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1 The Theorem of Frobenius

Let M be a finite-dimensional smooth manifold and let H be smooth vector subbundle of TM.
If o/, 1 < i <, are smooth one-forms on M which at each point are linearly independent, then
the

l
H,, = ﬂ ker o* (1.1)
i=1

define a smooth codimension [ vector subbundle of M, and every smooth codimension k vector
subbundle H of TM is locally of this form. In the 19th century terminology, one-forms were called
Pfaffian forms and the vector subbundle H in (1.1) was called the Pfaffian system o’ =0, i <i < .

If v is a smooth vector field on M, then we will write v C H if v,, € H,, for every m € M.
This notation is literally correct if we view the section v of TM as a submanifold of TM, i.e. we
identify v : M — TM with v(M) C TM.

If u,v € X(M), w C H and v C H then we have that for every point m € M the element
[u, v](m)+ H,, € T,, M/H,, depends only on the values u(m) and v(m) of u and v at the point m,
respectively. This is a little surprising because [u, v](m) definitely depends also on the first order
derivatives of u and v at the point m. In order to prove the Lie brackets modulo H,, only depend
on u(m) and v(m), we can use the formula

iy, o) @ = Ly (ly @) =iy (Lua) = Ly (v @) =1y (d () — iy (lu (d ),

which holds for any u, v € X(M) and a € QY (M). If u C H,v C H and a« = 0 on H, then i, a = 0,
i, = 0 and we conclude that

a([u, v]) = —(da)(u, v). (1.2)

Because at a given point m € M the right hand side of (1.2) only depends on u(m) and v(m), and
the left hand side at the point m measures [u, v](m) modulo H,, if we let o run through the o’ of
the local Pfaffian system, the statement is proved.

The statement means that, for every m € M, there is a mapping a, b — [a, b] /Hy, from Hp, x Hy,
to Ty, M/H,y,, called the Lie brackets modulo H,, on Hy, X H,,, such that

[u, v)(m) + Hyp = [u(m), v(m)];m,, (1.3)

for every pair of smooth vector fields © and v on M which are contained in H. It follows from
(1.3) that the Lie brackets modulo H,, define an antisymmetric bilinear mapping from H,, x H,,
to Ty, M/ H,,, which moreover depends smoothly on m € M.

An integral manifold of H is a smooth submanifold I of M such that T; I = H; for every i € I.
H is called integrable if for every mg € M there is an integral manifold I such that mg € I.

Theorem 1.1 (Frobenius) H is integrable if and only if [u, v] C H for every pair u, v € X (M)
such that w C H and v C H. In other words, if and only if, for every m € M, the Lie brackets
modulo H,, on H,, X H,, vanish. If H is integrable then for every mg € M there exists a diffeo-
morphism ® from an open neighborhood My of mg in M onto an open subset of R™ x R, such
that, for each m € My, (T, ®)(Hy) = R™ x {0}.

Proof If I is an integral manifold of H and v C H, v C H, then u|; C TI and v|; C TI, which
implies that [u, v]|; = [u|r, v|;] € TI C H. This proves that if H is integrable, then v C H and
v C H implies that [u, v] C H.



In order to prove the converse, let mg € M. If n = dim H,,,, we can find an open neighborhood
U of mg in M and functions 2/ € F(U), 1 < j < n, such that the restrictions to H,,, of the linear
forms (dz?)(myg), 1 < j < n, are linearly independent. It follows that the m € U, such that the
(dz?)(m)| g, are linearly independent, form an open neighborhood V' of mg in U. Write 8 =0

when i # j and 5{ = 1 when ¢ = j. Then, for each m € V, there are unique vectors v;(m) € H,,
such that ' ‘
(dz?)(m)vi(m) = 6], 1<i,j<m, (1.4)

and v;(m) depends smoothly on m. In other words, v; € X(V), v; C H and v; 27/ = 55

Because the functions 6g are constant, we have [v;, v;] 2 = v; (vj 2%) —v; (v; 2F) = v; 5;‘?—vj 6k =
0. Now assume that H satisfies the integrability condition that u, v C H = [u, v] C H. It follows
from (1.4) that the vectors v;(m) are linearly independent, hence they form a basis of H,,. Therefore
there exist functions cfj on V such that [v;, v;] =Y 1, cf“'j v on V. This implies that, for every k,
0= [v, vj]ak =31, c?j vp ok =30, c?j ok = cfj, and therefore [v;, v;] =0 on V.

If dim M = n + 1, then we can find a smooth mapping ¢ from an open subset Y of R! to M ,
and yo € Y such that 1(yg) = mo and Ty M = Hypy + Ty (RY). Then

Ut .t y) = oL ol (Y (y))

defines a smooth mapping ¥ from an open neighborhood of {0} x Y in R™ x Y to M such that
T(0,y0) ¥ is invertible. In view of the inverse mapping theorem we obtain an open neighborhood
Z of (0, yo) in R™ x Y such that ¥|z is a diffeomorphism from Z onto an open neighborhood M)
of mg in M. _

Because the vector fields v; commute, the flows e’ % commute. Using this, we obtain for every
1 < i < nthat OU(t, y)/Ot' = v;(V(t, y)). This proves the last statement of the theorem if we take
d=0v"l O

Remark 1.1  Theorem 1.1 is named after Frobenius because of the article [19], in which he
reviewed previous proofs and gave a proof of his own. His oldest reference is to Deahna [13], which
paper I did not understand when I read it. According to Samelson [30], Deahna’s necessary and
sufficient condition, ”pushed a little”, is that if H is given by (1.1) and if v € X (M), v C H, then,
at each point x and for each i, £,a’ is a linear combination of the a/. (The paper [30] was pointed
out to me by Joop Kolk.) Frobenius also referred to Clebsch [11], who reduced the problem to
the case that H has a basis of commuting vector fields, which case had been solved by Jacobi [22,
pp. 257-263]. However, Jacobi did not use the commuting flows of the commuting vector fields,
this idea had to wait for Lie [26]. In our proof we presented Clebsch’s construction of a basis of
commuting vector fields in H. %)



2 Connections

Let m : M — X be a fibration of the smooth n + [-dimensional manifold M over the smooth
l-dimensional “base” manifold X, with smooth n-dimensional fibers M, := 7~ '({z}, z € X. An
(infinitesimal) connection for m is defined as a codimension  smooth vector subbundle H of TM
with the property that, for each m € M, H,, is complementary to the tangent space ker(T,, 7) of
the fiber My (,,,) through the point m. In formula:

T M = H,,, ® ker(T,, m), m e M. (2.1)

Because the fibers usually are thought of as vertical, H,, is called the horizontal subspace of T, M
at the point m.

If H would be integrable, then the integral manifolds would at least locally be sections of the
bundle, intersecting each fiber at precisely one point. Mapping the point m in the fiber M, to the
intersection point with M, of the integral manifold through m, we would obtain an identification of
M, with M,, and if everything would work globally, we would in this way have connected every fiber
M, to every other fiber M, in a unique fashion. However, in general H will not be integrable and it
is for this reason that H is called “only an infinitesimal connection”. For a somewhat more specific
explanation of the names “infinitesimal connection” and “connection”, see Remark 4.1 below. It is
a consequence of (2.1) that the restriction to H,, of T, 7 is a linear isomorphism from H,, onto

Tr(my M. Tt follows that for each m € M there is a unique vector vy, (m) € Hy, such that

T (vhor(m)) = v(m(m)). (2:2)

The vector field vy, on M is called the horizontal lift of v with respect to the connection H. It
is smooth when v is smooth and v — vy, is a continuous linear mapping from X' (X) to X(M).
Moreover, if 7y is a solution curve in M of the differential equation dm/dt = vpop(m), then § := o~y
is a solution curve in X of the differential equation dz/dt = v(z), which implies that

moeltho =etVor, (2.3)
This implies in turn that
T 7 ([Unors Vhorl (M) = [u, v)(w(m)), u, ve X (M), me M. (2.4)

It follows that, for every x € X, a, b € T, X and m € M,, there is a unique vector R;(a, b)(m) €
Ty (M), such that, for every u, v € X(X),

— Ry (u(z), v())(m) = [unor, Vhorl(m) = [u; vlngr(m). (2.5)

Note that, for every x € X and a, b € T, X, R;(a, b) : m — Ry(a, b)(m) is a smooth vector field
on the fiber M, over x, and it depends in an antisymmetric bilinear way on a, b € T, X. R is called
the curvature of the connection H, where the minus sign in (2.5) has been introduced in order to
get agreement with formula (3.7) below. It is clear from the definition that R = 0 if and only if H
is an integrable vector subbundle of TM, in which case the connection H is called flat.

Remark 2.1 In the proof of Theorem 1.1, we introduced a local fibration (z!, ..., 2"): M — R"
such that H is a connection in this fiber bundle. In this terminology the vector fields v; are equal to
the horizontal lifts v; = (&;)por Of the constant vector fields e; in R™, in which e;, 1 < i < n, denotes
the standard basis of R™. If H is integrable, then [upor, Vhor] = [4, U]hor for any u, v € X (M).
Because [e;, €] = 0, this shows in another way that [v;, v;] = 0. %)



3 Covariant Differentiation

Let m : M — X be a vector bundle, meaning that the fibers M,, x € X are [-dimensional vector
spaces. More precisely, the local trivializations of M are diffeomorphisms 74 : 71 (Uy) — Ua x R},
in which the U, form an open covering of M and, for any o and (3, the retrivialization g0 7, is a
diffeomorphism from (U, N Ug) x R! onto itself of the form

(z,y) = (2, (18a(2))(¥)), (3.1)

in which 734 (z) is an invertible linear transformation of R! which depends smoothly on x € U,NU, 3

Now assume that H is a given connection in M. Let s is a smooth section of the vector bundle
m: M — X, meaning that s is a smooth mapping from X to M such that 7 o s is equal to the
identity in X. Then, for every z,€ X and v € T, X, we define the covariant derivative V,s(x) of
s at x and in the direction of the vector v, as follows. Because

TozymoTes(v) =Ty(ros)(v) =,

and (Ty) 7)(Vhor(s(7))) = v, it follows that (Tys)(v) — vper(s(x)) belongs to ker Ty m =
Ty(z) Mz, the tangent space at s(x) of the fiber M, over the point x. However, because M,
is a vector space, we can use the natural identification of all tangent spaces of M, with M,, and

define
Vus(x) :=(Ty s) (v(x)) — vpor(s(x)) € M. (3.2)

In particular, if v € X(X), then Vys : x +— V;)s(r) is a smooth section of M again, which is
called the covariant derivative of s with respect to the vector field v. If T'(M) denotes the space of
all smooth sections of 7 : M — X then, for every v € X(X), the covariant derivative V,, : s — V,s
with respect to v is a first order partial differential operator acting on I'(M).

