Exercise 0.1 (Wave equation in R?). DefinetheopensectorU ¢ R? andthedifferentialoperator]
onR? by
U={(xnx)eR, xR ||x2]<x1} and [0 =D?- D3

FurthermoreconsideranarbitraryC* function¢ : R? — R with compactsupport.In two different
wayswe will prove thefollowing identity:

*) ‘/D¢anu=2mm.
U
. . 1 11
For thefirst proof, definew € Mat(2, R) by ¥ = 7§< 11 )

(i) Shawv thatw e SO(2, R) andverify that ¥ is the rotationin R? by the angle—7 aboutthe
origin. Deducethat¥ : R? — R2?isaC> diffeomorphisnwith thepropertyl = ¥ (V) where
V = R2. Provethat DW (y) = ¥ andcomputedetDW¥ (y), for all y € R2.

(i) Writegp o W = 5 : R? — R andusethechainrule to prove thefollowing identity of mappings
R2 - Lin(R, R?):

<5ﬁ> <m¢> (DJ)
~ = oV =y o conclude
D¢ D¢ D2¢

— 1 . -

D;¢p = E((_l)lilDl + D3)¢ 1<i<?2.

Next applythelatteridentity with ¢ replacedoy D;¢, with 1 < i < 2 respectrely, anddeduce
(O¢) oW = 2D1D»p : R2 - R.
Whichtheoremis neededn the proof of thelastidentity?

(iii) Onthebasisof parts(i) and(ii) aswell asthe Fundamental heoremof Integral Calculuson R
shaw thattheidentity in (x) applies.

(iv) UsetheDifferentiationTheorento prove thatasolutionu of theinhomogeneous wave equation
Ou = ¢ in R? is givenby

u:R>>R  with u(x)=/¢(x—§)d§.
U

In the subsequenparts(v) through(vii) we give a second,independentproof of (x) by meansof
Greens Integral Theorem.To this end,considerthevectorveld

D¢

D1¢):R2—>R2, with S=(01)eMat(2,R).

f=Sgrad¢=( 10

(v) Provetheidentity curl f = O ¢ of functionson R?.
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(vi) Shaw thatapositive parametrizationy : R — 0oU is givenby

yo = (") ser),

wheresgndenoteghe signfunction. Next, verify

Dy = (%)) en  sDye) = -—sgne)Dy) R\ (0.

andconcludeon accountof thechainrule
d(¢oy)
ds

—Sgr(s) (s)=(foy,Dy)s)  (seR\{0).

(vii) Usethecompactnessf thesupporiof ¢ to shav thattheidentityfrom Greens Integral Theorem
appliesin caseof the unboundedpensetU andthevectorfield f, andconcludeon the basis
of thisidentity andparts(v) and(vi) that (x) follows.

Solution of Exercise 0.1
(i) Wehave

\D,w:}(l _1)< L 1):1 and detxp:%(lﬂ):l.

2\1 1 -1 1

cosa —Sina
Sina COSu
—sina = %ﬁ hencew = —Z. In particular ¥ € Aut(R?), whichimpliesthat¥ : R? - R?
is a C> diffeomorphism.DW(y) = W follows from W € End(R?), andsodetDW¥ (y) = 1, for
ally e R?.

Accordingly ¥ € SO(2, R) andthereforeit is of theform ( ) thatis, cosa =

(i) Thechainrule,transpositiorandthe orthogonalityof ¥, successiely, imply

D(poW) = (Dp)o W DW¥, = gradp = (DV) (grade) oV,

— gradp = (grade) o W = (D)) *gradp = W grads.
As aconsequence/e obtain,for 1 <i < 2,
1
V2

= (O¢) oW =((Di+ D)’ — (=D1+ D2)%)¢ = 2D1 D2,

~ . —~ 1 . ~
D¢ = —=((~1"'D1+ Do) Dy = S((=1)' "Dy + Dy)%9,

wherewe usedTheorem?2.7.2on the equalityof mixed partialderivatives.

(i) Infact,the Changeof VariablesTheorem6.6.1andTheorem6.4.5imply

/D¢<x>dx=/ D¢(x)dx=/(D¢)o\ll(y)|detDlIJ(y)|dy
U w(v) %

= 2/ / D1(D2$) (1, y2) dyrdys = —2/ D2 (0, y2) dy;
R, JR, R,

= 26(0) = 2¢((¥(0)) = 2¢(0).



(iv) Onthestrengthof the DifferentiationTheorem?2.10.4we have, for all x € R?,

Dlt(x)=/ Dx¢(x—€)d€=/(D¢)(X—S)d?§=¢(x—0)=¢(X)-
U U

(v) Inthenotationof Formula(8.20)andLemma8.3.10.(iii) we have
01 0 -1 1 0 —
s=(10)=(1 o)lo —1)=7"
SinceJ € SO(2, R)

curl f = div(J' f) = div(J' Jgrade) = div(gradp) = (D? — D3)¢p = O ¢.

(vi) Differentiationgivestheformulafor Dy(s) uponnoticingthatsgnis alocally constanfunction.

v(y(s)) = —( sgrl(s) ) andaccordingly

“1 sgrs) | _
s o (_2>o.

Thereforey : R — 09U is apositve parametrizationWe have

dettv oy | Dy)(s) = |

SDy(s) = ( Sg_n(ls) ) = sgr)( %9 ) = —sgns) Dy(s).

We now obtainby meansof thechainruleandS’ = S, for s € R\ {0},

d(¢oy)

W = D¢(y(s))Dy(s) = —sgnis)(grad¢(y(s)), SDy(s))

= —sgn(s)((Sgrade) o y(s), Dy(s)) = —sgn(s)( f oy, Dy)(s).

(vii) Onthebasisof Greens Integral Theorem8.3.5andthe compactsupportof ¢ we find

/D¢<x)dx =/curlf(x>dx=/ <f<y),d1y>=f<foy,Dy>(s>ds
U U U R

0 ,
= —Sgr(s)/ d(¢oy)(S)ds=/ d(q;o))(s)ds
R

ds oo s

*d(po
_/O ((Z Y ()ds = ¢(y(0)) — (= ¢(y(0))) = 26(0).

s



