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2. On AL Plic Qe

Detinition  “The dual Ny A & anabelian Yanesy A OuerkTﬂ
s such hax AYCR) = Pic® (Ag). gy ied
eg for ahalgic ume €, E' =%

Detiniion A polansaxion ot anaveuaf vandy A is anisogey
A= AY sugh thox thee existe on anple line
oudle £ o0 Ag sudvinax Mg = Q¢
whese P . A—= AY

xi— (L Rek "]

= <o {polosisagions ® A} € Homn LAAY)

Q)om Descibe and Compuie Polansations o8 AV's when K = ¥q.




$ Preliminaries: Compiex Mukiplicarion

Denpion A cM-fiod LI® is sudnihak L
dg2 | Hohimaginay
L

T Das @ canomcgl inoludian X=X,
g | totally reak

A CM-algevra.is adinie prdace (A8
X M-Jieds

Definition  An abelian Vanesy A oues ¥ OF dirpension g
hos (Mby L) ™ | < End® (Al:=Gd) O ® .

Tacc  Evey abeuan vaneny oxs a finte fied has M.

Defiomad A CM-ype Jor Lis a subser [OX= bom (L, ® )
sudh that Hom (L,@)=0 1 D

Ve ®ien say an obeuanvaneyy has CM by L, )"



§ Polanisations in chsavesistic tero

Consider an apelian vanety A oves € of dinnension g
Complex uniforMisation - A(C) = «3/A ,\,;szgL

\)\W\Qﬁ A hﬁ% CM b\\) LL) E), We Cas) qumo(&:
3 flacional idea L inl sk, A(C) ~ C?/ Ba)

Tren also A© =~ C3/B(T) | T L“ﬁﬁ?ﬁﬁ&>

and bence  Homy (A AY) & (THia) = (el o< IH]

Recan:  {polasisagions R A} < Hord LA AY)

Defiion | Lex A be ag-diM@isional aoetian vaneky
CONSTUCHON  guer L p-adic diald. 1K and with Moy LL, D).

M Ac =A® C sihen Ac(O > €3/ 0 (D).
wite |8 (A)=x\
Then &R IAY) =T and

& (Hormy (A, A") ) =Hom [&IA SN = (T 1)

(Well- defined. up fo L:isomorphism ;
we aue free to doose an esbedding ino L)




§ Polanisations in chsavesistic tero

Hove. SRIA) =T and ¥R (Rom LAAY)) =LTH: 1) .

PropositioD)  [exr A be a g-dim&§ional abetian vanety
0% a p-Gdic Fiad K and wity Moy LL, D) |
An L-tneas isogeny i A—> A' etom LA, AY)
1S G polansanion W and omy if : 3
o RRUN=X el is totaly iMaginagy (= -2)
. Nis O -pesitioe, (I[P >0 Yoed )




§ (towards) polafisations in chafackenstic p

(oot | Descobe and Compuie polasations of AV's when K = §q.

Coeny Affq hos o Frobenivs endadophicon Tia
which s a characenstic polynomiak hy (x) € ZEx],
which 1S 6 \sdgeny m\sCuscmt
By Honda-Tale theory  Yisyeny lasses} <= Charpoly's M}

Tdea| Watt analogous const(uion to € Jor AV's inchar P

to desibe Hom (A A') 2 {poansations ok A}
Sk use the Cemeleghe-Stix equvalence .

Tor Hhis, ue Need, Yo yuck 4o
Aloetian varieties A ous Fp ) St (N, is squarefree )

N.B. ha, squarefiee & &d(A) Connmuysakive

C-9 eqw\l&\encc © v such an h AL Isogeny dass AV},
Let L= QDT/(0) = Q5T ond Vi=pIF
Any Ae Ak has Gnd(A) =2 ZTSV .
Choose A € AR with Gd (A =225\ ]
Then YA AR | Q: Ay —> fracionak ZCrvI-doals §
A, —s Hom (A, An) emoedded into L




§ (vowords) polafisations i chafactensiic p

Good | Descibe and Compuse. polansations of AV's when K=

C-S equialence : Cnosse An € Al with 6 (An)=ZZC5 V]
Then \}A,G/\\fk , 9 Al — fracionak ZCRvI- -idois §
A, ——s HomM (A An) emoedded into L
Thee are some choices involved hew -

* Ch()%mg An these Forn @ Pic (ZLENT])- Sfoit
» Choosing esbedding inte L

At
Choosing welh, we can ensuie thax G (A) = G2A) and hence

G (Hep, (o, AY)):= (§UA ): § (A)) = (GIAL): BIAYY)
compare - ¥R (Hom LA A =( T :Iﬂ

In potticodar, fes SABLand 881 — A% wehawe G (5= §Ls).