The fact that M is a vector bundle makes the space of sections I'(M) into a vector space. The
connection H is called a linear connection if all the covariant derivatives are linear operators. In
order to investigate when this holds, we use a local trivialization of M and local coordinates in X
in order to pass to the situation that X is an open subset of R", M = X x R! and 7 : (x, y) — y.
In this situation, we write the connection H as

Hg ) = {(v, A(z, y)v) |[v e R"} (3.3)

for unique linear mappings A(z, y) : R” — R! depending smoothly on (z, y). It follows that
Vhor(8(2)) = (v, A(z, s(x))v). This leads to the formula

(Vys)i(x) = Z 8x Z Az (x, s(x
j=1 3

for the covariant derivative. It is clear that the covariant derivatives are linear operators if and
only if the matrices Aj(z, y) depend linearly on y, i.e.

l
AZ (x, y) Z (3.4)
=1



for some coefficients F;h(x) which depend smoothly on z, and which are called the Christoffel
symbols of the connection H, with respect to the given local trivialization of M and local coordinates
in X, respectively. The minus sign in (3.4) is chosen in order get a plus sign in the formula

n i - . n 1 ' '
(Vys)i(z) := ag—ﬂg) v+ Z Z [y () v’ s*(z) (3.5)

j=1 J j=1k=1

for the covariant derivative.

The Christoffel symbols depend sensitively on the choice of the local trivialization of the bundle
and the local coordinates in the base manifold. The Christoffel symbols do not even transform as
a tensor, cf. Lemma 7.1 below.

It follows from (3.5) that the covariant derivative with respect to a linear connection satisfies
the Leibniz rule for covariant differentiation

Vo(fs)=(f)s+ Vs, veXX), feF(X), seD(M) (3.6)

in which v f denotes the derivative of the function f in the direction of the vector field v

In general, an operator V : (v, s) — Vs : X(X)xT'(M) — T'(M) is called a covariant derivative
if, for every v € X (M), s — Vs is a linear mapping from I'(M) to I'(M) which satisfies the Leibniz
rule (3.6) and, for every s € I'(M), v — V,s is a linear mapping from X (X) to I'(M) such that
Vivs = fVys for every f e F(X), v e X(X) and s € I'(M). It is easily verified that for every
covariant derivative V there is a unique linear connection H in M such that V is equal to the
covariant derivative defined by H.

Another direct calculation in terms of Christoffel symbols shows that, for every u, v € X(X),
sel'(M) and x € X,

(VulVi8) = Vo(Vus) = Viu,y8) () = Ra(u(z), v(z))(s(2)), (3.7)

in which R is the curvature of the connection introduced in (2.5). The operator acting on sections
s of M which appears in the left hand side,

R(u, v) == [V, Vo] = Vi, o, (3.8)

is called the curvature operator R. A priori it is a second order linear partial differential operator,
but the formula (3.7) shows that it actually is of order zero. Often (3.7) is presented as the definition
of the curvature R of the connection H.

Remark 3.1 The idea of a connection and of parallel transport, cf. Section 4 below, has been
introduced by Levi-Civita [25], for the Levi-Civita connection in a (pseudo-)Riemannian manifold
(X, B8). See Section 4 and 7 for the definition of parallel transport and Levi-Civita connection,
respectively.

After various generalizations by, among others, Hermann Weyl and Elie Cartan, the general
definition which we have presented here was given by Ehresmannn [18]. ©



4 Parallel Transport

Let m: M — X be a smooth bundle with smooth connection H and let v : I — X be a smooth
curve in X, in which I is an interval in R which contains at least two points. A smooth curve
0 : I — M will be called a horizontal lift of v if

i) mod =1, ie 6(t) € My for every t € I, and
ii) For every t € I we have that §'(t) € Hs().
In a local trivialization M ~ U X Y,
Hg oy ={(v, A(z, y)v) [v € T, X}

z,y)

for a unique linear mapping A(z, y) from T, X to T, Y, depending smoothly on (z, y) € U x Y,
cf. (3.3). The condition i) means that 6(t) = (v(¢), €(t)) for a smooth curve € in Y, whereas the
condition ii) is equivalent to

D A, ey 2,

which is a time-dependent ordinary differential equation for the curve € : I — Y of the form

de(t)
dt

= f(t, €(t)), (4.1)

if we write
[t y) == A(y(D), v) dz—y)-
It follows from the theory of ordinary differential equations, cf. [12], that for everya € I and y € Y
the equation (4.1) has a unique maximal solution e(t) = €,(t), defined for ¢ in an open interval I,
in I containing a, such that e(a) = y. Moreover, U := {(t, y) |y € Y, t € I,;} is an open subset of
I x'Y containing {a} x Y and (¢, y) — €,(t) is a smooth mapping from U to Y. Finally, if I,, # I,
for instance T' = sup I,, € I \ I, then for every compact subset K of Y there exists an b < T' such
that e(t) € Y\ K for every b < ¢t < T. In other words, the horizontal lift is not defined on the whole
interval I if and only if it runs to infinity in the sense that it runs out of every compact subset of
the fiber.

In the bundle M, this implies that for every a € I and y € M, the curve v has a unique
maximal horizontal lift ¢, which is defined on an open interval I, in I. The set

U:= {(tv y) ‘ yE M’y(a), te Iy}

is an open subset of I X M), (t,y) — &,(t) is a smooth mapping from U to M, and I, # I if
and only if 0, (t) runs out of every compact subset of M before ¢ reaches the boundary of I. Note
that for every compact subset J of I we have that the w(d,(t)) =~(t), t € J, stay in the compact
subset (J) of X, which means that this running to inifinity has to take place “in the direction of
the fibers of M”.

We say that H allows lifting if for every smooth curve v : I — X, a € [ and y € M, there
exists a lift 6 = 0, : I — M of ~ such that §(a) = y.



Lemma 4.1 Let H be a connection in the fiber bundle M over X. Then H allows lifting if for
every smooth curve v : I — X, in which I is an interval in R, the following condition is satisfied.
For every b € I there exists an open interval J, in I such that b € Jy and such that for every
z € M,y there exists a horizontal lift 6y . = Jy — M of 7|, such that 6, .(b) = z.

Proof Leta € l,y€ My, andlet 6 : I, — M denote the maximal horizontal lift such that
d(a) = y. We have to prove that I, = I. Suppose that T'=sup [, € I\ I, we will prove that this
leads to a contradiction. The case that T'=infI, € I \ I, can be treated similarly.

There exists a b € I, N Jr. We have 9 54)(b) = d(b) and it follows from the uniqueness of
solutions of ordinary differential equations with the same initial values that d§, 54)(t) = 6(¢) for all

t € I, N Jr. But this implies that d; 53) and ¢ have a common extension § to I, U Jp, which is

a horizontal lift of v such that 6(a) = y. It follows that I, U Jr C I, in contradiction with the
definition of 7. O

If the connection allows lifting, then the lifting is unique and (¢, y) — §,(t) is a smooth mapping
from I x M,y to M. Moreover, 6,(t) € M, for every t € I. The mapping Yty dy(t) is a
smooth mapping from M,y to M, ), which is called the parallel transport from the fiber H.q) of
H over ~y(a) to the fiber H.y of H over ~(t), along the curve v in X. Because obviously hfy’a is a
two-sided inverse of 25", h%* is a diffeomorphism from H,, onto H..

Remark 4.1 One says that parallel transport establishes a connection of M.,y with M., which
is obtained by integrating the infinitesimal connection H along the curve 7. %)

The lifting can be extended to piecewise smooth continuous curves in X. It is clear that the
parallel transport along the concatenation “vyo after ~1” of the curves y; and -, in which the
endpoint of 7 is equal to the initial point of 9, is equal to the composition h., o h,, of the parallel
transports. If v is a loop based at x, a closed piecewise smooth continuous curve v : [a, b] — X
such that y(a) = z and 7(b) = z, then h%’b is a diffeomorphism from H, onto itself. The set
Loop(X, x) of all loops based at x is a group with the concatenation of loops as the product
structure, and h : vy — h%’b is a homomorphism from Loop(X, x) to the group Diffeo(M;) of all
diffeomorphisms of M,, with the composition of mappings as the product. This homomorphism A
is called the holonomy representation of Loop(X, z) in Diffeo(M,). The image h(Loop(X, x)) is a
subgroup of Diffeo(M,,), called the holonomy group in M,. Of course, everything being defined by
the connection H in M which allows lifting.

Proposition 4.2 FEvery linear connection H in a vector bundle M over a manifold X allows
lifting. For every x € X, the holonomy group is a subgroup of GL(M,), the group of all linear
transformations in M.

Proof The differential equation (4.1) takes the form

in which

3

oo



cf. (3.4). For a linear system of ordinary differential equations with coefficients depending con-
tinuously on ¢ we have local solutions. Moreover, if e;, 1 < i < [, form a basis of M, ), then
the intersection Iy of the intervals of definition of the horizontal lifts ¢; such that §;(b) = e; is an
open interval in I which contains b. Using the linearity of the system of differential equations for
horizontal curves, we have the superposition principle which says that for any z = 22:1 c; e; the
curve § : t — Zizl ¢; 0;(t) defines a horizontal curve é on Iy such that 6(b) = z. Using Lemma 4.1
we may therefore conclude that H allows lifting.

The second statement follows because the aforemntioned superposition principle implies that
in the local trivializations the parallel transports are given by linear transformations in R O



5 The Frame Bundle

Let M be a smooth vector bundle over X. If f;, 1 <i </, is a basis of M, then

l
f!Cl—)ZCifi
=1

is a linear isomorphism from R! onto M, which we will call a frame in M,. If e;, 1 < i < [, denotes
the standard basis of R, then f; = f(e;), which shows that we have a bijection between the set of
all bases in M, and the set F M, of linear isomorpisms from R! to M,.
The f € FM, will be called the frames in M,. The group G = GL(l, R) acts on P, := FM,,
by means of
gp [ fog™h, (5.1)
and this action is proper, free, and transitive. The FM,, x € X together form a smooth fiber
bundle FM over X, called the frame bundle of M. On FM the aforementioned action of G is
proper and free. Because the G-orbits are the fibers FM,, z € X of the bundle 7 : FM — X, it

follows that P := FM is a principal GL(I, R)-bundle of which the orbit space is identified with X.
If f € FM,, then ¢,(f) := f(e;) € M,, and

e: f(e(f),...,alf))

defines a diffeomorphism from FM onto an open subset V of the fiberwise I-fold Cartesian power
MO = {(yl, TR M | mi(yi) = mj(y;) for all i and j}

of M. More explicitly, M® is the vector bundle over X such that, for every z € X, Mggl) = (M,)".

The subset V of M® is defined by the property that, for every z € X, (Y1, -, y) €V N Mm(l) if
and only if the y;, 1 < i < [, are linearly independent in M, which is an open subset of M.

If H is a connection in M, then we define a corresponding connection H in FM, which we
denote by the same letter, by means of

Hy:={weTpFM)|Tre(w) € Hy, forevery 1<i<I}, feFM. (5.2)

As the intersection of the codimension [ linear subspaces (T se;) ! (Hy,) of T;(FM), Hy is a linear
subspace of T(FM) of codimension at most /%, and because dimFM = n + (2, it follows that
dimHy > n =dim X.

