Exercise 0.1. Define

g:R3—>R by g(x)zxf—l—x%—(l—m)x% and V:{xeR3|g(x):O}.

(i) VerifythatV c {x e R® | x3 <1}.
Givenanarbitrarypointx € V, theresultin (i) suggestso write x3 = 1 — s? for somes € R.
(i) Conclude
Vcim@)  with ¢:R>—>R3®  givenby &(s, 1) = (1—s°)(s cost, s sint, 1).
Shaw thatactuallyonehasV = im(¢).

(i) Demonstrate¢hat¢ is animmersionatall pointsof R? with the exceptionof the points(+1, ¢)
and(0, 1), for arbitraryr € R. More preciselyprove

dimker(D¢(£1,t)) = dimker(D¢(0, 1)) = 1.
Verify ¢(£1,¢t) = 0and¢(0,7) = (0,0,1) =n,forallt € R.

Illustrationfor Exercise0.1

In theillustrationwe notenothingof particularinterestatthe pointn € R (onthecontrary we do so
at0 € R®).

(iv) ProvethatV is aC>™ submanifoldn R® of dimension2 atevery pointbelongingto V \ {0}.

Background. Thefactof ¢ notbeinganimmersionatthe points(0, ), thereforejs peculiarto ¢; in
thiscasejt doesnotimply singularbehaior of im(¢) itself neam. Finally, withoutproof,we mention
thatV is notasubmanifoldn R® of dimension2 atO.

Solution of Exercise0.1. (i) x € V impliesO < x? + xZ = (1 — x3)x2, therefored < 1 — x3, that
is,x3 < 1.
(i) If x3=1—s2, thenl — x3 = s2. Accordingly, for x € V,
x2 4 x2 = (1—x3)x2 = (s(1—59))?, SO (x1,x2) = s(1— s?)(cost, sint),

for suitabler € R, on accountof the parametrizatiorof a circle by trigopnometricfunctions.
Thuswe obtainV C im(¢). Corverselyfor everyx € im(¢),

xf + x% =(s(1— sz))2 and 1- X3)x§ =s2(1—s%?2, thatis g(x)=0.



(iii)

(iv)

Supposefor 1 € R?,

(1—3s?)cost —s(1— s sint L * 0
Do(s,Hh = | (1—3s?)sint  s(1— s2)cost ( hl ) = * =|o0]|.
—25 0 2 —25h; 0

If s # 0, it followsthati; = 0. Thetwo top equationsabove thengive
hos(1 — s?)sint = hos(1 — s?) cost = 0, so  s(1—s%h,=0.

Accordingly if s ¢ {—1,0, 1}, thenh, = 0too; andthereforeg is immersve in this case.On
theotherhand,

cost O cost O
D¢(x1,t)=—-2| sint 0 |, D¢$0,t) =] sint 0 |,
+1 O 0O O

which shaws thatall threeof thesemappingsn Lin (R?, R®) have aone-dimensionakernel. It
is directfrom thedefinitionthat¢ (=1, 7) = 0 and¢ (0, t) = n, forall t € R.

We have,forx € V,
Dg(x) = (2x1, 2x2, —2x3 4 3x3) € Lin(R%, R).

This mappingfails to be surjective only if all its entriesequal0, whichis the caseonly if x = 0
(thesolutionwith x3 = % doesnotbelongto V). Henceg is submersie atall pointsof V \ {0};
andon the strengthof the Submersiormheorem4.5.2we now obtainthat v is a C*° manifold
in R of dimension2 atall of its points,with the possibleexceptionof the point 0.



