Solution of Exercise 3.11.
(1) In view of z1 > 0 and xo > 0 we have
f(0;z) =22 >0, f(l;z) = 1—a?—2i—1+2% = —23 <0, fa34+as+1;2) = 22 > 0.

Application of the Intermediate Value Theorem 1.9.5 to the intervals [0, 1] and [1,1 + 2% + 23]
now gives the existence of y; (z) and y2(x) such that

fi(z);2z) =0  with  0<yi(z) <1 f(a(z);2) =0  with 1 < yo(x).

(i1) On the basis of the definitions ® is a mapping from U to V. For proving the surjectivity of ® we
show that given y = (y1,%2) € V we can find z € U such that y; and y9 are the roots of the
quadratic polynomial function f(y; ). In fact, y; and ys are roots of the monic polynomial

(y—y) (W —v2) = v* — (y1 + v2)y + y102-
Comparison of coefficients now yields
y1+y2:x%+x§+1, ylygzx%.
In other words,
=yt -2t —l=—yyp+y+y—1=01-y)(y 1.

Hence there is a solution x € U, given by

r1 =\ Y12, 2y = /(1 —y1)(y2 — 1);
and moreover, this is the only possible one. Therefore, ® : U — V is bijective with the given

U : V — U as its inverse.

(iii) v/ :[0,00[ — Ris continuous, and a C* function on the open interval | 0, 0o [. Since y1ya > 0
and (1 —y1)(y2 — 1) > 0 for y € V, the mapping W is of class C*°. We have

_ vV Y1y2 _ \/ z% %
vo) = ( VT 0 D ) = - ( - JEL e )
Hence

{21 —w) iy —1) el —y1) +yi(ye — 1)
4det D¥(y) = \/y1(y2 —-1) + \/y2(1 v Ve — )y — 1)

_ _omwpni Ay Y2 -0
Vi /T =y —1)  z1w2
This implies det DW(y) > 0, and on the basis of the Global Inverse Function Theorem 3.2.8 we
may conclude that ¥ : V' — U is a C*° diffeomorphism. But then ® : U — V is one too.

(iv) We have y(y — 1)gy(x) = —f(y; ), while y(y — 1) # O fory € 1.
(v) According to part (ii), for every « € U, there exists unique ¥y € V' such that
0<y1 <1, Gy, () =0 and 1< ya, Gy () = 0.
In other words,
z €Vy with V;,, hyperbola and x € Vy, with V,, ellipse.

Moreover, it follows from (ii) that given y € V there is unique z = ¥(y) € U such that
9y () = gy, (x) = 0. That is,
Vi ﬂ%2ﬂU:{x}.



