
Exercise 0.1 (Lambert’s cylindrical projection). In R3 considerthesphere
� 2, thesubset

�
of
� 2,

andthecylinder � 2, respectively givenby
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IntroduceLambert’s cylindrical projection  "! �$# � 2 asfollows. Given �%� � , denoteby &(' the
uniqueline in R3 containing� that is parallelto theplane�)�*� R3 	)�

3
� 0 � andthat intersectsthe�

3-axis. Next define  �+� � to bethepointof intersectionof &,' with � 2 of shortestdistanceto � .

(i) Prove thatthemapping is abijectionthatis givenby

 �+� � � �
1� 2
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2

� �
2� 2

1 � � 2
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Givea formulafor theinverse - 1 !,� 2 #.�
.

Let / beasubmanifoldin R3 of dimension2 thatis containedin
�

.

(ii) Verify that  � /0� is asubmanifoldin R3 of dimension2 thatis containedin � 2 andshow that /
and  � /1� areof equalarea.

Define 2 ! ] 3�4���4 [ 5 ] 3 1 � 1[
# � 2 by

2 �76 � � 3 � �8� cos6 � sin 6 � � 3 ���

(iii) Prove that
2

is anembeddinghaving anopendensesubset� of � 2 asits image.

Definetheunrolling 9 !,� # ] 3�4���4 [ 5 ] 3 1 � 1[ : R2

to betheinverseof
2

.

(iv) Show that ; and the unrolling
9 � ;<� have equalarea,for every submanifold ; in R3 of

dimension2 thatis containedin � .

(v) Now considerthe specialcaseof /=: � 2 beinga spherical diangle with angle 6 , that is, /
is thesubsetof

� 2 boundedby two half greatcirclesin
� 2 whosetangentvectorsat a point of

intersectionincludeanangle6 . Onthebasisof parts(ii) and(iv) show thattheareaof / equals
26 (comparewith Exercise7.13.(i)). Concludethattheareaof

� 2 is givenby 44 .

Solution of Exercise 0.1. (i) Suppose�>� � , then � 2
1 � � 2

2
� 1 3 � 2

3 ?� 0. Furthermore,& ' ��@�7AB�
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The point of intersectionof & ' with � 2 closestto � is obtainedby taking the plus sign. This
provesthe formula for  . Furthermore,given arbitrary G � � 2, an element�H� � suchthat �+� � � G hasto satisfy
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for 1 M$NOM 2. Indeed,suchan � belongsto
�

, in view of
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As a consequence,�Q� � existsandis uniquelydetermined.This establishesthebijectivity of andalsothat
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(ii) As is well-known, up to subsetsof negligible area,two-dimensionalsubmanifolds/ contained
in
�

areof theform / ��TU�7V � , with T ! V #.� 2 givenby

V : ] 3�40��4 [ 5 3 4
2
� 4

2
and TW�76 ��X)� �S� cos6 cosX@� sin 6 cosXY� sin X)���

Notethatwemaytake V to beopenandthat T is anembedding.As in Example7.4.6wesee

area� /1� � Z cosX�[ 6 [�X@�
On accountof  and  - 1 beinga differentiablebijections(on suitableopensubsetsof R3) we
seethat T<�  ]\ T ! V # � 2 is anembedding,which is givenby

T��+6 ��X)� �8� cos6 � sin 6 � sin X)���
 � /1� � TL�7V � is a submanifoldin R3 of dimension2 that is containedin � 2 becauseof
Corollary4.3.2.Furthermore,

^ T^ 6 �76 �PX�� �8� 3 sin 6 � cos6 � 0���
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^ T^ 6 5
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^ T^ 6 5
^ T^ X �76 �YX)� � cosX@�

Therefore � /0� � T��7V � implies

area(  � /0� ) � Z cosX0[ 6 [_XY�

(iii) Theassertionis adirectconsequenceof Exercise3.6oncylindrical coordinates.

(iv) If ;`:a� 2, then ; � 2 �7V � , for someV asin part(ii), while^ 2
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Thisandthefactthat

9 � ;<� ��V now yield
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(v) We mayassumethatthegreatcirclesintersectat thepolesof
� 2, sincethis canbeachievedby

applyinga rotationof R3, which is area-preserving.Now theimage  � /0� is acurvedrectangle
on � 2 of width 6 andheight2. Next unroll

� 2 on theplaneR2, in otherwords,apply
9

. Then
the curved rectanglewill be mappedto a genuinerectanglein R2 of width 6 and height 2.
Applicationof parts(ii) and(iv) now yieldsthattheareaof / equals26 . In particular,

� 2 is the
sphericaldiangleof angle24 , which impliesthatits areais 44 .
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