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Definition An Abdian Variety is a non-singulier connected

projectie group Variety .

e.g. an elliptic curve

Definition The dual variety A
"

of anabdias variety A overK

is such that AYKT = Pico (Ap) . arytidÂ
e.g. for an elliptic curve

E, E -7 .

Definition A polarisatie of an abdian variety A is an isogery
µ : A→ A" such that there existschande line

blendle L on Ax suchthat ME = Qz ,

whoe pen : 1-→ AV

✗↳ [t:L④ en
_' ]

⇒ so {polarisatie of A } c- HOM LA , A" )
.

Goal DeScribe and complete polarisatie s of AV's when K = Fq .



§ Preliminaries : Complex Multiplication

Definition A CM -Geld L / On is suchthat L

degz 1 tot . Imaginary
µ

It has a Canonical involutie ✗HI '
degg / totally real

ACM - algebra is a tinne product
Q

of CM-fields
.

Definition An Abdian Variety A over K Of dimensions of
has CM/bij L) 17 LE Endt (A) : = EndtA) ⑦Q .

Fact Every Abdian Variety over afinitefield has CM .

Definition A CM - type for his a subset OI stom (↳À)
such that HOMLL ,à) = ☒ 45 .

We 0ftessay an abdianvariety
"

has CM bij LL, -0T )?



§ Polarisatieons in characteristic Zero

consider anabelian variety A over ftp.adicfieldkofdimensiong .

Complex uniformisation . AlE) = 09/1 , 1=2,274
①

When A has CM by (↳ OI) , wecan saymoe :

7 fractioneel ideal I in L St . Atc ) = 0 /☒(I) . He (A):=] .

Then also Are) = ¢9 /☒ (Et) ( ☒→ involutie )↳ +race dual
i.e.
, KLAY =It ,

and Horn (A ,A
' ) (It :I) = {xel : ✗Is It}

Recall : {polarisatie of A } c- HOM LA , A' )
.

Proposition Let A be ag-dimensionale abdian variety
overa padic Held K and with CM bij LL ,OI) .

An 1- lineair isOgeny µ : 1-→ À c-HOM LA , Ar )

is apokoisation it andonly it :

• Gelukt c-L is totally imaginary (Â = -7)

• 1 is OI -positive ( Im /411))>0 V9 EOI )

HOMLAÀ ) te

Îgt : I)



§ (towards) polarisaties in charactersticp

goal
DeScribe and complete polarisatie s of AV's when K = Fq .
↳ as a subset {polarisatieons of A} C- Kom (A ,

A )

Every A /Fq has a Frobenius endomo.phism ITA
which has a character:Stic polynomial het /×) C-ZE] .

Bij tlonda-tatetheory-s.fisogeny lasses} <
' i '

> {charpolijs ha }

Centeleghe - Stix Fix such an h isogery Class Avn
equivalente let L.-= @ [×] / (h) =@[F] and V : =p /F.

Any AÇAVH has End(A) 2-ZEFV] .
Choose An EAVH with Eind(Ah) =ZEE V]

Then itA.c- AVH , 9 : AVH→ { fractioneelZCFN]- ideas}

Ao 1- HOMIA , Ah) ,embedded into L

N .
B

. For this
,weneedtorestricttoiAbelianvarietiesAo0uet@s.t .hAoissquarefree.DK/e

can ensure that 9 (Ai ) = GAT and herce

9 /HomelAo >
AÍ )) := (GIAO ) : 9 (Ai)) = (GIAO) : GIAT )

(ompare : R (HOMIA ,AIJ) =L : I)]
HOM /Bo ,Bor )
Ï

> Kom /Ao, Ai )

g g

IGIBÍ: GLBOIJIG ,µ, > ( GIAOÍGIAÍ
) ) = (91A.) : GMT )



§ characterstic p versus character.stic Zero

Goal DeScribe and complete polarisatie s of AV's when K = Fp

We nou have by IHOMIAO ,
AÍI) > 9 /polarisatie)

11 11

(Goto) : GTAOÎ ) ???

Idea Lift to character'stic 0 to access description of polarisatiens .

N.B. HOMIAO , Ai) should be presented by thelifting process .

Definition A Canonical lifting of Aotq to a local domain Pr
of character.sticowithresidues-ieldtqands-racoions-ieldkisanabde.amSchone AIR such that End /Ao) -- Endlt )

and
.

A ④ Fq = Ao , A ⑦ K = A
.

Proposition If Ao / Fq has . a Canonical lifting to A/K ,
and If End (Ao) = Eind /Aov) and EndtAo) is }Orenstein ,

15 IS

End (A) = Eind (À )

then the reduction map HOMLIA ,A)→ HondAo ,Ai )
ismultiplicatieve bij ✗ c- Endcao)?



§ characterstic p versus character.stic Zero

Goal DeScribe and complete polarisatie s of AV's when K = Fp
/

Let A be an abdian Variety over a p -adicfieldk with CM bij 1L , )
with good reduction to Ao/Fp c- AVH

,

when his Squarefree and has no realroots, and L= Qcx]/(h) ,
such that EndtAol = Eind / A) = (III) = 5 is GorenStein and satisfies 5=5.

Thenwe can make compatible Choices to obtain

HOM LA ,
À ) te

/red 1¥ : I) |
^

HOM /Bo ,Bor ) IsHomÁ,A µg g

IGIBÍ: GLBOIJ) s ( GIAOÍGIAÍ ) ) = (91A.) : 911T )
949

Also :

Lemma Let f : A.→B, andµ : B.→ Bij be isogeries .

Then µ isa polarisatie⇐ 5-*µ= 50µF is a polarisatien

Lemma let µ : A→Á be an isogery andMo : Ao→AT its Reduction .

Then µ is apolarisatie ⇐No is apolarisatie .

Lemma The element ✗ c-8 is totally ral : ✗ In .



§ characterstic p versus character.stic Zero

Goal DeScribe and complete polarisatie s of AV's when K = Fp

Reformulating the above ,we can no'W desoibe{pokoisations} c- KomHo,Ai ) !

The0rem Lethbeasquaes-reechar.pdy.withoutrealrootscorrsponding.tothe isogeny dass Avh overftp.letl-QCXJ/lhIandchooseacM-type0ItorL
.

Let 5=5 be a GorenStein Order in L such that
7 Ao C-AVH With EndtAo) -s which admits a
Canonical lifting to a p-adicfield K .

Then there exist a totally real ✗c-5 such that

for any Bo C- AVH and any isogesy Moi Bo→ BIJ ,

µ, is apolarisatie⇐d-191µ) EL is totally imaginary
and §-positive .

red
-'HH)
In

HOM LA ,
À ) te

,
RHEDEN)=Na

HOM /Bo ,Bor )
ÉÉN"

(It : g-Î t917)> HOMÍAO, Ai )
9 9 ✗

u

IGIBOÍGLBOIJIG ,µ, > ( GIAOÎGIAÍ ) ) = / It :I)

91 stil) 9 /Én)