Furthermore, we have for every 1 < i < [ that mpy; = my o ;. Therefore, if w € Hy and
Tym(w) = 0, then we have for every 1 < i < [ that Ty, mpr o Tre(w) = 0, which implies
that Ty e;(w) = 0 because Ty e;(w) € H]]c\l/[ and the restriction to Hy, of Ty, mps is injective. In
turn Tre;(w) = 0 for every 7 implies that Tse(w) = 0, and therefore w = 0 because € is a
diffeomorphism. The conclusion is that the restriction to Hy of Tfmp), is injective, and because
dim Hy > dim X, it follows that this restriction is bijective and H y is complementary to the tangent
space ker Ty gy at f of the fiber. This completes the proof that (5.2) defines a connection in FM.

A smooth local section f of FM is a smooth mapping f : U — FM from an open subset
U of X to FM such that, for each z € U, f(x) € FM,. For each 1 < i < n we will write
filx) = f(x)(e;) = €;(f(x)), this defines a smooth local section f; of the vector bundle M, where

10



we have the property that for each € U the f;(x) form a basis of M,. A smooth local section of
FM was called a moving frame by Elie Cartan.

Let f be a moving frame, x € X and v € T, X. Then, according to, (5.2), T, f(v) € Hy if
and only if, for every 1 < i <, T, fi(v) € H fi(z)» Which in turn is equivalent to the condition
that (V,fi)(x) = 0 for every 1 < i <. This property characterizes the connection in the frame
bundle as the one for which, for every x € X and v € T, X, we have that V, f(z) = 0 if and only
if (Vyfi)(xz) =0 for every 1 <1i <|.

If g € G then
g 'e) =) Al (er)

1
k=1
for some constant matrix Af, and therefore

l
(fog™i=>_ Aff
k=1

If the connection H in M is linear, then (V, fi(z) =0 for all 1 <i < n implies that
(Vo(fog 1)) (xz) =0 for all 1 <i <. Therefore the linearity of the connection in M implies that
the connection H in the principal G-bundle P is G-invariant, in the sense that

(Tpgp)(Hp) = ng(p)’ pePl, ged. (5'3)

The mapping (f, ¢) — f(c) from M, x R! to M, is surjective. Moreover, we have f(c) = f/(c) if
and only if ¢ = g(c), in which g := (f')"'of € GL(l, R) = G. Because g := (f')' o f is equivalent
to f' = fog !t = g,(f), we obtain that the fibers of the mapping (f, c) — f(c) are equal to the
orbits of G on FM, x R!, where g € G acts on FM, x R! by means of (f, ¢) — (g, (f), g(c)).

In this way we obtain a smooth mapping from FM x R! onto M, which actually is a fibration
with fibers equal to the GL(I, R)-orbits in FM x R!, and this mapping leads to the identification

FM xgrory R 5 M (5.4)

of M with the associated vector bundle P x¢ Y, in which Y := R!.
Because the action of G on the fiber P, = FM, of P is free and transitive, the orbit

{95(f): 9,(c) | g € G}

is equal to the graph of a mapping S : P, — Y, which is uniquely determined by the conditions
that S(f) = ¢ and
S(gp(f)) = 9, (5(f)), g€G. (5.5)

One says that S intertwines the action of G on P, with the action of G on Y, or that the mapping
S : P, — Y is equivariant with respect to the action of G on P, and Y, respectively.

A section s of M is a mapping which assigns to each x € X and element s(z) of M,, whereas
now in turn s(z) is identified with a mapping from P, to V. Because P, is the fiber over z of P,
this leads to an identification of s with a smooth mapping S : P — Y which is G-equivariant in
the sense of (5.5). If we denote by F(P, Y)% the space of smooth mappings S : P — Y which
are which are equivariant in the sense of (5.5), then we obtain an identification of the space I'(M)
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of smooth sections of M with the linear subspace F(P, Y)¢ of the space F(P, Y) of all smooth
mappings from P to the fixed vector space V.

In order to express the covariant derivative of a section s of M in terms of the Y-valued function
S on P, We choose, for a given point xg € X. a local section f of the frame bundle FM which is
horizontal at the point xy, which means that

Tuo [Tz X) = Hyay)-

Because S(f) = f~!s(n(f)) for every f € F M, we have

l l

l
s(x) = f(z) S(f(x)) = f(z) [Z Si(f(w))(ei)] =D Silf(@) f@)(e) = ) Si(f(x)) filx)
1=1

i=1 i=1

for every z in the domain of definition of f. Here f; : © — f(z)(e;) is a local section of M. In view
of (3.6) we have for any v € X(X) that

l

(Vos)(z) = Y [(dSi(f(2)) To f(o(@)) filx) + Si(f (@) (Vo fi) ()] -

i=1

Because f is horizontal at the point xy we have that T, f(v(zg)) = vper(f(x0)), whereas the
definition of the connection in FM and again the fact that f is horizontal at the point xg implies
that (V,fi)(zg) = 0 for every 1 < ¢ <. We therefore have

l
(Vus)(x0) = Y (vhorSi) (o) fi(wo) = f(w0) (vnorS)(xo)-

i=1

Therefore, if we denote the section of the vector bundle M and the corresponding element of
F(P, Y)% with the same letter, we arrive at the conclusion that

Vs = Upor S, (5.6)

in which in the left and right hand side s is viewed as a section of M and an element of F(P, Y)¢,
respectively. In other words, covariant differentiation is equal to the ordinary differentiation in the
direction of the horizontal lift of the vector field in the frame bundle.

Conversely, for any G-invariant connection in P, the right hand side in (5.6) defines a covariant
derivative on sections of M, and therefore defines a unique linear connection in M, which induces
the connection in P. This leads to a canonical bijective correspondence

linear connections in M « G-invariant connections in P

12



6 Orthogonal and Unitary Frame Bundles

Now let (8, be an inner product in the fiber M, of M, depending smoothly on z € X. An
orthonormal basis of M, with respect 3, corresponds to an orthogonal linear mapping f from R/
provided with its standard inner product to M, provided with the inner product 3,. The space of
all orhtogonal linear mappings f : R} — M, will be denoted by OF M/,

Let O(l) denote the standard orthogonal group in R!. If ¢ € O(l) and f € OFM,, then
fog~!t € OFM,. This defines a proper, free and transitive action of O(l) on OFM,. The OFM,,,
x € X form a subbundle OF M of the frame bundle F A/, which is a principal O()-bundle, called the
orthogonal frame bundle of M. For many purposes it is advantageous to have a smaller structure
group, and especially the fact that the orthogonal group O(l) is compact (where GL(n, R) isn’t)
is often of great help. In the same way as in (5.4), we have an identification

OFM xop R 5 M (6.1)

of M with the associated vector bundle OFM X o R! with structure group O(n).

If H is a linear connection in M, then we have the induced GL(I, R)-invariant connection H in
FM, and if its restriction of H to OFM would be tangent to OFM, then it would automatically
define an O([)-invariant connection H in OF M, for which all the observations in Subsection 5 would
hold.

The restriction to OFM of the connection H in FM is tangent to OF M, if an only if, at every
point xg € X, every (,,-orthonormal basis fy in H,, can be extended to a local section of OFM, of
which the tangents at ¢ are horizontal. For this, it is clearly necessary that, whenever r, s € T'(M),
v € X(X) (Vyr)(xzog) =0 and (Vys)(zg) = 0, we have that (v(5(r, s)))(zo) = 0. We say that 5 is
covariantly constant with respect to the connection H if the latter condition holds.

We will now prove that if § is covariantly constant, then the restriction to OFM of the connec-
tion H in FM is tangent to OF M.

Proof (suggested to me by Erik van den Ban)

Let f € OFM, and w € Hy. Write v = Ty 7(w) € T, X. Choose a smooth curve v : I — X in
X, such that 0 € I, v(0) = x and +/(0) = v. For each 1 <4 <[, let §; be the horizontal lift of ~ in
FM such that 6;(0) = f(e;).

Because 0.(t) € H (%) and 3 is covariantly constant, we have

S By (0:(0), 0,(6) =0, 1<i,j<l, tel

It follows that 3, (di(t), d;(t)) is constant as a function of ¢, hence equal to its value at t = 0,
which is equal to 0 when i # j and equal to 1 when i = j. In other words, if f(¢) denotes the frame
in M, such that f(t)(e;) = d;(t), then we have for every ¢ € I that f(t) € OFM, which implies
that f'(t) € Ty (OFM). Because f(0) = f and f'(0) is equal to the horizontal lift w = vyq, of v
in T¢(FM), we conclude that w € T;(OFM). O

Under the identification of the sections of M with the O(n)-equivariant mappings from OFM
to R/, the inner product takes the standard form

B(r, s) = (r, s) (6.2)
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where in the left hand side r and s are viewed as sections of M, and in the right hand side we have
taken the standard inner product of the Rf-valued functions r and s on OFM.

Clearly (6.2) defines inner products 3, on the fibers M, of M which are covariantly constant
with respect to the connection in M defined by (5.6). It follows that the the restriction to OF M
of the connection in FM is tangent to OF M, if and only if the inner products on the fibers of M
are covariantly constant.

Another important version occurs if M is a complex vector bundle over provided with a Hermitian
structure h. This means that, for each x € X, H, is a complex vector space of dimension, say, [,
and h, is a Hermitian inner product on H, which depends smoothly on z. We then introduce the
set UFM,, of all complex linear mappings f : C' — M, which map the standard basis of C! to an
h-orthonorml basis. The UFM,, x € M form a smooth bundle UFM over X which is a principal
U(l)-bundle, where U(l) dentes the group of unitary transformations in C’. Furthermore, as in
(5.4) we have the identification

UFM xyq C' 5 M (6.3)

of M with the associated vector bundle UFM Xy C! with structure group U(n).

If H is a linear connection in M which is complex in the sense that s — Vs is a complex linear
operator, and if the Hermitian structure h is covariantly constant, then we obtain a U(n)-invariant
connection in UFM, in terms of which the covariant differentiation satisfies (5.6) (because it does
so in the bigger frame bundle). We also have the analogon

h(r, s) = (r, s) (6.4)

of (6.2) where in the left hand side r and s are viewed as sections of M, and in the right hand side
we have taken the standard inner product of the Cl-valued functions r and s on UFM.

Note that C' ~ R? and that U({) is a subgroup of O(2l) of quite smaller dimension:
dim U(I) = 12 and dim O(21) = (2 + 1).
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7 The Levi-Civita Connection

If M = TX is equal to the tangent bundle of X, then for every x € X the fiber M, = T, is equal

to the tangent space of X at x, and with the identification of all the tangent spaces of a vector

space with the vector space itself, also each tangent space T, M., v € M, is identified with T, X.

