Solution of Exercise 2.25. Considerg : U \ {a} — R? givenby g(x) = f(x) — Lx,thenDg(x) =
Df(x) — L € Lin(R", R?). Inview of lim,_,, Df (x) — L = 0, thereexists,givenarbitrarye > 0, an
openball V C R” satisfyinga € V C U, suchthaté € V \ {a} implies

IDf (&) — Lllgyy < €.

BecauseV \ {a} may be coveredby finitely mary corvex opensets,the MeanValueTheorem2.5.3
applieswith themappingg andtheopensetV \ {a}. Accordinglyonehas,for ary two pointsx and
x' e V\ {a},

lg(x) — g < sup [IDf(E) — Lllggllx —x'll < ellx —x|.
seVilal
This shavs thatg andconsequentlyf = g 4+ L areuniformly continuouson V \ {a}. Themapping
f canbe extendedcontinuouslyto all of V accordingto Exercisel.33.(ii); in particular f(a) may
be definedin suchaway that f is continuouson U. Application of the precedingargumentwith x’
replacedy a now gives
I f(x)— f(a) — L(x —a)|l < €llx —all.

On accountof Definition 2.2.2oneseesghat f is differentiableat a, andLemma2.2.3thenimplies
thatL = Df (a).



