
The Global Torelli Theorem for k3 surfaces
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The goal is to prove :

SERGEJ Monash

Thom ( Global Torelli) :

Let 4×1 be two complex k3 surfaces .

Thou :
#
t

XIX
'
⇐ s H4x

,
El = HIM

,
#)

T t|isomorpheHodgeisometry_|
Deformation theory :

Dfs : Two compact complex manifolds Xi, Xz aredeformation equivalent if there exists a smooth

proper -holomorphic morphism
X --B S

-

t
.

Lil B is connected
Iii) Ftr

,
Tze B s

.
t

. X, 2-Xt
, ,
Xz ⇐ Xez .

thru : Amy two complex k3 Surfaces are deformation
equivalent .

Proofs :

StgI : If Pick) is generated by a line bundle L



sit
.

4=4
,
thou X is a quartic surface (see

Valentin 's talk J .

Steph : Given a less surface Xo
,
consider the

Universal deformation X- o Def (Xo ) .

We

show there exists a fiber with Pic as Ci) .

Fix em isometry H
-

( X
,
E) = . A = Egf , 0*3

.

Fact . Let ofaer .

Them :

U s D is dense
.

jeou)
IN
'T D

- Take a primitive a.cn s
-
t

.

22=4
.
Since the period

map
P: Defexo ) -o D is a local isomorphism ,

we conclude that :

P ( DefKo ) ) n et ⇐f

fer nm le X with e2=h
,
e primitive .

Therefore , for a general point te PCDefk.hn It, we have
that pic (Xt ) is generated by e .

Steph : Amy two smooth quartics in R
'

are deformation
equivalent. In fact, they are parametrized by :

{ sypogth parties in} - o V.foul Jps lol
connected

o



Corollary : Every complex 123 surface is simply connected .

Proofs : Deformation equivalent compact manifolds are
diffeomorphic, therefore we just need to prove it for
a smooth quartic, which follows by a direct computation
of homotopy groups . (Th IX, # I ↳ Til RI

,
El) )

.

G

Moduli spree of marked
Krs surfaces :

The moduli space of marked k3 surfaces is :

N
= I cx, y ) } I=

where X is e les surface , y : HEX
,
E) =. A am isometry.

N is a 2 o - dim . manifold, but it is not Hausdorff .

Proposition : The period map factors :

e tf
I

- GD s BLA, )

¥
where IT is Hausdorff, E is a locally biholomorphic mapand (X, y) , txt y

') are mapped to the same point
if and only if they are inseparable . Moreover, if
(X

, y) ,
(X '

, y
') are inseparable, thou X ⇐X' and

PIX
, y) =P( X! y

') sat for ofa er . y



Twister lines :

hot 1 be
any Altice of signature 13

,
b -3)

.

A subspace W c- A * is
called a positive 3-space if the

restriction of the pairing is positive definite . We associate the

twistor line :

W mo Tw D n Rl wa ) s Pl wa )
112 112

T P'a R:
es Tw is a smooth quadric in PI .

A twistor line Tw is called
generic if

Wnt N = o or
, equivalently

if I we w with Ktn n ⇒
.

Det : x.y c.D are equivalent if I chain of generic
Twister lines

x

Proposition : Any two points ayeD are equivalent .
y

[ we just need s lines ! J
We have a local version of the previous result .

Def : Let Bc D be a ball
.
x
,y c.

B ere equivalent as



points in B if i

B c D
B)

Proposition : Given BCD ,
all points x.y EB are equivalent

as points in B
.

Kid her Geometry :

Fact : Every Ks surface is a killer manifold ( i.e .

it hes

compatible complex , Riemannian and symplectic
structures ) . I g w

[ See X as ( X
,
I) I

Thin For any killer class de
H'(X

, R ) , I killer metric gand complex structures J , K s-t .
:

•

g is Kit
her with respect to I, J, K .

• The killer form wt g (I
.

,
. ) represents a .

. We have K - I.J = - J oI

0

In other words
, every

k3 surface is em hyper kither manifold .



For each cab , c) E S
'

,
I = aItb Jt c K is a complex

structure on X
,
with Kircher class 2€ H2 (X, B ) .

Therefore we have a family of Ks surfaces (X,t) :

(Xd) sXian xx R:c
as

I l manifolds t
y

U

d e TK) = R! = 52

Called the twister space .
We have the period map :

P : Tca) I stung SD
"2 112 [¥ wjtiuk )R'
a

R!

where Wa : = ye [WII , [Rel I , Chuckie

= y C B. a ④ H'
"

Cx) ④ H
"4×19 )

IR H2
in

H''
'

CX,#*

We went to know when the converse is true
,
i.e .

which
Twister lines can be described with Keleher classes .

In particular , we want to know which classes in H2 (X
,
R )

are killer .

Let X be
a 123 surface .



Kx E Cx S H "
'

l X
,
IR )

-
-

killer comes positive come

kx
.- component of Lae H

" '
CAIR ) : a

'

>of that
continues one lend all) Killer class

.

Proposition : If Pick) -o , then Kx = Cx .

Proof .- Easy consequence of a deep theorem .

0

Proposition : Let ( X, y ) be a marked 123 surface
sit

.
P (CX, y) )

⇐ Tw GD is contained in
a generic twister line . Then we can lift Tuto

a curve in IT
,
i.e

.
:

I I - D
'

i
. .

