Solution of Exercise 7.44.

®

(i)

On the basis of
0 = 1 1271 z3 — 22 0 x2 z3 — 23
_— = — = s _— =
Oryaf+a23 af+a3 (af+23)? (2] +23)° Orpaf+a3  (af + 23)°

we see div f(x) = 0. Gauss’ Divergence Theorem 7.8.5 then implies

0= [ divfe)dz= [ (f0)(w)day
Q oN
The outer normal v(y) to the two plane regions is (0,0, F1), respectively, and the inner product
of this vector with the vector f(y) equals 0 for points y belonging to the two plane regions. For
y € S1 we have v(y) = —y and therefore

(f(y),v(y) = 2<(?/1,?/2,0)7 (Y1,92,93)) = —1L.

i+ 3

A parametrization of S is given by

6:] I I[}Imbal S BP with  6(at) = (cosasint)
Accordingly
gqb X gf( ,t) = (cos a, sin «, 0),
a

which implies, for y € So,

v(y) = (y1,42,0),  hence  (f(y),v(y)) = 1.

0——/ d2y+/ dsy.
S1 So

Recognizing the shell S; as the difference of two caps of the sphere we deduce from Exam-
ple 7.4.6

Accordingly

area(S1) = 2m(1 — sinarcsin hy) — 2m(1 — sinarcsin hy) = 27(hg — hq).
From the calculation in part (i) we obtain

Ha¢ a¢ )H = ||(cosa,sina, 0)]| = 1,

which implies

T ho
area(S2) = / dadt = 27(hg — hy).
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