I)/N is MS,, (R, ) if d is odd, MSE ,, () if d is even.
If we take N=SL, (R,I), we get the group Um,, ,(I)/SL,, (R,I) in
which the non-trivial elements are represented by “non-completable” rows. If
d is odd it follows from [12, Thm. 2] that every d! power is trivial in
Umy, (I)/SL,. (R, I). (Reduce to the case R =7 ® I, as usual.) We will
see in 4.15 that Um,, (I)/SL,. (R, I) need not be a torsion group if d is
cven.

(4.4) CorOLLARY (cf. [14, Prop. 1.5]). For d odd we have an exact
sequence

SL/ R, I)-» SK,(R,)->MS, (R, I)»Umy (R, 1)/SL,, (R, )= 1.
For d even we have an exact sequence
SLR,I)—» SK\(R,I)>MSE,;, (R, I)-» Um,, (R, I)/SL;, (R, I)— 1.

Proof. Recall SK,(R,I)=SL,.,(R,I)/JGL,, (R,[)NER,I). The
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second map in the exact sequence is induced by mse: SL, (R, [)—
MSE, (R.T).

{4.5) Remark. For even d we get the following analogue of |14,
Cor. 2.6}. (Notation wt as in loc. cit.) The composite map

MSE,, (R, ]) > SK,(R.[)-» MSE,, (R, 1)

sends mse(vy,..., vg) to mse(vd, v,,..., v,), which is not always the same as
mse(vg .-, U,)", however. (See 4.18 for an example where they differ. )

(4.6) THEOREM (Excision). Ler J be an ideal in the commutative ring B
and n > 3. Then the map MS (Z ®J,J)— MS ,(B.J) is an isomorphism.

Progf. To construct its inverse, use excision for MSE. (See also 3.24.)

(4.7) Recall that if B is a commutative ring Um,(B)/GL,(B) is in 1-1
correspondence with the set of isomorphism classes of rank n — 1 projective
modules P with P B free. In particular, if 4 =R =1, Um, ,(R)/GL,. ,(R)
is in 1-1 correspondence with the set of isomorphism classes of rank d
stably free projective modules. (Use stability for K,; see [2, Ch. IV Cor.
35]) If d is odd, then Um,, (R)/SL,, (R)=Um,, (R)/GL,, (R).
because Mennicke relations hold in the left hand side. (For a better reason,
see 4.9 below.) Therefore let us look at Um,, ,(R)/SL,. (R) for even d. It is
acted upon by GL,(R). If this action is non-trivial (for an example see 4.16).
then we do not get a group structure on Um,. (R)/GL,, ,(R) (at least not
one compatible with the group structure on Um,_ (R)/SL, (R)). Thus
from our point of view Um, ,(R)/SL,.(R) is to be preferred over
Umy, (R)/GL ;. (R). We interpret it as follows.

If B is commutative, n > 2, Um,(B)/SL,(B) is in 1-1 correspondence with
the set of isomorphism classes of oriented rank n— 1 projectives P with
P@® B free. Here an orientation is a generator of the free rank 1 module
A"~ P. The correspondence goes like this: If ¢ € Um,(B), then v determines
a split injection B —» B", whose cokernel is a projective module P. Using a
splitting B"— B of v we get an isomorphism B” »P@ B, hence an
isomorphism A” B" - /A"~! P, and the image of e, A --- A e, is an orien-
tation of P. Thus we have

(4.8) THEOREM (4 =R =1,d>2). The set of isomorphism classes of
oriented stably free rank d projective modules carries the structure of an
abelian group. If d is odd it is also the set of isomorphism classes of stably
Sree rank d projective modules (without orientation).

(4.9) Remark. If P is an oriented stably free projective module with a
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rank 1 free direct summand, then GL(P) obviously acts transitively on the
set of orientations of P. Therefore. if n is even, Um,(B)/SL ,(B) = Um (B)/
GL,(B), by a lemma of Bass [3, Cor. 4.2].

(4.10) Now let R be a noetherian ring of dimension d (d > 2) which is at
the same time a topological ring such that the group of units R* in R is open
and u+— u~" is continuous on R*. (Thus R satisfies condition (1) of Swan
[18, Sect. 1].)