.

Prost :

stopI :P : IT →Dis locally biholomorphic (e. cel
-

Torelli ) therefore we can lift a smell disk
I → D

p n .

~
.

U lb)
s IW
Y

PK, y )



The lift is unique
as IT is Hausdorff.

Steph : As Tw is

generic , for a general te b , Pic Ht) - o .

fix such ted and demote by :

H
"
(X

,
E) = E. Cdos

a generator. Denote the marking by Yt : H
'

(Xt
,
E) to A

,

thou by construction ,

Yt ( 6 t ) e Wa s Aa

¢
W

Take a class ate It
'

( Xp , E ) sit . yke ) is orthogonal to

y (h Re ( re ) , Im ft ) 7 C W .

A

H
"
txt ) 1%4×+1

which implies that a e H'
'
'

( Xe
,
E ) and act so , as he VV.

⇒ I Le E Cx = Kx ⇒ tht is a killer class .

Consider the twistor space Xlat )
-o TKt) ,

which identifies
The ) = a Tw ,

since Yt ( Lt , ReKt) , Im Idt ) ) = VV .

Steph : Both Tht ) and I CS ) contain t and map
locally isomorphically to Tw, by which we conclude

, again as

IT is Hausdorff . O



Surjectivity of the Period Mep :

Thin : Let Nos N be a connected component .

Then
.

.

P : No -or Ds Pcna )

is surjective .

Brood : Let xc.PL No ) be in the image .

Them any other

point ye D is equivalent to x , i.e .
"
connected

"

by generic twistor lines, but every twistor line can
be lifted

to No
, therefore ye Puro ). 0

We have e'
'

local and stronger
" result

:

Proposition : The period map induces a covering space
P ; I→i D

Proofs .

.
Local version of equivalence of x.y in D .

O

corollary The period map Pi N-- D is generically
injective ( i.e . on the complement of a countable

union of proper rarelyfreely closed subsets ) oar
each connected component N

"
EN.

Prost : If IT is connected ,
then IT is connected and

IF -OOD is a covering of a simply Conn .
space by a connected space, which implies



being a homeomorphism : therefore
N
'

- o IF = . D
C locally bih . lomorphism ]

is generically injective 0

Rink .

. If (X, y ) , H
'

, y
' ) e NosN with PC x

, y ) =P
IN
, y

')
,

then X= x
' (but they could be inseparable!) .

Global Torelli Theorem :

Thy ( Global Torelli ) :

Let X
,
X
' be two complex k3 surfaces . Them :

H X E X
'
c⇒ F Hodge isometry H4x, E) = ITCHED.

(2) Moreover, for any Hodge isometry y : HYKE) -oh44$)
with

y ( Kx ) n k× , *¢ ,

I! f : X
'
→ X s .

t
. f-
*
= y .

Proof Ii ) :

"

⇒
"

trivial
; any biholomorphic map induces a Hodge isometry.

" "

Let y : H' ( x, E)
= -HYX '

,
El) be a Hodge isometry .⇐

Pick
any marking on X y : H'(KE) = . A ,

let
y
'
=

yo y
' ' be the induced marking on X

!

Then : PC X
, y ) =Pl X

'

, y
' )



t.roti.ee that - id e Ocn ) acts trivially on the period
d mum D

, therefore

Plx
'

, y
' ) = PC x ! - y

' )

Bin : (X , y ) , ( Xl ± y
' ) E N's N

are in the same connected component.NL yr .

If the claim holds
,
we conclude by the Remark above .

,

spoiler : IV has two connected components , that are
interchanged by - id e OCA ) .

Rennert : Since any two X.X
'
complex Ks are deformation

equivalent, Js markings y, y
' s -

t
. :

( x
, y ) , cxlyl ) e N's Nr

ere in the same connected component. Therefore one
should just prove for omg 123 Surface X and any two

markings y, , ya
that :

( X
, y,
)
, lxi.iq ) c- N'ear

.

Monodromy Representation :

Let X be a 123 Surface, X - - S a proper
smooth

family , s connected , Xe IX , te s .



The monodromy representation : n
E

Ti IS
,
t ) - o O ( H2 ( X

,
#) )

Let M.mx/I0lH4KE)) be the subgroup generatedby all mromodromies.

Proposition : If
01h44 El ) (Monk) = e - id>

them N has at most two components .
Sketch : Any two markings ofX differ by an orthogonal

transformation ,
hence by hypothesis '

'

F Y -I Yi's
-

ya E Mon (x)

Need to show : (X, y) , IX. ye y ) in the same component .
Write y = y,

-
.
. . . yn , yie Indi, Csi , ti )

-OHHHH))
.

For every Si , the local system can be locally trivialized :

Ena E ⇐HIKE ) (Couey )

The monodromy yi is obtained by following the thuirlieetioms
doing a closed path in S beginning in t.es

.

"

The classifying map to N necessarily stays in the
"

same connected component . o



Defy. Let n - Egl-15%09 s, c. our ) areflectioiu :

Sg : ri-or- 2Y f ' {¥1
*

The spimormorm is :

is: :& :: :
and is extended by linearity to all go 014,2 ) .

Let

Otta ) coin )

be the index 2 subgroup with spinor norm ti .

Proposition : Mosul x ) = Ott H
-

l X
, E ) )

In particular , 01h44 #1) In.mx) = htt }
y


