
Exercise0.1(Viètetransformation). Supposethat ��� R2 satisfies� 2
1 � � 2 � 0 andlet � 1 and� 2

� R
denotetherootsof themonicquadraticpolynomial���
	�� ��
�� � 	 2 � 2� 1 	 � � 2 in thevariable	 with
coefficients2� 1 en � 2.

(i) Prove thefollowing Vièteformulae: � 1
� � 1

2 �
� 1
� � 2


 and � 2
� � 1 � 2.

Next considertheViètetransformation(from theplaneof rootsto theplaneof coefficients)

� � R2 � R2 givenby
� �
� 
������ ( �

1

2
��� 1
� � 2


 ��� 1 � 2) �

In theillustrationbelow weseetheimageunder
�

of agrid of equidistantstraightlinesparallelto the
coordinateaxes(in otherwords: squaredpaper).Apparentlytheselinesaremappedunder

�
to lines

all of whicharetangentto aparabola.Weshallprove this remarkableresultin thefollowing.

(ii) Show that
� �
� 1 ��� 2


�� � ��� 2 ��� 1

 anddeducefrom this thatit is sufficient to provetheresultfor

horizontallinesonly.

(iii) Consider���
� 1 ��� 2

�� R2 � � 1

� R � , thehorizontalline atthelevel � 2
� R. Verify thattheimage

of this line under
�

is equalto

� ��� 2

�� � � � R2 � �!�
� 2 � ��
�� 0 �"�

Show that
� �
� 2


 is astraightline in R2 of slope � 2� 2.

(iv) Determinetheset #%$ R2 of singularpointsof
�

(i.e., � � # if andonly if det & � �
� 
�� 0) and
verify that ' � � �
# 
 is aparabolain R2.

Define ( � � ��� R2 � � 2
1 ) � 2 � .

(v) Provethat ( is thesetof pointsin R2 thatlie below ' . Show that
� � R2 * # � ( is surjective;

in particular, demonstratethatwehave the +-, diffeomorphism

� � �.� � R2 � � 1 ) � 2 � � (/�
Concludethat ��� ( implies � � � �
� 1


10 � �
� 2

 with � 1 2� � 2.
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(vi) Let � 2
� R beafixedbutarbitrarilychosenelement.Provethat

� �
� 2

30 ' � � ��� 2 ��� 2


 , compute
thegeometrictangentline of ' at thispoint,andshow thatthis line is equalto

� �
� 2

 .

(vii) For every ��� � �
� 2

 verify that � 2

��� 2
1 � � � 1

� � 2

 2; andusingthis identitygiveanotherproof

of thestatementsfrom part(vi).

(viii) Deducefrom theprecedingresultsthatpassingthrougheverypoint ��� ( thereareexactly two
distinctlinestangentto ' andthatthesetangentshave slopesequalto minustwice therootsof
thepolynomial �!�
	�� �4
 in 	 .

Solution of Exercise0.1

(i) � 2 � 2� 1 � � � 2
� ��� � � 1


 �
� � � 2

5� � 2 � ��� 1

� � 2

 � � � 1 � 2 implies � 1

� � 1
2 �
� 1

� � 2

 and�

2
� � 1 � 2.

(ii) Thecoefficientsof
� �
� 
 aresymmetricin � 1 and � 2. Horizontallinesareof theform �6� � R2 �

� 2
� constant� .

(iii) Suppose�7� � �
� 
 , thatis, 2� 1
� � � 1 � � 2 and � 2

� � 1 � 2. Then

2� 2
�

1
� � � 1 � 2 � � 2

2
� � � 2 � � 2

2 � so �!�
� 2 � ��
�� 0 � thatis �
2
� � 2� 2

�
1 � � 2

2 8
andthisshows that � belongsto thestraightline

� �
� 2

 in R2 of slope � 2� 2.

(iv) Wehave

& � �
� 
�� � 1
2 � 1

2� 2 � 1
� det & � ��� 
�� �

1

2
�
� 1 � � 2


�� 0 �:9 � 1
� � 2 �

Hence # � ����� 2 ��� 2

;� R2 � � 2

� R � , the diagonalin R2. Now � � 1 � � 2

<� � �
� 2 ��� 2


��
� � � 2 ��� 2

2

 satisfies� 2

1
� � 2

2
�=�

2, which implies

' � � �
# 
 $>� ��� R2 � � 2
1 � � 2

� 0 � �<� '?�
Conversely, if � 2

1
�@�

2, thenwe have � 2 � 0; hencethereexists � 2
� R satisfying � 2

� � 2
2.

Then � 2
1
� � 2

2, having a solution � 1
� � � 2, that is, �A� � �
� 2 ��� 2


 . It follows that 'B$B' and
therefore' � ' .

(v) Indeed,given �C� ( , the systemof equations� 1
� � 2

� � 2� 1 and � 1 � 2
�D�

2 for � � R2 is
equivalentto thesystem� 2

1
� 2� 1 � 1

� �
2
� 0 and � 2

� � � 1 � 2� 1. The latter systemhasa
solution� � R2 * # , because��� ( representsthewell-knowndiscriminantcriterionfor ���
	�� ��

having two distinctrealroots.Hence�7� � ��� 
 , andtherefore��� � �
� 1


.0 � �
� 2

 with � 1 2� � 2.

(vi) Consider�E� � ��� 2

F0 ' . Accordingto part (iv) thecondition �>� ' implies theexistenceof

� 2
� R suchthat ��� � � � 2 � � 2


 . Furthermore,thecondition � � � �
� 2

 now gives

0 � � 2
2 � 2� 2 � 2

� � 2
2
� �
� 2 � � 2


 2 � so � 2
� � 2 � hence �7� � �
� 2 ��� 2


 �
Thetangentline of ' at

� �
� 2 ��� 2

 is thesetof ��� R2 satisfying

� 2� 1 � � 1
 ��� � � � 2 ��� 2
2


�

1�
2

� � � 2� 2
�

1
� �

2

�� 0 �

Asaconsequence,thegeometrictangentlineof ' at
� ��� 2 ��� 2


 equals� ��� R2 � 2� 2
�

1
� �

2
�=G �

where GA� R is determinedby GH� � 2� 2
2
� � 2

2
� � � 2

2; in otherwords,thegeometrictangent
line equals

� �
� 2

 .
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(vii) A point � � � �
� 2

 satisfies

�
2
� � 2� 2

�
1 � � 2

2 � so �
2 � � 2

1
� � � � 2

1
� 2� 1 � 2

� � 2
2

�� � � � 1

� � 2

 2 I 0 �

Thisyieldsthat
� ��� 2


 $�(AJK' . Furthermore,��� ' if andonly if � 1
� � � 2; but then� 2

� � 2
2,

thatis, �7� � ��� 2 ��� 2

 . Wehaveprovedthattheline

� ��� 2

 liesatonesideof theparabola' and

intersects' in thepoint
� �
� 2 ��� 2


 , andthisprovestheclaim.

(viii) Obvious.
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