LEMMA. The orbits of Umy, (R) under E,, (R) are open.

Remark. For this lemma it is not essential that R is noetherian of
dimension 4. Condition (1) of Swan [18, Sect. 1] will do. To see this one has
to make the proof that follows more explicit.

Proof of Lemma. Let v=(vy,.,0,;) be unimodular and let
w = (Wy,..., W) be sufficiently close to it. Put v{” =v; for j < r, vi” = w, for
J>r If Zv, p;=1, then a,= Zv{"p, is close to 1 and hence invertible. We
get  mse(' ") mse( )" =, , mse(x,1 —(v,—w,)p,a;',x)=1, as
1—(v,—w,)p,a " is close to 1 and hence invertible. Thus mse(w)=
mse(®' =) = ... = mse(v).

(4.11) Let X be a finite simplicial complex of dimension d, d > 2, and let
R be a dense subring of the ring R* of continuous real valued functions on
X, satisfying the conditions in 4.10. (see Swan [18, Thm. 6.3] for the
construction of such R.) Lemma 4.10 shows

THEOREM. MSE,, (R)= |X, R‘*"\{0}], the set of homotopy classes of
continuous maps X - R4+ \{0}.

Remarks. (1) Using the action of SL,, (R)=E,, (R) on R, one
sees that it does not matter whether one takes free homotopy classes or
spaces with base points. (The base point of R¢*'\{0} would be (1, 0,..., 0).)

(2) Of course [X, R?*"\{0}] is the same as [X, S]. (Here S is the
d-sphere.) As for most values of d there is no suitable way to multiply the
two projection maps SYX S?—>S? in [SYx 8% S? (see Adams
[1, Thm. 1.1(a)]) we see that some restriction on the dimension of R is
necessary in Theorem 3.6. In contrast, no such restriction is needed in
Suslin’s result [12, Sect. 2] that the rows (a'..., a’) and (@7 "™, a,,..., a,)
are in the same orbit under E, ,(B) N SL,(B), if (a,,.... a,) € Um,(B), r < 4,
and at least one of r, m,....,m, is even (m; > 1).

(4.12) As d > 2, we are in the stable range of the suspension theorem [11,
Ch. 8, Sect. 5, Thm. 11], ie., the suspension map [X,SY|- [SX,S?"'] is
bijective. As [SX, S?*!] is an abelian group, we may ask if the (bijective)
map MSE,, (R)~ [SX, S9""] is a homomorphism. This is indeed the case.
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Algebraically the map can be imitated by the homomorphism MSE,, (R) -
MSE,, (R'), sending mse(vy,....0,) t0 mse(l—2t,4(1—t*)vg. 4(t—1)v,),
where R’ is a suitable subring of R5¥ (such that MSE,, (R') = [SX, S/*'])
and ¢ is the suspension parameter (0 <t < 1). We have to show that the iden-
tification of MSE,, (R’) with [SF,S?"'| respects group structure. This
follows from the fact that the two group structures ‘‘commute” in the sense
of [5, Proof of Prop.9.9|. Thus MSE,,  ,(R) can be interpreted as a
cohomotopy group, and also as HY(X, 7) by [23, Ch. V, Cor. 6.19].

{4.13) Let us specialize further, taking
X =89= {(xgss X)) ER": Y x7 = 1}

Take R = R, = T 'R[X;,... X4|/(ZX] — 1), where T is the multiplicative set
of polynomial functions that do not have any zero on S% We get
MSE, (R, =1Z, via the topological degree {i.c., mse(v) < degree of the
map x— v(x)/fv(x)[). As generator of MSE, (R,) we may take
mse(xy,..., x;). We can make several instructive computations. From {23,
Ch1V 9.2, 10.6, 10.8 (and the remarks preceding 10.8)] we see

LemmA. (i) If d is odd, d # 1, 3,7, then mse(SL . (R,)) consists of the
elements of even degree.

(i) Ifd=1,3.7 then mse(SL,, (Rp)) is all of MSE . (R,).
(iil) If d is even, then mse(SL,, (R,))= 1.