Let H be a linear connection in T X, which sometimes also is referred to as an affine connection

in X. if v, w € X(X), then V,w € X, and one can define the torsion T of the connection H by
means of the formula

T(v, w) :== Vyw — Vyv — [v, w]. (7.1)

On the other hand, any system of local coordinates (z1, ..., x,), which is a diffeomorphism
from an open subset U of X onto an open subset V' of R™, induces a local trivialization of TX, and
the covariant derivative is expressed in terms of the Christoffel symbols by means of the formula
(3.5), in which s = w and [ = n. It follows that T'(v, w)(z) only depends on v(z) and w(x)
and is given by the antisymmetric bilinear mapping 7'(z) : T, X x T, X — T, X which in local
coordinates is given by

3
3

l
T()(v, w) =Y Ty () (vjw — k) 3 ([ile) — D) o7 b, (7.2)

j=1k=1 j=1 k=1

where the second equation is obtained by interchanging the summation indices j and k in the terms
with the minus signs. The antisymmetric bilinear mapping 7'(z) : T, X x T, X — T, X is called
the torsion of the connection H at the point x.

Lemma 7.1 Let H be a linear connection in TX and let x € X. Then the following statements
are equivalent.

i) There exists a system of local coordinates in a neighborhood of x such that F;k(x) =0 for all
ndices 1 <1, j, k <n.

i) T(z) = 0.

iii) In any system of local coordinates in a neighborhood of x, we have I‘;k(m) = I‘fcj(x) for all
ndices 1 <1, j, k <n.

iv) In some system of local coordinates in a neighborhood of z, we have F;k(x) = I‘};j(x) for all
indices 1 <1, j, k < n.

Proof i) = ii) and ii) = iii) follow from (7.2), whereas iii) = iv) is obvious.
A diffeomorphism ¢ from an open subset U of R™ to an open subset V of R" induces the
transformation T¢ from TU = U x R™ onto TV =V x R"™ which is given by

(z, v) = (&(x), (DP(x))v),

in which

(o))’ =32 2000 1

k=1

15



is given by the Jacobi matrix of ¢.
It follows that the image of R™ x {0} under T, ,y(T¢) is equal to the space of all vecors
((Do(x)) u, Qu, v)) in R™ x R™, in which

n 62¢z j k
Z OxJ 8xk‘
Jik=1

and u ranges over u € R™. Now choose ¢ such that ¢(0) = 0 and D¢(0) = I. Then the Christoffel
symbols in the y-coordinates at 0 of the connection which is equal to the trivial connection R™ x {0}
in the z-coordinates are given by

. PHw)
PO5 = ~ eraek

=0

Because every symmetric matrix is equal to the Hessian (= second order partial derivative matrix)
of suitable smooth function, we obtain iv) = 1). O

Remark 7.1 It is trivial that for any smooth manifold M, m € M and linear subspace H,,
of T,, M, there exists a smooth submanifold S of M such that T,,S = H,,. If M is a smooth
fiber bundle over a smooth manifold X and H is a connection in M, then this implies that for any
x € X,y € M, there is a smooth section s defined in an open neighborhood of x in M, such that
s(z) = y and (Vys)(z) = 0 for every v € T, X. If we apply this to the frame bundle of a vector
bundle with a linear connection, then it follows that one can always find a local trivialization (=
local section of the frame bundle = moving frame) such that with respect to any local system of
coordinates all the Christoffel symbols vanish at the chosen point z € X.

If TX, then a local trivialization (= moving frame) is usually not induced by a local system of
coordinates. For instance, if T'(x) # 0, then it follows from Lemma 7.1 that there exists no system
of local coordinates in a neighborhood of = such that all the Christoffel symbols vanish at the point
x, whereas there always is a local trivialization of TX such that with respect to any local system
of coordinates all the Christoffel symbols vanish at x.

It is the extra freedom of allowing moving frames which are not constant in any system of
local coordinates which makes the moving frames of Elie Cartan such a flexible tool in differential
geometry. @

A linear connection H in TX (= affine connection in X) is called torsion-free if, for every z € X,
any of the equivalent conditions i) — iv) in Lemma (7.1) holds.

Now assumme that § is a pseudo-Riemannina structure on X, i.e., 8 is a smooth mapping which
assigns to every z € X a nondegenerate symmetric bilinear form on T, X. If, for each x € X, 3, is
positive definite, i.e. [, is an inner product on T, X, then ( is called a Riemannian structure on
X.

Remark 7.2 If dim X = 4 and the signature of G, is —1, —1, —1, 1, then 3 is a Lorentz metric on
a space-time manifold X of relativity theory. The v € T, X such that 8, (v, v) > 0 and 3,(v, v) <0
are called time-like and space-like, respectively, whereas the set of v € T, X such that 5,(v, v) =0
form the light cone. Particles with positive mass describe time-like curves, whereas particles which
travel with the speed of light, which have zero mass, describe curves which are tangent to the light
cone. %)
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In local coordinates (3 is given by

Bez(u, v) = Z Bij(z)u' v, (7.3)

i,7=1

in which the g;;(z), 1 < 4, j < n, form a nondegenerate symmetric n x n-matrix, depending
smoothly on x. It is a natural question to ask whether, for the given pseudo-Riemannian structure
B, and for any given point z, on can find a system of local coordinates such that all first order
partial derivatives at the point x of all the coeflicients [3;;(x) vanish, i.e.
M:O, 1<4, 4, k<n. (7.4)
8.%'k
Suppose that H is a torsion-free connection in TX such that § is covariantly constant with
respect to H. According to Lemma 7.1 there exists a system of local coordinates such that all the
Christoffel symbols of H vanish at the given point x. The condition that 3 is covariantly constant
at the point x then is equivalent to (7.4). It therefore follows from Theorem 7.2 below that for
the any pseudo-Riemannian structure 3, and for any given point z, on can find a system of local
coordinates such that all first order partial derivatives at the point = of all the coefficients (;;(x)
vanish.

Theorem 7.2 Let 8 be a pseudo-Riemannian structure on X. Then there exists a unique torsion-
free connection H in TX such that 3 is covariantly constant with respect to H.

Proof We work in local coordinates around z = 0. If ¢;, 1 <7 < n, denotes the standard basis in
R"™, then, for any a € R", the vector field v, defined by

n
vi(z) =a' - Z F;k ) aF
=1

is horizontal at the point x = 0. Here F;k = F;k(O) denote the Christoffel symbols of H at the
point « = 0. It follows that 3 is covariantly constant at x = 0 with respect to H if and only if, for
any a, b € R" and any 1 < k < n,

aﬁx(va(x)v Ub(x))

=0.
31‘k

z=0

Writing out these equations for a = e;, b = e;, in which the e;, 1 <7 < n, denote the standard
basis of R"™, we arrive at the equations

n n
Bijk = B Thi+ Y BipThs (7.5)
p=1 p=1
in which we have written §8;; = £;;(0) and f3;; 1= —8%“ S“) . It follows from (7.5) that
’ x =0
n n n n
Biki = Bk T+ > BipTh and B =Y Bull+ Y BTl (7.6)
p=1 p=1 p=1 p=1
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Using the symmetries 3;; = (;; and F;k = I’};j, we obtain from (7.5) and (7.6) that
Bij k — Bjk,i + Bri,j = 2 Z Bpj T7. (7.7)
p=1

If 39 (z) denotes the inverse matrix of the matrix 3;;(z), and if we rename the indices in order to
obtain an expression for F; i» then this leads to

é‘k(x) =3 Z 5@(95) i ok oxP

p=1

1 [aﬁk,,(:r) _ 0By (a) ﬁ‘ﬁjk(f’f)], 1<i, j, k<n, (7.8)

at x = 0. This proves the uniqueness in Theorem 7.2.

In order to prove that the system (7.5) of linear equations (for all 1 < 4, jk < n) for the
Christoffel symbols has a solution, we observe that the right hand side, viewed as a linear function
of the Christoffel symbols, defines a linear mapping L from Sym?(R")*®@R" to Sym?(R")* ® (R")*.
Because of the aformentioned uniqueness, the linear mapping L is injective, and therefore bijective,
because the source space and the target space have the same dimension. O

The unique torsion-free connection H in TX such that 3 is covariantly constant with respect to
H, of which the Christoffel symbols in local coordinates are given by (7.8), is called the Levi-Civita
connection of the (pseudo-)Riemannian structure 5. The curvature of this connection is called the
Riemannian curvature tensor of (X, [3).

Remark 7.3 Riemann introduced the concept of what nowadays is called a Riemannian structure
in his Habilitationsvorlesung in 1854 in Géttingen, cf. [29, XIII]. In it, he discussed the problem of
finding coordinates in which the Riemannian stucture § is the standard one of R™, and indicates
curvature as the obstruction to this, but without an formula for the curvature tensor.

In [29, XXII] Riemann proved that the first order derivatives of 3 can be made equal to zero
at a given point using suitable local coordinates, and introduced the curvature tensor R as the
obstruction for making the second order derivatives of 3 equal to zero at the given point. There he
also states, without further proof, that if R vanishes identically, then the Riemannian structure is
the standard one in a suitable coordinate system.

However, he had written this down in an article which had submitted in 1861 to the Academy
in Paris as his answer to a prize question, which had been posed in 1858 and withdrawn in 1868,
without an award. Riemann did not get the prize because the proofs were not sufficiently complete.
Due to health problems, Riemann never worked out the details in the way he had planned.

Knowing Riemann’s Habiliationsvorlesung but not Riemann’s prize memoir, Christoffel [10] and
Lipschitz [27] independently proved that the first order derivatives of the metric tensor can be made
equal to zero at a given point by choosing suitable coordinates, and that the curvature tensor R
is the obstruction to doing the same with the second order derivatives. Christoffel [10] also proved
that, for any k, the covariant derivatives up to the order k of R at x are the obstructions to making
all derivatives up to the order k + 2 equal to zero at .

Levi-Civita [25] introduced the parallel transport inthe tangent bundle TX with respect to
the infinesimal connection with the Christoffel symbols (7.8), and which since then is called the
Levi-Civita connection in the (pseudo-)Riemannian manifold (X, 3). @
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Remark 7.4 The covariant derivative can be used in order to define all kinds of linear partial
differential operators acting on sections of vector bundles, in terms of given differential geometric
structures on the bundle and the base manifold.

For instance, let (X, 3) be an n-diemsnional pseudo-Riemannian manifold and M is a vector
bundle over X with connection H. Let U be an opene subset of X and f;, 1 <7 <n, alocal frame
of vector fields in U. Define the dual frame of one-forms ¢/, 1 < j <n, by ¢/(f;) = &/. Then

Z B ¢Za ¢j <Vfl o ij - vV?,ﬁ) (7'9)

i, j=1

defines a second order linear partial differential operator action on sections of M (over U). Here
Vo : 8 — Vs denotes the covariant derivative with in the direction of the vector field v, regarded as
a first order linear partial differential operator acting on sections of M. The vector field v = V? fi
denotes the covariant derivative of the vector field f; in the direction of the vector field f;, with
respect to the Levi-Civita connection in TX defined by the pseudo-Riemannian structure .