Hom ( 85)9‘) > o (Ao, AS )
g | 198 _
G50 (RG] = (§A)GIAY)

where §% @ — feqof .
o GG is muplicakion with GG 0L



§ Chafactenisiic p versus chafackenstic 2efo
%001 Descibe and Compuie. polassations of AV's uwhen K = Y
We nowhawe. @ Uom UAe, A1) > (pdansasions)

(GA) - gcA,, ) ???
Tdea | [t o charagemstic O To acess desoption & Dolanisabions

N8 Hom (A, AY) showd be presaved oy the lifiing plocess |

Definicion = A canonicay lifing ok Ao /W 1o a \oca) donauy R
0t dhajotienstic O WIth (&idye f\ekd Yq 0d fawon fied K
is an aduan Schee A /I such ek End(As) =End(A)
and. A \E‘ =P, Aok =A.

(me: we wil| talk aboux when canonical \ﬁ\r\gs QR \(NowN to exist. 3

NB. Sinte [ ~&nd’(As) we Moyview EndlAe) as anorde in Ly
~ weshow These idanticaions @n b Made compasibly with Gand ¢

M ofeoNes
Propositon TF Ao/ ¥q has a canonical lifking to A/K o Uy
® AR with (M by L hes good cedyierion 1o Pol¥q

ond € End (Ao) = GhdlAY) (=GndlAe) )
s \S of equalent

¥ @d 1A) = &d(A) (Gar)
and ¥ “©nd [Ao) = Ed () is Gomnsien 7,

then the rduction Map \mL(A A)— o LA, AY)
s Mutiplicgion by ce EndCA)".



§ Chafactenisiic p versus chafackenstic 2efo

Gool | Descibe and Compuie polansaxions of AV's when K =¥

Lex A be an abevan vonety 0w @ p-adic old K with (Mby LL, D)

with qood, reduation to Ao/Fp € ANh,

where 1y is squoakitee gnd has Mo feadrocts, and. L= N Ry,
such ¥hak GalA)) =End | A) =(1:T) =S is Gorngein ang sansfies $=7§
TThen we Can ke (aNpaxivle chOICes 1o obtaun

fed (Tt T)
5
Hom (8,84 ) I, Hore E?Zb Ao ) S<>L
¢ | K

b
Bu‘, \l) o\" A:) = (,u‘. Lﬁt
fE3): g8, )@W(gu\ §IA)) = (§A):GAY)

A\SO :
Lemma Let §:A-B and u: =8, be isogenies.
Then Ay is a Polonsadion <= §*y,= $appd is a pdansasion

LeMMA et p: A=A’ De o isgery and Mot Ao =As its fedudion
TThen ML is acpolanisadion <7 M, is apolansarion .
Lemma Tre element o€ SY isTotally feal: o=x.




§ Chafactenisiic p versus chafackenstic 2efo

Gool | Descibe and Compuie polansaxions of AV's when K =¥

Refommcmﬂg e ODOVR | we CBN NOW deschbe. %\)o\&ﬁsat\ons} < how Ao, As)!

Theorm (e h Re @ squareiree. char paly withouk feal foots
Cotmesponding. o the- isogeny dass Al ooes Fp.
ek L= BCR) and choose o (M-type @ for L.
Let S=S Qe a Gorendein ofder in L such thak
A AR with EdlAn) =S whidy admins a
canomicak \vfi nq toa P-adic dixd K.