(4.14) The element mse(x,,..., x,;)* is a non-trivial element of the kernel of
MSE,. (R,))>MS,. (R,;) because it goes to ms(x5, X, Xy} =
ms(1l, x ;.. x,)=1. For d odd, d#1,3,7, it follows from this and
from lLemma4.13(i), Theorem4.2, that SL, (R,)—>MSE, (R, -
MS,. (R,)—1 is exact. Thus in this case MS,, (R, =727 with
generator ms(xy,..., X,). In other cases we will get the same description. (We
still have to see that ms(x,,...,x;) is non-trivial in the other cases). It is
easy to see that one has for each d,d>1,a homomorphism
MSy 1 (Rg) > MS,o(Ryy ) sending ms(fy,nfo) 10 mS(fysn fye Xau s
where f; equals f; modulo x,,, R, ,. (We identify R, , mod x, R, , with
R ;. This corresponds with the equatorial embedding of S¢ in §9*!. Compare
also 4.12.) Observe that the generator ms(x,...., X;) i3 sent to the generator
mS(Xg,e0y X4 ) As for large odd d the generator is non-trivial it must always
be non-trivial. {The referee suggests to prove this by showing that one has a
homomorphism MS,,,(R;)— Z/27 via the notion of the degree mod 2 of a
smooth map S7 — S9. Recall that this degree mod 2 is obtained by taking a
non-critical value of the smooth map and counting the number of inverse
images of the chosen value modulo 2. By Sard’s theorem the set of non-
critical values has measure 1. Let us show that the degree mod 2 satisfies the
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multiplicative -Mennicke relation. Thus consider (fossfy)s (8o fisoSs) €
Um, . (R,) and let sph(f,.,.... f,) denote the map S — §¢ corresponding with
(for-rfy)- IF there is a noncritical value of the form (0,¢,,...,c,) for
SPR(fosees fag)s SPR(&os [1seen )y SPR(Sy &05.S 100 f,;) Simultaneously, then it is
easy. In general we may achieve that some (0, ¢,..., ¢;) is a critical value for
both sph(fy.....[,) and sph(gy,fi».f,), with the two inverse images of
(0, ¢y ,..., ) disjoint from each other, by adding a real linear combination of
Simfy to fy and also a real linear combination of f;,....f, to g,. By
multiplying 7, g, by positive real numbers we can make (0, ¢, ...., ¢,) non-
critical for sph(f, gq, /15 fy) t00.] Summing up, we have MS,, (R,) =
ZJ2Z for all d>1. But the sequence SL,, (R, - MSE, (R,
MS,. (R,))— 1 is exact only for d odd, d # 1, 3,7. (Use 4.13.)

. (4.15) We now describe the group Um,, (R, /SL,,,(R,) of
Theorem 4.8 (see 4.3). For even d it equals MSE ., (R,) = Z, by 4.13. For
odd d,d+# 1, 3, 7 it equals MS,, (R,)= Z/27, by 4.13 and 4.14. For d =1,
3, 7 it vanishes. (Use 4.13(ii)).

(4.16) The element D = diag(—1, L...., 1) acts by sending mse(xy...., X;) to
MSe(—X gy X s Xg) = MS€(Xgsmnr X4) 1. SO it sends any element to its inverse.
Now let d be odd and let g€ SL,. ,(R,) be chosen such that mse(g)+ 1.
(Use Lemma 4.13(i), (ii)). As d+ 1 is now even it is easy to check that
mse(DgD ') equals mse(g)™ "', hence not mse(g). We find that DgD ~'g~' &
GL4(R,) E;. (R,). (Compare 3.26(ii)). On the other hand one derives from
19, Sect. 7] that SL,, ((R,)/E,, (R =7,(SL,, (R)). Thus

PROPOSITION. For d odd, the group SL, (R )/E,. (Ry) is abelian. but
GL 4 (RY/E 4. 1(Ry) is not.

Remark. To get examples where SL (R)/E,(R) is not abelian, m > 3,
take m=2n, n#1, 2 or 4, R=R*, X=5§""'x8§""' (By Milnor
[9, Sect. 7] one may compute in [X,SO(2n)]. By [22, Ch. X, Sect. 5] it
suffices to check that a certain Samelson product is non-zero. By [22, Ch. X,
Thm. 7.10] it is such a product whose order is determined in [10].)