The point of substracting the covariant derivative in the direction of v is that it makes the right
hand side in (7.9) independent of the choice of the local frame f;, 1 < i < n, and therefore (7.9)
leads to a globally defined second order linear partial differential operator A : T'(M) — T'(M),
acting on sections of the vector bundle M. If § is a Riemannian structure on X, then the operator
A is a Laplace operator, an elliptic second order linear partial differential operator, whereas A is a
wave operator if B has a Lorentz signature.

A first order linear partial differential operator D acting on I'(M) is obtained if we write

D=>"c(¢;)Vy, (7.10)

in which, for each x € X, ¢, denotes a linear mapping from (T, X)* to the space Lin(M,,, M,) of
linear mappings from M, to itself. In other words, ¢, makes M, into a (T, X)*-module. Here it is
even simpler to verify that the right hand side in (7.10) does not depend on the choice of the local
frame. This is particularly interesting if, for any & € (T, X)*, we have that

(€ =81 01,

in which I denotes the identity in M,. In this case D? has the same second order part as A, and
D is called a Dirac operator acting on I'(M). An example is the spin-c Dirac operator, which has
applications in symplectic geomtery, cf. [16]. The spin-c Dirac operator occurs also in the Seiberg-
-Witten theory, which led to a revolution in the theory of smooth four-dimensional manifolds, cf.
Morgan [28]. @
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8 Connections in a Principal Fiber Bundle

Now let G be any Lie group with Lie algebra g, and let 7 : P — X a principal G-bundle over X.
(See the course of Joop Kolk for the definition.) The fact that on each fiber P, of P the proper
action of G is free and transitive, implies that it is infinitesimally free and transitive, which means
that for every p € P, the linear mapping

ip): X — X, (p):g— Ty Py (8.1)

has zero kernel and is surjective, respectively, which together imply that this mapping is a linear
isomorphism. The mappings i(p) : g — T, P, = ker T, 7 are used to identify all the tangent spaces
of the fibers of P with one and the same Lie algebra g of G.

Now assume that H is a connection in P, i.e. for each p € P

TpP:Hp@keerﬂ&Hp@g.

Elie Cartan introduced the connection form of H as the g-valued one-form 6 such that, for every
p € P, 0, is equal to zero on H,, and equal to the identity on the tangent space of the fiber, identified
as above with g. In formula,

kerf, = H, and (8.2)
Op(Xp(p)) = X, Xe€ug (8.3)

In view of (8.2), the connection H is G-invariant if and only if

ker Ggp(p) =T,g, (kerf,), geG, peP.
One might think that this condition is equivalen tot the condition that 6 is G-invariant in the sense
that g7 6 = 6 for every g € G, but the situation is a bit subtler (and nicer) than that. It follows

from
g, 0 (etX) O9;1 _ (g ot X g_l) _ <et Adg(X)>

P P

P

that

gy o (etX) _ (et(Adg)(X)) 5 gp.
P

Evaluating this at p € P and differentiating the left and right hand side with respect to ¢t at t = 0,
we obtain that

P

Tp g, Xp(p) = (Adg)(X),(9,(p), 9€G, peP (8.4)

In view of (8.3) we therefore arrive at the conclusion that H is G-invariant if and only if the
connection form 6 is G-equivariant in the sense that

((95)0)p = (Adg)(0p), g€G, peP. (8.5)

Conversely, any smooth g-valued one-form 6 on P which satisfies (8.3) and (8.5) is called a
connection form on the principal G-bundle P.

Lemma 8.1 FEvery principal G-bundle over a smooth manifold X admits a connection form.
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Proof This is obvious if the G-bundle is trivial. X. For any locally finite covering of X with
open subsets U, such that 7=1(U, is a trivial G-bundle over U,, we have a connection form 6, on
77 1(U,). Let Yo be a smooth partition of unity on X which is subordinate to the covering U,,
i.e. for every a we have that y, € F(X) has a compact support which is contained in U,, and
Yo Xa=1on X. Then § := 3" Xa 0 defines a connection from on P. O

If 6 is a connection form on P, then (8.2) defines an invariant smooth connection in P, of which
0 is the connection form. It therefore follows from Lemma 8.1 that every principal fiber bundle
admits an invariant smooth connection.

If in (8.5) we substitute g = !X, t € R, X € g and we differentiate the left and right hand side
with respect to ¢t at t = 0, then we obtain the infinitesimal equivariance Lx,0 = (ad X) (). We
have

EXPH = d(iXP 9) + iXP (d@) =dX + iXP (d@) = iXP (d@),

where in the first, second and third identity we used the homotopy identity for the Lie derivative, cf.
Section 14, the formula (8.3, and the fact that X is constant, repectively. Therefore the infinitesimal
equivariance of 6 takes the form

ix,(df) = (ad X) (0), X €g. (8.6)
If we apply 6, to the left and right hand side of (2.5), we obtain in view of (8.2) and (8.3) that

HpRﬂﬁ(u(m)? v(z))(p) = _gp([uhor(p)7 Vhor(P)]) = (de)p(uhor(p)7 Vhor (P))s

where in the second identity we have used (1.2). In other words, if we use 6, in order to identify
the vertical space V), := T, P, with g, then the curvature applied to u, v € X(X) is given by the
g-valued function df(uyey, Vper) o0 P.

A g-form B on T), P is called horizontalif i, 3 = 0 for every v € V},. If avis any g-form on H,, then
there is a unique horizontal p-form § on T, P which agrees with « on (Hp)9. This form [ is called
the horizontal part oy of . Indeed, each v € T), P has a unique decomposition v = vy + vy with
vy € Hy and vy € V), which each depend linearly on v, and ape(v1, - .. vg) = (v, 4, -5 v, 5)
defines the unique horizontal extension 3 of a|m,xm, to (T, P)9.

Consider the g-valued two-form €2 on P which is defined by

Qu, v) = (dO)(u, v) — [0(u), 6(v)], u, ve X(P). (8.7)
Then, for each X € g,
(ix, Q)(v) = (ix, (d0))(v) = [0(X;), 0(v)] = (ad X) (0(v)) — [X, 6(v)] =0,

where in the second equation we have used (8.6), and in the last equation that (ad X)(Y) := [X, Y]
for any X,Y € g. Because Q agrees with df on H, x H, in view of (8.2), we conclude that
Q = (df)}or, the horizontal part of the exterior derivative of 6.

It follows also from (8.7), (8.5) and the fact that the exterior derivative commutes with pull-
backs, that the g-valued two-form € on P is G-equivariant in the sense that

(9,)"2=(Adg)Q, g€eG. (8.8)
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The G-equivariant horizontal g-valued two-form € is called the curvature form of the connection
H in P (or of the connection form 6 on P), and we have the identity

Hpr(u(x), U<x))(p) = Qp(uhor(p)7 Uhor(p))v u, v € X(X) (8'9)

Remark 8.1 The connection form and curvature form have been introduced by Elie Cartan 7,
pp. 383-390]. %)

Remark 8.2 According to the “Wu and Yang dictionary” between field theory in physics and
differential geometry, cf. [31], a “gauge type” is a principal G-bundle P, a “gauge potential” is
an invariant connection in P, given by an equivariant connection form 6 € (w!(P) ® g)©, and the
“field strength” is the curvature form € of the connection. The “gauge group” is the group G if
diffeomorphisms ® : P — P such that To® = 7 and $og, = g, o ® for every g € G. The
Yang-Mills equations are invariant under G, and the relevant fields are the G-orbits of solutions of
the Yang-Mills equations.

For base manifolds X which are compact and four-dimensional, Donaldson used the so-called
anti-self-dual connections modulo G in his study of the geometry of X, cf. [14]. %)
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9 Associated Vector Bundles

Now suppose that Y is a finite-dimensional vector space and p is a representation of GG in Y, i.e.
p is a homomorphism of Lie groups from G to GL(Y). In P x Y we have that action (p, y) —
(95 (), (p(9))(y)) of g € G. This action is proper and free, because the action of G on P is proper
and free. We denote by M := P x GY the space of all the orbits

G (p, y) = {(95(p); (p(9))(¥)) | g € G} (9.1)

of this action of G in P x Y.

We have G (p, y) = G (p/, ¢/) if and only if there exists a g € G such that p’ = ¢, (p) and ¢/ =
(p(g9))(y), which implies that w(p’) = m(p). therefore we have a well-defined mapping 7,, : M — X
such that 7, (G (p, y)) = 7(p), which is surjective, and in fact exhibits M as a fiber bundle over
X. In the sequel we will write 7 instead of 7,,.

If z € X, then the fact that G acts freely and transitively on P, implies that, for any chosen
p € P, the mapping g — ¢,(p) is a diffeomorphism from G onto P,. If, for given y € Y, we
compose the inverse of this mapping with the mapping g — (p(g))(y) from G to Y, then we obtain
a smooth mapping s from P, to Y of which the orbit G (p, y) is the graph. This mapping is
G-equivariant in the sense that

s(gp(p)) = (p(9))(s(p)), 9g€G, pE Py, (9.2)

i.e. s intertwines the action of G on P with the representation p of G in Y.

Identifying a mapping with its graph, which actually is the set-theoretic definition of a mapping,
we identify the fiber M, over z € X of the bundle M with the space of all mappings a : P, — Y
which satisfy (9.2). Because Y is a vector space, the space Y ©» of all mappings s : P, — Y is a
vector space with the pointwise addition and scalar multiplication. Because, for each g € G, p(g)
is a linear mapping from Y to Y, the space M, of Y-valued function s on P which satisfy (9.2) is
a linear subspace of Y= and for each p € P, the mapping evp : s — S(p) (= "evaluation at the
point p”) defines a linear isomorphism from M, onto Y. This exhibits M as a vector bundle over
X with fibers isomorphic to Y. Each smooth local section p : U — P of the bundle P, in which
U is an open subset of X, induces a local trivialization 7 : 7r;11(U ) — U x Y which is defined by
7(G (p(x),y)) = (z, y) when z € U and y € Y. These local trivializations exhibits M as a smooth
vector bundle over X.

Because a section of M is a mapping which assigns to each x € X an element s(x) of My,
the sections of M are identified with the mappings s : P — Y which satisfy the G-equivariance
condition

s(gp(p)) = (p(9))(s(p)), g€ G, peP (9.3)

In this way the vector space I'( M) of all sections of M is identified with the vector space (F(P)®@Y)¢
of all G-equivariant Y-valued functions on P.

If H is a G-invariant connection in P and v € X' (X), then vy, is a G-invariant vector field on
P. If s € (F(P) ® Y)% we therefore have that

(9P)" (Vnor 8) = (9P)" (Vnor) (9P)*(8) = vhor (p(9) 8) = p(9) (Vnor ),

where in the last identity we have used that the linear transformation p(g) does not depend on the
point in P. In other words, the differentiation of Y-valued functions on P in the direction of the
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vector field vy, maps T'(M) = (F(P) ® V)¢ to itself, and this defines a covariant diffentiation
Vs :=tper s, veXX), sel(M) (9.4)

in the space of sections of M, since the Leibniz rule (3.6) is obviously satisfied by the right hand
side in (9.4). In this way the G-invariant connection H = H? in P induces a linear connection
H = HM in M, for which it can be verified that

Hg(pyy) =Ty ¥ (HzI; x{0}), (p,y) € PxY, (9.5)
ifi): PxY — M =P xgY is the projection defined by ¢(p, y) = G (p, v).

