Exercise0.1(Vietetransformation). Supposehaty € R? satisfiesy? —y, > Oandletx; andx, € R
denotetherootsof themonicquadratigpolynomialp(X, y) := X+ 2y, X + y, in thevariableX with
coeficients2y; enys,.

(i) Provethefollowing Vieteformulae y; = —%(xl + xp) andy, = x1xp.

Next considerthe Viétetransformation(from the planeof rootsto the planeof coeficients)
: 1
®:R?> > R? givenby dx)=y=(— E(Xl + x2), X1X2).

In theillustrationbelowv we seetheimageunder® of agrid of equidistanstraightlinesparallelto the
coordinateaxes(in otherwords: squaredhaper).Apparentlytheselinesaremappedinder® to lines
all of which aretangento a parabolaWe shallprove this remarkableesultin the following.
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(i) Shavthat®(xy, x2) = P (x2, x1) anddeducdrom thisthatit is sufficientto prove theresultfor
horizontallinesonly.

(i) Consider (x1, xo) € R? | x; € R}, thehorizontalline atthelevel x, € R. Verify thattheimage
of thisline under® is equalto

L(x2) ={y € R?| p(xz, y) =0}.
Shaw that L(x,) is a straightline in R? of slope—2x..

(iv) DeterminghesetS ¢ R? of singularpointsof @ (i.e.,x € S if andonly if detD®(x) = 0) and
verify that P = ®(S) is aparabolan R2.

DefineV ={y €e R? | y2 > y,}.

(v) ProvethatV isthesetof pointsin R? thatlie below P. Shav that® : R?\ § — V is surjectie;
in particular demonstratéhatwe have the C* diffeomorphism

D:{xeR?|x1>x}—> V.
Concludethaty € V impliesy € L(x1) N L(xp) with xq # xo.
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(vi)

(vii)

(viii)

Letx, € R beafixedbutarbitrarilychoserelement.ProvethatL (x,) NP = ®(x», x2), cOmpute
thegeometridangentine of P atthis point,andshaw thatthisline is equalto L(x,).

Foreveryy € L(xp) verify thaty, = y? — (y1 + x2)?; andusingthis identity give anotherproof
of the statementé&rom part(vi).

Deducerom the precedingesultsthatpassinghroughevery point y € V thereareexactly two
distinctlinestangento P andthatthesetangentdave slopesequalto minustwice the rootsof
thepolynomialp(X, y) in X.

Solution of Exercise0.1

(i)

(ii)

(iii)

(iv)

v)

(Vi)

X2 4 2y1x + yo = (x — x1)(x — x2) = x% — (x1 + x2)x + x1xp implies y; = —%(xl + xp) and
Y2 = X1X2.

Thecoeficientsof ®(x) aresymmetricin x; andx,. Horizontallinesareof theform {x € R? |
xp = constant.

Suppose = ®(x), thatis, 2y; = —x; — xp andy, = x1x,. Then

2xoy1 = —xlxz—x22 = —yz—xg, o] p(x2,y) =0, thatis V2 = —szyl—xg;

andthis shavsthat y belongsto the straightline L(x,) in R? of slope—2x».

We have
_1 1 1
_ 2 T2 T — xo) — —
DCD(x)—( Y >, detD®d(x) = 2(x1 x2) =0 = X1 = Xo.

HenceS = {(x2,x2) € R? | x, € R}, thediagonalin R%. Now (y1, y2) = ®(xo, xp) =
(—x2, x2) satisfiesy? = x3 = y,, whichimplies

P=®S)C{yecR?|y2—y,=0}=:P.

Corversely if y2 = y,, thenwe have y, > 0; hencethereexists x, € R satisfyingy, = x3.
Theny? = x3, having asolutiony; = —x», thatis, y = ®(x2, x2). It followsthatP c P and
thereforeP = P.

Indeed,giveny € V, the systemof equationst; + x» = —2y; andxix, = y, for x € R?is
equivalentto the systemx? + 2y1x; + y; = 0 andx, = —x; — 2y;. Thelatter systemhasa
solutionx € R?\ S, because e V representthewell-known discriminantriterionfor p(X, y)
having two distinctrealroots. Hencey = ®(x), andthereforey € L(x1) N L(x2) with x1 # x».

Considery € L(xz) N P. Accordingto part(iv) the conditiony € P impliesthe existenceof
X» € R suchthaty = ® (X5, X»). Furthermoretheconditiony € L(x,) now gives

0= x% — ZXZ;Z + f% = (x2 — 3(42)2, SO Xp = ’)?2, hence y = D (x2, x2).

Thetangentine of P at ®(x,, x,) isthesetof y € R? satisfying

(21, ~1) () =—@un+ =0
y= (_xz’ xz) Y2

Asaconsequencé¢hegeometridangentine of P at® (xy, x,) equaly y € R? | 2xpy1+y, = ¢}

wherec € R is determinedby ¢ = —2x3 + x3 = —x2; in otherwords,the geometrictangent

line equalsL (xy).



(vii) A pointy e L(x,) satisfies

Y2 = —2xpy1 — X3, SO y2—yi=—(F+ 200+ x) = —(y1+x2)? < 0.

ThisyieldsthatZ(x,) C V U P. Furthermorey € P if andonlyif y; = —xy; buttheny, = x2,
thatis, y = ®(x2, x2). We have provedthattheline L(x,) liesatonesideof the parabolaP and

intersectsP in the point ® (x», x2), andthis provestheclaim.

(viii) Obvious.



