Exercise 0.1 (Green’s first identity by means of Gauss’ Divergence Theorem). Consider B> =
{zeR?||z|| <1}andg: R* — R givenby g(z) = 23 — 3.

(1) Prove

[ Neradg(@)| d = 2.

(i1) Recall that % = (grad g, v ), the derivative in the direction of the outer normal v to B2, and
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Hint: Use 2(cos? a — sin? a)? = 2 cos? 2a = 1 + cos 4a.

The equality of the two integrals above is no accident, as we will presently show. To this end, suppose
h : R? — R to be an arbitrary C? function. Note that h gradh : R? — R? is a C! vector field and
recall the identity div grad = A.

(iii) Prove div(h grad h) = || grad h||? + h Ah.

(iv) Suppose 2 C R? satisfies the conditions of Gauss’ Divergence Theorem. Apply this theorem to
verify on
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(v) Derive (%) in part (iv) directly from Green’s first identity.

(vi) Show that the equality of the integrals in parts (i) and (ii) follows from (%) in part (iv).

Solution of Exercise 0.1

(i) We have grad g(z) = 2(x1, —22) and so || grad g(z)||? = 4]|«||?. Introducing polar coordinates
(r,a)in R?\ { (x1,0) € R? | 2; < 0}, which leads to a C"! change of coordinates, we find

s 1
/ | grad g(z)||* dz = / / 473 dr da = 2n[r1)} = 2.
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(ii)) OB% = S, which implies v/(y) = y. Therefore

(9 29)(w) = 9(w){ 20, ~10). (31.12)) = 20(0)"

Note S! = im(¢) with ¢(a) = (cos a, sin ). Hence wy(a) = ||(—sina, cosa)| = 1 and so

/ (g @> (y) dyy = 2(cos® o — sin? a)? dov = / (1+ cosda)da = 2.
0B2 ov

(iii) We have

div(g gradg) = > Dj(gDjg) = Y ((Djg)* +gD3g) = | gradg|® + g Ag.
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(iv) The assertion follows from application of Gauss’ Divergence Theorem 7.8.5 to the vector field
g grad g; indeed,
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(v) Set f = g in Green’s first identity
0
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(vi) This follows from Ag =2 —2 = 0.