Remark 9.1 The formula (9.4) is the same as the formula (5.6) when P = F M. However, in
Section 5 we started out with a linear connection in M, which we used to define a G-invariant
connection in P = F M for which the identity (5.6) holds. Here the procedure has been the other
way around: starting from a G-invariant connection on a general principal G-bundle P, we define
the linear connection on the associated vector bundle M = G XY by means of the formula (9.4).
%)

In order to compute the curvature of the connection H™ in M, we write, for any s € T'(M) and
u, v € X(X),

RM(% U) s = [VW vv] s = v[u, v] § = (ds) <[uh0r7 Uhor] - [u7 U]hor) )

where in the first and second identity we have used (3.8) and (9.4), respectively.
Now the vector field w = [uper, Vhor] — [#s V]hor 1S vertical, which implies that we can write, for
any p € P,

w(p) = Xp(p), X = Gp(w(p)) = by ([unors Vnor)) = —d0 (upor(p); Vhor(P)) »

cf. (8.3) and (1.2). On the other hand the G-equivariance (9.3) implies that
ix,ds=Lx,s=p(X)s,

if 4
G}

p(X) =
denotes the infinitesimal representation of X € g in Y. (The mapping p’ is a homomorphism of Lie
algebras from g to the Lie algebra Lin(Y, Y') of linear mappings from Y to Y.) If we combine our

formulas with (8.7), we arrive at the formula

t=0

RM(U, v)s = _pI(Q(Uhora Vhor)) S, (9.6)

valid for any u, v € X(X) and s € (M) = (F(P) ® Y)¥, which expresses the curvature of H™ in
terms of the curvature form of the G-invariant connection in P.

If we have a p(G)-invariant inner product on Y, then (6.2) defines a covariantly constant inner
product 8 on the fibers of the accociated vector bundle M = P X Y. Similarly, if Y is a complex
vector space with Hermitian form h and p(G) C U(Y, h), then M = P x¢ Y is a complex vector
bundle over X and (6.4) defines a covariantly constant Hermitian structure on the fibers of M.
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Remark 9.2 There are quite a number of sign issues in differential geometry. To begin with, if
G is a Lie group acting smoothly on a manifold M then the infinitesimal action of an element X
of the Lie algebra g of G is a smooth vector field X,, on M. For any X, Y € g we have

(X, Y]IVI - = [XJM’ Y]M]? (9.7)

which means that the mapping X — X,, : g — X (M) is not a homomomorphism of Lie algebras,
but an anti-homomorphism. This is caused by the fact that X s f is equal to the derivative with
respect to t at t = 0 of the pullback of the function f by means of the time ¢ flow of the vector field
X, and the mapping which assigns to g € G the pullback operator (g,,)* is not a homomorphism
from G to the group of linear transformations in F (M), but an anti-homomorphism.

In the literature one often denotes the action of g € G = GL(I, R) on the frame bundle P = FM
not by g, asin (5.1), but by g, : f — fg. This lead to an anti-homomorphism ¢ — g, from G to
the group of diffeomorphisms of P. Such an anti-homorphism is also called a right action of G on
P, whereas a homomorphism from G to Diffeo(P) is called a left action of G on P.

If one has a right action g — g, on P, then the connection form 6 in (8.3) is replaced by
the form @ which has kernel equal to H and is equal to X when applied to )’(2. Because of the
anti-homomorphism property, the equivariance (8.5) is replaced by

(9,)0=(Adg)'0, ge€G, (9.8)

hence

ig- dd = —(ad X)0, X eg. (9.9)

It follows that the curvature form, the horizontal extension of df on H x H , 1s given by

Qu, v) = (d6)(u, v) + [(u), O(v)], (9.10)

instead of (8.7).
In a similar fahsion, the equivariance (9.3) for sections s of M is replaced by

s(g-() = pl9) ' (s(p)), g€G, peP, (9.11)

which makes that p’ in (9.6) has to be replaced by —p’, which leads to the formula

RM(ua v) = P/(ﬁ(uhora Vhor)) (9.12)

for the curvature in M in terms of the curvature form €2 on P.

Therefore the use of right actions leads to the disappearance of the minus sign in (9.6). On
the other hand it leads to less natural formulas for the equivariance of the connection form, the
curvature form, and sections of the associated vector bundle. @
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10 Principal Circle Bundles

The horizontality of the curvature form €2 implies that for every x € X and p € P, there is a
unique two-form w, on T, X, such that 2, = (T}, 7)* w,. However, this only will define a two-form
w on X if w, = w, does not depend on the choice of p € P,. This will be the case if and only if,
for every g € G, g% = Q, which in view of the equivariance property (8.8) of Q is equivalent to
the condition that (Adg) Q = for every g € G.

It follows that if the adjoint representation of G on g is trivial, which happens in particular when
G is commutative, then the is a unique w € Q%(X) ® g such that = 7*w. Note that in this case
the formula (8.7) also simplifies to 2 = df. It follows that 7*(dw) = d(7*w) = dQ = d(df) = 0,
which implies that dw = 0, i.e. the two-form w on X is closed, and therefore it defines a de Rham
cohomology class

[w] € H(Qie Rham(X) ® g

Furthermore, if #’ is another invariant connection form, then 8’ = §+7*\ for some A € QX )®g.
Therefore Q' = df’ = df + d(7*\) = 7*w + 7*(d\) = 7*(w + d\), which shows that the de Rham
cohomology class of w does not depend on the choice of the invariant connection.

The circle group

G=UQ1):={z€C| |z| =1},

with the multiplication of complex numbers as the group structure, is commutative and has Lie
algebra equal to u(1) = iR, the purely imaginary axis in C.

Theorem 10.1 Let P be a principal U(1)-bundle over X and let Q2 be the curvature of an invariant
connection in P. Let o € Q?(X) be the closed two-form on X such that

1
—— Q=70 (10.1)

Then the cohomology class [o] is integral, in the sense that it belongs to the image of the natural
homomorphism

L H%ech(Xa Z)— H%ech(X’ R) = H?le Rham(X)

from the Cech cohomology group H%ech(X’ Z) to the de Rham cohomology group H<2ie Rham (X)-

Conversely, for every closed two-form o € Q*(X) such that [0] =i(c), ¢ € HZCech(X’ Z), there
is a U(1)-bundle over X with an invariant connection and corresponding curvature form €, such

that (10.1) holds.

Proof For the Cech cohomology which we use here, we refer to [21, §2-4]. In the proof we will
spell out what the homomorphism ¢ from H%ech(X . Z) to H, Rpam (X) means.

We start with the closed two-form ¢ on X such that [o] = i(c), ¢ € H2Cech(X’ Z). Let U,
be an open covering of X such that every non-empty intersection of finitely many U,’s is con-
tractible. (This can be arranged by taking the U,’s equal to sufficiently small balls with respect to
a Riemannian metric in X.)

Using the Poincaré lemma in U,, we can write

oc=dr, on U,, (10.2)

for some 7, € Q1(U,).
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If UwnUg # 0, then we have d(17o — 73) = d7q —d73 = 0 — 0 = 0 on U, N Ug, and applying
the Poincaré lemma on U, NUg, we find fog € F(U,y N Ug), such that

Ta — T3 =dfeg on U, NUg. (10.3)

By replacing fo 3 by (fag — f3a)/2, we still have(10.3), but in addtion we have the antisymmetry

fﬁa - _faﬁ-
If Uy NUgN U, # (), we consider

9apy = fap + foy + fra on UsNUgNU,. (10.4)

It follows from (10.3) that dgagy = (7o — 78) + (73 — 7y) + (79 — 7o) = 0, which means that the
Jasy € R are real constants.

The gop, therefore define a two-cochain with values in R, and the condition that [o] = i(c) for
some ¢ € H%Jech (X, Z) now means that there exists a two-cochain c,g, € Z with values in Z and a
one-cochain d,g € R with values in R, such that

Japy = Capy T dop +dgy + dya  whenever U, NUgNU, # 0. (10.5)

It follows from (10.6) and (10.5) that, if we replace fog by fag—dag, then still (10.3) holds, whereas
(10.4) is replaced by

Capy = fap + f3y + fra € Z. (10.6)
Now define .
Pop =" es cU(1) on U,NUs (10.7)

when U, NUg # (. It then follows from fo3 + f3y + fya € Z that

GaB Oy Pya =1 on Uy, NUzN U, # 0. (10.8)

This implies that the trivial U(1)-bundles U, x U(1) can be glued together to a smooth U(1)-bundle
P over X, by identifying (z, zo) € Uy x U(1) with (z, z3) € Ug x U(1) if x € U, NUp and

2o = (T ¢ap) 25 on 7 (U, NUp). (10.9)

Here z, is viewed as the smooth mapping from the open subset 7~!(U,) of P to U(1), such that
p— (m(p), za(p)) is the corresponding local trivialization over U, of the U(1)-bundle P.
Let 6 be a U(1)-invariant connection form on P. On 7! (U,) we have that g% zo = g 2, for every
g € U(1), hence i X, dza = X 24 for every X € u(1), which means that the logarithmic derivative
d(Inz,) = 2! dz, of z, is a connection form in 7=1(U,). It follows from (8.3) that the one-form
0 — 2! dz, is horizontal, and because it also is U(1)-invariant, there is a unique 6, € Q'(U,) such
that
0— 20 dzg =70, on 7w L(U,). (10.10)

If we take the logarithmic derivative of both sides in (10.10, then we obtain

% dza = (T o)~ (T Pap) + 25" dzg = 7" (¢;ﬁl dgbag) + 25" dzg,

where in the second identity we have used that d commutes with 7#* and that n* is an algebra
homomorphism. If we insert this in (10.10), then we see that the z, ! dz, + 7*0, piece togeher to
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a global connection form # in P, if and only if 7* (gb;ﬁl d¢a/3) + 704 = 705 on 7 (U, N Up),

which is equivalent to
Gop d0ap + 00 =03 on Uy NUg (10.11)

when U, N U3 # 0.
It follows from (10.7) and (10.3) that

qS;é dopap =2midfag = 2mi (70 — 78),

and therefore (10.11) is equivalent to 27i7, + 6, = 2miT3+ 603 on U, NUg, which means that there
is a globally defined one-form \ € Q'(X) on X such that

A=2mita+6, on U,. (10.12)

This can for instance be arranged with A = 0 by taking 0, := —2wi7,.