“Then thee exists @ forally feak xeS* sudh thak
Jor oy Bs € Ay ond any isogeny Uy Bo— 8’

Mo S 0LPOIANSOLION €57 o' Blu) €L IS totaly imagnay
and. O-Qestioe

Hom (AA") e,
e \
Hom(8.,8) ) 2—> thore (Ao, AL (TF: D)
g | K «
AR ILNY Ao): (,A:X = lftfj
(68): % >gﬁ>(gl GIA)) )

Eeccm: g(f“p\ = g(;f)g(fr—)gt/u)]



§ When do canonical lifing$ exist?
Defipicion A campnica), hifing Ot As /q:,‘ to a \oca) donaiy R
ot chatatenstic 0 with tsidue fied Tq d Sacdon fied K
s an abeian Sthee. A /I such ok End(Ae) =Gnd(A)
and. Ao Tq =P, Aok ~A.

Popostion 4) (Sewe Tate) Enepy OAMNALY Ay hos o caonicod fuing
2) Q)S\ML S\\Ox\km}w dmose-ordinany AV uith dosasive @A
& BN Ty cxcums\\cox\‘\hm%

Theoern (R -Congod - 0o
Lex K oe aniteduaole N pay , L= BGY (N =R IT)  ond
D a (Miype ® L, such hak LU, D) sakisfies the

Pesidual reflex condiion RRC)
) (gh\m\”O\*TM\\g(lmO\ fb(\\'\\))\&) %§ W v oR LQbQ\)Q \) ,

ofd y \1T) ~ F{0eD: qﬂﬂ&&t@\)}
Ofau [(ﬂ [:L\_, :@P_J

&) Lk E= G (%t@toc)~‘ ae L) oe e teflex field of 1L, )
€
with indueed ‘Pp-adxc place v Then e idue fiad K,
R Oy soxsies Ky <fq .
Then %\\Q\SOS@S dass comesponding toh comaing an AV
AolFq st End(As)=Ou Wiidh has a canonical ifing

Rernancs o e Jwaised Whis 10 v squaedree
« Any AV seforadly isogehous to Ao then alsohas ¢ caronical l'rmng
e We iMnpiemaned e (gwauised) RC in Maghiol




¢ Compurarions o polasisations

Theoem  (wnder & bundh 18 agwmption s..)
Yhere exists @ Totally feak xeS* such thad

Jor oy Bs € Ak and. any isogeny Uy Bo—Be'
M 1S QpOlansakion €7 o\ Bl el is fotauly imaginayy
and. O-Qosrie_
Lemma (B, o) = (Bofls) &> v e @B st. G =v7 §ius)

Sotofind all PRNUpPAb) AoRsaLions ot Be, sianing with o gises Gl =i e ¥
We Need to  comnQUke

'Su'o-u: ueendRs)* /(\N) St G Lo '\skomx\j \’W(\W &E-()OS&\NCE
0 plactice , we can often igho® «!
This happess g when an AV with e =ZCEV lifis, fie for (ammest)-ordinagy .

We @so ipnplenenied Ahe abow in Magma
Agaregate examples fo dimensions 2,34 *

squarefree dimension 2 p=2| p=3| p=5| p=7
total 29 55 | 119 | 195 squarefree dimension 4 p=2]| p=3
ordinary 14 36 94 168
almost ordinary 8 14 20 24 to.tal 1431 | 10453
10 RRC 0 0 0 0 ordinary 656 6742
p-rank 0 yes RRC B.IOI2(Ry) yes | 6 2 5 3 almost ordinary 392 2506
B.ARIR,,) no 1 3 0 0 no RRC 0 0
-rank 2 B.AI2IR,) ves | 149 500
squarefree dimension 3 p=2|p=3] p=5]p=7 P yes RRC BSDIR.) )lllo 19 312
total 185 | 621 | 2863 | 7847 =
ordinary 82 | 390 | 2280 | 6700 no RRC 6 36
almost ordinary 58 | 170 | 474 | 996 p-rank 1 RRC 2.002(R,,) yes | 80 184
N no RRC 0 0 0 0 yos BSDIR,) no | 14 20
p-rank 1 BOI2ARy) yes 20 26 76 118
yesRRC e Reino | 4 | 16 | 12 | 8 no RRC 3 6
no RRC 0 3 2 1 p-rank 0 yes RRC Rw) yes 73 88
p-rank 0 es RRC BOIAR,) yes | 20 15 17 23 5512 R,,) no 9 39
¥ BoRIR,) no | 1 1 2 1