(4.17) The multiplicative relations fail rather badly in MSE, |(R,) as the
following example shows. (This was pointed out by C. Weibel.)

EXAMPLE (cf. Weibel |22, Example 2.2(c)]).
(54 (2 X0 3+ Ko Ky Xg) = 158(5 Ko X0) 2
but mse(x,, x5 + XX, X5 X4) and

mse(2xg + Xy, X2 4 XX | 3 Xy Xg) = mS€(2Xg + Xy —XGs Xgseees X )
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are both trivial (d > 2). This example also works in
MSE 4, (] Xgyees X4/ (EX] — 1))

To see this, note for instance that

) Xo X \°
(x1(2x0+x1)~x6+x0x1)( ? l)
T

= ((—1 — 2x,x,) X7 2x5x7 4 x] + x,x,) mod{x; + x| — 1),
while

2 2 2 LN
mse(x, 2X5X7 + X5 + XX s Xgeees Xy)

g 2.2 2 . e I, "
=mse(X,, 2X5X] + X5 4+ XX {2 X3, X3hen X)) = 1,

so that

mse((—1 — 2x,%;) X7, 2X3XT 4 X5 4 XpX s Xz wes Xg)
= mse(—1 — 2x¢x, . 2X5X7 4 X5 + XX s Xaes Xy)
=mse(—1 — 2XyX ;2 Xgy Xgues X)
=mse(—1 — 2xoX,, Xg, X35n X;) = 1.
(4.18) Of course one gets from 4.14 a simpler example of the failure
of multiplicative relations in MSE, (R,): If n is an integer, n > 1
then mse(xy", X,y Xg) = m5€(X5, X, o X4)" = mse(l, X, v x,)" = 1, but

a
MSe(Xy peery X4)" % 1,

1

(4.19) We now give an example showing that the analogue of Suslin |14,
Lemma 1.1] fails for MSE.

Example. Let

Mo 2xi—1 2x,X,
N (2x1xz —2xpX,  2Xx, — 2xi+ 1 ) '

Then M € SLy(R,/x,R,) and (x2+ xgx. + %1, x,%,) M = (x} —x,x, —
X5, 2X0X, + X,X,) so that
mse(x] — XgXy — Xg, 2X0X, + X, X4 X,)
= mse(Xy + XpXy + X7, X, X5, X,) mse(2x? — 1, 2x,x,. X,)

= mse(2x] — 1, 2x,Xx,, X,).
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Also,

( X, X ) X7 — X 2x0xl)
-x, x,) s s
so that

2 2 5. 32
mse(x; — XoXy — X5, 2X0X | + X, X5, X3) = mse(x,, Xy, X,)* # 1.

On the other hand. (x} — xox, — x3) R, + (2xgx, + x,x,)R, =
(x5 + xox, + X)) R, + x,x,R, has height 2 in R. (It is the intersection of four
maximal ideals in R,.) Therefore by Suslin [14, Lemma I.1] (cf. [13,
Lemma 5.3, Lemma 5.4]) one has ms(x] — xox, — Xj, 2XpX, + X, X;, X,) =
ms(xy+ XoX; + X3, %, %,,x,)=1. Thus the analogue of Suslin [14,
Lemma 1.1] fails for MSE. For MSE the correct rule is given by
Theorem 3.25(iv), which is of course also valid for MS.

(4.20) Questions. (1) If B is a commutative ring and # > 3 is such that
MSE,, (B) vanishes, is there a group structure on MSE (B) satisfying the
properties in Theorem 3.25? (Cf. [17, Thm. 5.2, Cor. 7.4].)

(2) Similarly, if R is d-dimensional and d < 2n — 4, do we have such a
group structure on MSE (R)? (2n—4 is the bound suggested by the
Suspension Theorem; cf. 4.12.)

(3) Can one give interpretations for MSE,, (R) for d > 2, similar to
the one given by Vaserstein for d = 2; e.g., in the line of [12, Sect. 5]?
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