If we take the exterior derivative of both sides of (10.12) and (10.10), then we obtain in view
of (10.2) and the fact that the exterior derivive of the logarithmic derivative of z, is equal to zero,
that dA = 2wio 4+ df, and Q = df = d(7*6,,), respectively. Combining these two equations, we
arrive at the conclusion that

Q=7n"(—2mioc+dN). (10.13)

This completes the proof of the second statement in Theorem 10.1. For the first statement,
one starts with the retrivializations (10.7), for which (10.6) defines the Cech cohomology class
c € H%(X, Z). The discussion following (10.9) then proves (10.1), whereas [¢] = i(c), follows from
(10.3) and (10.2). O

Let L be the complex line bundle which is associated to the principal U(1)-bundle P by means of
the standard representation of U(1) in C, where p(g) is equal to the multiplication by the complex
number g € U(1). In other words, P = UF L, cf. (6.3). Then the cohomology class ¢ € H*(X, Z)
which is assigned to P = UF(L) by means of Theorem 10.1 is called the Chern class ¢(L) of L.

Note that the standard Hermitian structure on C induces a Hermitian structure on L which
is covariantly constant with respect to the connection in L. Conversely every complex line bundle
L over X with Hermitian structure h and connection such that h is covariantly constant arises in
this way for a unique closed two-form o € Q%(X), which is called the Chern form defined by the
Hermatian connection in L.

In view of (10.1) and (9.6) with p(g) = g, the Chern class corresponds to 5+ times the curvature
of the connection in L. Note that ¢(L; ® Lg) = ¢(L1) + ¢(La).

A general complex representation p of U(1) in a complex vector space Y splits as a direct sum
of complex one-dimensional representations. For each one-dimensional representation there is an
integer m such that, for each g € U(1), p(g) is equal to multiplication by the complex number g™.
This means that the associated vector bundle P X ;) Y is a direct sum of complex line bundles of
the form L®™, with Chern class equal to m ¢(P).

Remark 10.1 If ¢ is a symplectic form on X, then the symplectic manifold (X, o) can be viewed
as the phase space of a classical mechanical system. If [0] = i(c) with ¢ € H?(X, Z), then we have
the complex line bundle I with Chern class equal to c¢. A suitable subspace of the space of sections
of L may be proposed as the Hilbert space on which the linear operators of quantum mechanics
act. This is the the program of geometric quantization of Kostant [24]. %)
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11 Equivariant Cohomology

Equivariant cohomology is a structure which is attached to any smooth action of a Lie group G on
a smooth manifold P. In the theory of Henri Cartan [8], it is a variation of de Rham cohomology,
in which the algebra Q*(P) of smooth differential forms on P is replaced by the algebra

A := (Clg] ® Q*(M))“ (11.1)

of polynomial mappings « : g — Q*(P) from the Lie algebra g of G to Q*(P), which are equivariant
in the sense that
a((Adg) X) = (9;) (X)), g€GCG, Xeg (11.2)

(Because it is convenient to allow complex valued differential forms, all algebras will be over C.)

The algebra A has a double grading: as a vector space it is equal to the direct sum of the A%,
in which o € A% if & € A and « is a homogenous polynomial of degree k with values in the space
Q!(P) of differential forms of degree I. A*0 is the space of homogeneous C-valued polynomials of
degree k on g, whereas A%! = QY(P)% is the space of G-invariant differential forms of degree I on
P, constant as a polynomial on g. The total degree of o € A% is the number m = 2k + [, this
prepares for the substution of X € g by components of the curvature form in Theorem 11.1 below.
The space of equivariant forms of total degree m will be denoted by

Am= g A (11.3)

k1| 2k+l=m

The equivariant exterior differentiation dg in the algebra A is defined as the following combina-
tion of the exterior differentiation of differential forms and the inner product with the infinitesimal
action of g on P:

(dga)(X) = d(a(X)) — iXP(a(X)), acA Xeg. (11.4)

We say that « is equivariantly closed if dga = 0, and equivariantly evact if there exist a 3 € A
such that a = dg 8. If a € ARl then the first and the second term in the right hand side of (11.4)
belong to A%+ and AF+11=1 respectively, and it follows that dg maps A™ to AL

If in (11.2) we replace g by e *X, with ¢t € R and X € g, and differentiate with respect to ¢
at t = 0, then we get in view of (Adg) X = X that 0 = Lx a(X) = {doiXP +ix, od} a(X),
where in the second identity we used the homotopy identity for the Lie derivative. Using this, we
obtain that dgodg = 0, or dg(A) C ker dg. Therefore we can define the equivariant cohomology of
the G-action on P as

HE(P) :=kerdg /dg(A). (11.5)

The equivariant cohomology is graded, i.e. Hf(P) is equal to the direct sum over all m € Z>( of
the equivariant cohomology groups H¢ (P) of degree m, which are defined by

HZ(P) := (ker dg NA™)/ dg(A™ ). (11.6)

The equivariant form « € A is called basic if o € ANQ*(P) = Q*(P)%, i.e. «a is a G-invariant
differential form on P, constant as a function on g, and moreover is horizontal in the sense that
ix, « = 0 for every X € g. The basic forms form a subalgebra of A which will be denoted by

Qfoppas(P), and dg = d on Q3 (P). We have the basic cohomology group

bas(P) == (ker dN Q. (P))/ d(} s (P)), (11.7)
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and the mapping a + d(Qj . (P)) = a + dg(A) leads to a homomorphism
s Hip(P) — HE(P) (11

from the basic cohomology to the equivariant cohomology of P.
If 7: P — X is a principal G-bundle over X then the pullback 7* : Q*(X) — Qf _ (P) by means
of the projection 7 is an isomorphism which commutes with the exterior derivative, and we have

the corresponding isomorphism
™ HY(X) S Hy, (P) (11.9)

between the (ordinary) de Rham cohomology of X and the basic cohomology of P. The theorem
of Henri Cartan, Theorem 11.1 below, implies that if 7 : P — X is a principal G-bundle, then the
mapping ip,g o 7 : H*(X) — H{(P) is an isomorphism from the de Rham cohomology of X onto
the equivariant cohomology of P. If X is compact, then the dimension of H*(X), and it follows
that the dimension of Hf,(P) is finite.

In contrast, if there exist p € P and X € g such that X # 0 and X,(p) = 0, then the
equivariant cohomology Hf(P) of P is infinite-dimensional, even if both P and G are compact.
This makes equivariant cohomology a very sensitive tool in the investigation of actions which are
not proper and free. An expression of this property is the localization formula of Berline-Vergne
[6] and Atiyah-Bott [4]. For a survey, see ([15]).

Let us return to the case that the G-action on P is proper and free, or slightly more generally,
that the G-action admits a connection form, a g-valued smooth one-form 6 on P which satisfies
(8.3) and (8.4). (Such a generalization is useful in the category of orbifolds.)

Choose a basis in g and denote the coordinates of X € g with respect to this basis by X;. Then,
for any o € A, we can write a(X) as a sum of monomials

aX)=>" (H Xﬁi) a, (11.10)
o 7

in which the p are multi-indices, and the “monomial coefficients” a, € Q*(P) are uniquely defined
differential forms on P. Then the differential form

a(@) =) (H Qﬂ) a, € Q*(P) (11.11)

u i

on P, obtained by ”substituting X by € in a(X)”, is independent of the choice of the basis in g.
Note that the order of the factors €; does not matter, because two-forms commute with forms of
any degreee.

Every a € A can be written in a unique way as a sum of 3 and elements of the form

dimg
a=8+ > > 0N A0 A i (11.12)

Jj=1 i1<...<ij

in which 8 and ;, . i; are horizontal elements of A. aye, := [ is called the horizontal part of «
with respect tot the connection form 6. For ordinary differential forms on P this agrees with the
horizontal part defined in Section 8.
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Theorem 11.1 If the action of G on P admits a connection from 6, then the homomorphism
(11.8), from the basic cohomlogy of P to the equivariant cohomology of P, is an isomorphism. if P
is a principal G-bundle over X, then ip,g o m* : H*(X) — H(P), where © is defined in (11.9), is
an isomorphism from the de Rham cohomology of X onto the equivariant cohomology of P.

More specifically, if a is an equivariantly closed form, then (ape)(2) = ((Q))hor, and this
form [ is basic, closed, and equivariantly cohomologous to . Here () is obtained from « by
substituting the variable X € g in a(X) by the curvature form Q, as in (11.11).

A workout of the proof of Henri Cartan [8] can be found in [16, pp. 229-234].
If we take o equal to an Ad G-invariant polynomial f on g, which is an equivariantly closed
form of degree zero as a differential form on P, then Theorem 11.1 implies the following theorem

of André Weil [33]:

Corollary 11.2 Let P is a principal G-bundle over X with connection form 6 and corresponding
curvature form Q. If f is an Ad G-invariant homogeneous polynomial f of degree j on g, then
f(Q) = 7w for a uniquely determined closed differential form w € 0% (X) of degree 2§ on X. If
the connection form 0 is replaced by another connection form 6, with curvature form ﬁ, then w is
replaced by a closed differential form & € Q% (X) which is cohomologous to w. In other words, the
de Rham cohomology class w(f) := [w] € H¥(X) does not depend on the choice of the connection
form 0. In this way one obtains a homomorphism w : Clg|A4C¢ — HV™(X) from the algebra of
Ad G-invariant polynomials on g to the algebra of de Rham cohomolgy classes of even degree on
X.

Note that the fact that f(£2) and f ((~2) both are equivariantly cohomologous to f implies that @ is
cohomologous to w. The homomorphism w is called the Weil homomorphism and the cohomology
classes w(f), f € C[g]*4C are called the characteristic classes of the principal G-bundle P over X.
If P is a frame bundle of a vector bundle M, then the characteristic classes of P are also called
the characteristic classes of M. The forms w € Q% (X), defined in terms of the connection form @
and curvature form € on P, are called the characteristic forms of the principal G-bundle (or vector
bundle) over X.

For G = U(1) and g ~ iR, the Chern form is the characteristic form which is assigned to the
polynomial X + —(27i)7'X : g — R, which is invariant because G is commutative. As we have
seen in Section 10, the Chern form classifies complex line bundles with Hermitian linear connections
Although in general the characteristic forms do not classify vector bundles with linear connections,
they have numerous applications.

Remark 11.1 Let F and F be vector bundles over a compact smooth manifold X and let
P :T(E) — T'(F) be an elliptic elliptic linear partial differential operator, mapping sections of E
to sections of F. Then the dimension of the kernel of P and the codimension of the range of P
are finite numbers, and the difference dim(ker P) — codim(range P) is called the index of P. The
Atiyah-Singer index formula [5, Thm. (2.12)] expresses the index of P as an integral over the base
manifold of a characteristic form of a vector bundle defined by the so-called principal symbol of P.

A special case is P = d + d*, viewed as an operator which maps even differential forms to
odd differential forms, where the Hodge adjoint d* is taken with respect to a suitable Riemannina
structure on X. in this case the index of P is equal to Fuler number x(X) of X. The integral
formula for x(X) in terms of a characteristic form of (the orthogonal frame bundle of) TX is
the generalization to arbitrary dimensions of the classical Gauss-Bonnet theorem, which states
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that the Euler number of a compact oriented surface is equal to 1/47 times the integral of the
scalar curvature. In the case when X is a submanifold of a Euclidean space, this generalization
had been found by Allendoerfer [1], then was generalized to so-called “Riemannian polyhedra” by
Allendoerfer and Weil, [2], and proved intrinsically, for “abstract” Riemannian manifolds, by Chern
[9]. Weil did not mention this application of characteristic classes in [33]. @
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12 The Ambrose-Singer Theorem

Although this section has not been discussed in the course, it is included as a natural sequel to
Section 4.

