
Exercise 0.1 (Catenoid). As usual,definecosh��� 1
2

�����	�
������
, andfurthermore

���
R2 � R3 by

� � ����� � � �
cosh� cos��� cosh� sin ���	� ���

andconsiderthesurface� � im
� � �

. Withoutproofonemayusethat � is a ��� submanifoldin R3 of
dimension2. (Soapfilms spannedby two concentricparallelcirclesoftenassumetheshapeof a part
of this surface.)For usagein thisexerciserecalltheformulae

sinh ��� 1

2
��� �� � �� � � cosh2 �  sinh2 ��� 1 � cosh2 � � sinh2 ��� cosh2��� 2cosh� sinh ��� sinh2��!

Let "$# R% bearbitrarily chosen.

(i) Prove thatthelengthof thehelicoidalcurve &(' �*) � � ����� ��+,+ � +.- "0/ on � equals21 2sinh " .

Define 2 � R% � R by 2 � " � �*3 � " � cosh" sinh " � .
(ii) Show thattheareaof thesubset� ' of � consistingof the 45#6� with

+ 4 3
+.7 " is givenby2 2 � " � .

For "8# R % , define 9:'<; R3 to betheboundedopensubsetboundedby �=' andthetwo disks

>6?' �*) 4@# R3 + 4 2
1
� 4 2

2
-

cosh2 " � 4 3
�*A "0/ !

(iii) Using3-dimensionalintegrationverify thatvol3
� 9:' � � 2 � " � .

(iv) Apply Gauss’DivergenceTheoremwith the openset 9:' andthe vectorfield 2 �
R3 � R3

satisfying 2 � 4 � � � 4 1
� 4 2

� 0� , andin thiswayexplaintherelationbetweentheresultsfrom parts
(ii) en(iii).

Solution of Exercise 0.1

(i) For � # R and B � � � � � � � �C��� � � �
cosh� cos��� cosh� sin ����� � , wehave

> B � � � � �
sinh � cos�  cosh� sin ��� sinh � sin � � cosh� cos�C� 1� �D > B � � � D 2 � sinh2 � � cosh2 � � 1 � sinh2 � � cosh2 � � cosh2 �  sinh2 ��� 2cosh2 �C!

Thereforethedesiredlengthis givenby

1 2
'
� ' cosh�FE.��� 21 2 G sinh ��H '0 � 21 2sinh " !

(ii) Wehave thefollowing equalitiesof vectorsin R3, evaluatedat thepoint
� ����� � # R2,

I �I � �
sinh � cos�
sinh � sin �

1

� I �I � �
 

cosh� sin �
cosh� cos�

0

� I �I �KJ
I �I � �  

cosh� cos�
sin � 

sinh �
�

hence
I �I � J

I �I � � ����� � � cosh� 1
�

sinh2 ��� cosh2 ��!
1



Now

2
'

0
cosh2 �LEM��� '

0

�
1
�

cosh2� � EM��� G � � 1

2
sinh2��H '0 � " � cosh" sinh " !

Note that
�

is not an embeddingwith imageequalto �N' , but that we canmake it so,up to a
negligible set,by restricting

�
to thesubset]

 " � " [ J ]
 3:��3 [ of R2. Thisgives

area
� �=' � � 2

O
�O

'
0

I �I �PJ
I �I � � ����� � EM�LEM�Q� 43 '

0
cosh2 �FE.��� 2 2 � " � !

(iii) Introducecylindrical coordinates4 �SR ��T ���U��� � � ��T
cos��� T sin ����� � in R3; thenit is a well-

knowncomputationthat
+
det

> R ��T ������� ��+ � T
. ApplyingtheChangeofVariablesTheorem6.6.1

andthecomputationof thedefiniteintegral of cosh2 from part(ii) weget

vol3
� 9 ' � � 2

'
0

O
�O

cosh�
0

T E T EM�VEM��� 23 '
0

cosh2 �LE.��� 2 � " � !

(iv) Gauss’DivergenceTheorem7.8.5asserts

WYX div 2 � 4 � E 4 � Z X�[ 2 ��\V] ��^,� E 2
^_�

? `	aX [ 2 ��\V]
��^,� E

2
^ !

Now div 2 � 2. Furthermore,for
^ #b� ' , we obtain from the computationof the exterior

productandits normin part(ii), insertingaminussignbecauseweneedtheouternormal,

[ 2 ��\V] ��^,� �
cosh� cos�
cosh� sin �

0

� 1

cosh�
cos�
sin � 

sinh �
� 1 !

And finally \ ��^,� �cA �
3 implies [ 2 ��\V] ��^,� � 0, for all

^ # > ?' . As aconsequenceweobtainon
thestrengthof part(ii)

2vol3
� 9:' � � area

� �=' � � 2 2 � " � !
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