
Exercise 0.1 (Wave equation in R2). Definetheopensector
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R2 andthedifferentialoperator�
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Furthermore,consideranarbitrary ��� function � � R2 ! R with compactsupport.In two different
wayswewill prove thefollowing identity:
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(i) Show that ) � SO
�
2 � R  andverify that ) is the rotation in R2 by the angle �,+4 aboutthe

origin. Deducethat )-� R2 ! R2 is a � � diffeomorphismwith theproperty
�.� ) �0/  where/1�

R2� . Prove that
� ) ��2  � ) andcomputedet
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2 � R2.

(ii) Write �43�) � �5� R2 ! R andusethechainrule to prove thefollowing identity of mappings
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Next applythelatteridentitywith � replacedby
�87 � , with 1 <?=@< 2 respectively, anddeduce
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Which theoremis neededin theproofof thelastidentity?

(iii) On thebasisof parts(i) and(ii) aswell astheFundamentalTheoremof IntegralCalculuson R
show thattheidentity in

��"  applies.

(iv) UsetheDifferentiationTheoremto provethatasolutionA of theinhomogeneous wave equation�%A � � in R2 is givenby
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  � $ � �#
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In the subsequentparts(v) through(vii) we give a second,independent,proof of

��"  by meansof
Green’s IntegralTheorem.To thisend,considerthevectorveld
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(v) Prove theidentity curl
G � �%� of functionson R2.
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(vi) Show thatapositiveparametrization
2 � R !KJ � is givenby
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wheresgndenotesthesignfunction. Next, verify
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en
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andconcludeonaccountof thechainrule
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(vii) Usethecompactnessof thesupportof � to show thattheidentityfrom Green’sIntegralTheorem

appliesin caseof theunboundedopenset
�

andthevectorfield
G

, andconcludeon thebasis
of this identityandparts(v) and(vi) that

�#"  follows.

Solution of Exercise 0.1

(i) Wehave
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Accordingly ) � SO
�
2 � R  andthereforeit is of theform

cosZ � sin Z
sin Z cosZ , thatis, cosZ �

� sin Z � 1
2
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2, henceZ � �,+4 . In particular, ) � Aut
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R2  , which impliesthat )[� R2 ! R2
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(ii) Thechainrule, transpositionandtheorthogonalityof ) , successively, imply�\� �R3�)  �T��� �  3�) � ) � �	] grad� �T�#� )  X � grad�  3�) �
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As aconsequenceweobtain,for 1 <>=�< 2,
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whereweusedTheorem2.7.2on theequalityof mixedpartialderivatives.

(iii) In fact,theChangeof VariablesTheorem6.6.1andTheorem6.4.5imply
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(iv) On thestrengthof theDifferentiationTheorem2.10.4wehave, for all
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(v) In thenotationof Formula(8.20)andLemma8.3.10.(iii)wehave
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(vi) Differentiationgivestheformulafor
�82L��M  uponnoticingthatsgnis alocally constantfunction.m ( 2L�#M  ) � � 1
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Therefore
2 � R ! J � is apositiveparametrization.Wehave
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(vii) On thebasisof Green’s IntegralTheorem8.3.5andthecompactsupportof � wefind
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