Lemma 12.1 Any invariant connection H in a principal G-bundle P over X admits lifting.

Proof Let v:I — X be a smooth curve in X, where [ is an interval in R, and let b € I. Write
x = ~y(b) and choose p € P,. Then there exists an open interval J, around b in I, such that 7|,
has a horizontal lift ¢ : J, — M with 6(b) = p. Because the connection H is G-invariant, it follows
that, for every g € G, the curve 64 : J, — P defined by 64(t) := ¢,((t), t € Jp is a horizontal lift
dg of v such that d4(b) = g,(p). Because P, is equal to the set of all g,(p) such that g € G, the
conclusion of the lemma now follows from Lemma 4.1. O

We assume in the sequel that H is an invariant connection in P. As in Section 4, the parallel
transport along a piecewise smooth continuous curve v : [a, ] — X defines a diffeomorphism
hy @ Pya) — Py from the fiber over y(a) onto the fiber over v(b). If v(a) = v = v(b), H, is a
diffeomorphism of P, and 7 + h is a homomorphism from the group of loops starting and ending
at = to the group of diffeomorphisms of P,. The image is a subgroup H, of Diffeo(P,), called the
holonomy group of transformations of P, defined by the connection H in P.

As already observed in the proof of Lemma 12.1, we have that, for any ¢ € G, g, 0 is a
horizontal lift of  if § is a horizontal lift of +, and therefore

gpohy="h,0g9,, g €@G. (12.1)

Let x € X and p € P,. Because GG acts freely and transitively on P,, we obtain that for each
h € H, there is a unique g = ¢,(h) € G such that h(p) = g, (p), and it follows from (12.1) that

¢p(h1 0 h2)p(p) = ha o h1(p)) = ha o ¢p(h1)p(P) = dp(h1)p 0 ha(p) = ¢p(h1), © Pp(h2)p(p),

which implies that ¢, : h — ¢,(h) defines an anti-homomorphism from the group H, to the group
G. It follows that the image f-\lp = ¢p(Hy) is a subgoup of G, which is called the holonomy sugroup
of G based at the point p € P.

Assume in the sequel also that the basis manifold X is connected. If p, ¢ € P, then there exists
a (piecewise) smooth curve v : [a, ] — X such that y(a) = z := 7(p) and y(b) = y := 7(q).
Because h.(p) and ¢ both belong to P, ), there is a unique g € G such that ¢ = g, o h~(p). For
any h € H, we have that h' := h;l o hohy € H,, and therefore

¢g(h)p(q) = hlg) =hogpohy(p)=gpohyoh'(p)=gpohyod(h)p(p) = gpodp(h')p o hy(p)
= gp©° ¢p(h,)P © 9;1(Q)7

which implies that ¢,4(h) = g ¢,(h') g~*. It follows that j-\lq = gﬁlp ¢~ ', which implies that all the
holonomy subgroups of G are conjugate by elements of G. Note also that H, = H), if ¢ = h+(p).
Let p € P and denote by P, the subset of all ¢ € @) which can be connected with p by means of a

horizontal curve. Let b, be the Lie subalgebra of g which is generated by all Q4 (u, v) = (df),(u, v),
in which ¢ € P, and u, v € H;. Then the theorem of Ambrose and Singer [3] states:
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Theorem 12.2 Assume that P is a principal G-bundle over a connected and paracompact manifold
X. Assume that H is an invariant connection in P. Then, for any p € P, the holonomy subgroup
pr of G is an immersed Lie subgroup of G with Lie algebra equal to b,. The connected component
flg n pr of the identity element is equal to the set of g € G' such that g, (p) = h~(p), in which
ranges over the piecewise smooth curves in X, starting and ending at x = 7(p), which are homotopic
to the constant curve at the point x.

It follows that [y] — ¢,(h-) ff; is an anti-homomorphism from the fundamental group 71(X, x) of

X (which is countable) onto the component group f-\lp / flg of j-\lp. This homomorphism is sometimes
called the monodromy representation of the fundamental group of X.
Another consequence is that P, is an immersed smooth submanifold of P which is a principal

ffp—bundle over X. Moreover, for every q € P, we have that H, C T, P,, which means that the H,
q € P, define a Hy-invariant connection in P,. Conversely, if H is an immersed Lie subgroup of G

and () is a smoothly immersed submanifold of P which at the same time is a principal H- bundle
over X such that H, C T,Q for every g € @, then we have, for every p € @, that H C H and

P, C Q. In other words, P, is the smallest principal subbundle () over X containing p and Hp is
the smallest structure group H, such that the restriction of H to ) is tangent to Q.
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13 Exercises

Exercise 13.1 Let o € QY(M), 1 < i <, be linearly independent at every point and let the
vector subbundle H of TM be defined by (1.1). Prove that H is integrable if and only if there exist
BJZ'- € Q(M) such that

l
doﬂ‘:Zﬁ;ﬁAoﬂ‘, 1<i<l.
j=1
This is Elie Cartan’s form of the integrability condition. %)

Exercise 13.2 Prove that if v € X(X), then the horizontal lift of the curve t — e'?(z) which
starts at m € M, is equal to t — e’ hor (m).

Now let u, v € X(X) and [u, v] = 0. Let 7, be the closed curve in X which is composed of
et®(x), 0 <t < h, followed by e!?oe“(z), 0 < t < h, followed by e t“oeh?oe%(z), 0 <t < h,
and concluded by e *?oe " oe"Voe¥(x), 0 < t < h. Let §; be the horizontal lift of +;, which
starts at the point m € M,, and let m(h) denote the endpoint of Jy,.

Prove that m(h) € M,. Prove that h=2 (m(h) —m) converges as h | 0, and express the limit in
terms of the curvature. %)

Exercise 13.3 Verify the Leibniz rule (3.6) for covariant differentiation. @

Exercise 13.4 Prove that in any bundle with connection, there exist through each point of the
bundle a local section of which the tangent space is horizontal. Verify that a local section of the
frame bundle of a vector bundle corresponds to a local trivialization of the bundle. Prove that
if the local section has horizontal tangent space at a given point, then at the corresponding base
point the Christoffel symbols vanish. Q

Exercise 13.5  Verify the formula (3.8) by expressing the left and right hand side (which is
defined in (2.5)) in terms of Christoffel symbols. The computations are simplified if one chooses
the local trivialization of the bundle such that, at the special point, the Christoffel symbols vanish.
%)

Exercise 13.6 Let H be a linear connection in the vector bundle M over X and let 3, be an
inner product on H,, depending smoothly on x € X. Prove that 3 is covariantly constant with
respect to the connection H if and only if, for every r, s € I'(M), and v € X(X), we have that

v(B(r, s)) = B(Vyr, s) + B(r, Vys). %)

Exercise 13.7 Let (X, 3) be a Riemannian manifold and R the Riemannian curvature tensor of
(X, beta). Let e; denote a [, -orthonormal basis of T, X. Prove that the curvature coefficents

Rijp = B (R(x)(ex, 1) €j, €;)

satisfy the antisymmetry conditions that R;jx = —R;jix and Rijp = —Rjix.
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Prove that if n = 2, then the scalar K := Ry991, called the Gaussian curvature, is independent
of the choice of the orthonormal basis, and R is completely determined by K. @

Exercise 13.8 Assume that G is a closed Lie subgroup of a Lie group F, where g and f denotes the
Lie algebra of G and F, respectively. On F we have the right action (g, f)— fg ' :Gx F — F
of G, which exhibits F' as a principal G-bundle over F/G. On F we also have the left action
(¢, f)— o f: FxF — F of F. Prove that for every linear subspace h of f such that f =h D g
there is a unique connection H in F' — F/G which is invariant under the left action of F' on F,
and such that H; = h. Prove that H is also invariant under the right action of G on F', which is
what we always require for a connection in a principal G-bundle, if and only if (Adg)(h) = h for
every g € (G. Prove that the connection form 6 and the curvature form ) are invariant under the
left action of F' on F, and describe 21 in terms of the Lie brackets of elements in §, g and §. Prove
that the connection is flat if and only if b is a Lie subalgebra of f, which then automatically is an
ideal in f.

Comments Such a principal G-bundle is called a homogeneous principal fiber bundle. (Usually
F and G are denoted in the literature by G and H, respectively.) If p is a linear representation
of G in a vector space Y, then F acts (from the left) on the space (F(F) ® Y )% of sections of the
associated vector bundle F' X Y. These is the induced representation of F, as used in the course
of Erik van den Ban. @

Exercise 13.9 Prove that (9.5) defines a connection in M, which moreover satisfies (9.4). @

Exercise 13.10 Let (M, o) be a symplectic manifold and G a connected Lie group with Lie
algebra g, which acts in a Hamiltoninan fashion on (M, o), with momentum mapping p : P — g*,
cf. the course on Symplectic Geometry. Define a(X) := (X, p) —o € F(P)®Q%(M), X € g. Prove
that o € A = (Clg] ® Q*(M))¢, and that dg o = 0.

Now assume that M is a principal G-bundle over a manifold ), with projection w : M — Q,
and let § be a connection form in P. Prove that there exists a unique closed two-form v € Q2(Q)
on @ such that (Q, p) — oy = 7.

(When G is a torus, this conclusion is closely related to the proof of [17, Thm. 1.1].) @
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14 Appendix: Some Notations

If M is a smooth manifold, and m € M, then T,,, M denotes the tangent space of M at m, which is
the fiber over m of the tangent bundle TM of M. If ® : M — N is a smooth mapping from M to
a smooth manifold IV, then for each m € M the tangent mapping of ® at m is denoted by T,, P,
it is a linear mapping from T, M to T () N.

F(M) denotes the space of smooth functions on a smooth manifold M, with pointwise addition
and multiplication these form a commutative algebra.

X (M) denotes the space of smooth vector fields on M, it is a Lie algebra with respect to the Lie
brackets [u, v] of the vector fields, which are given by the commutatator [u, v] f = u (v f) —v (u f)
if the vector fields are viewed as derivations on the algebra F(M).

QP(M) denotes the space of smooth differential forms of degree p on M. One has the exterior
derivative d : QP(M) — QPHL(M) and the wedge product a A 8 € QPTI(M) for a € QP(M) and
B € Q4(M). The sum
dim M
(M) = @ (M)
p=0

is an associative algebra with respect to the wedge product, supercommutative in the sense that
aANfB=(-DPIgAaif ae QP(M) and 3 € QI(M).
If®: M — N and a € QP(N), then the pull-back ®*a € QP (M) is defined by

D ap(v1, - vp) = Apm) (T @ot, oo, Tipy Pvp).

If v is a smooth vector field on M then e!¥ denotes its flow after time ¢, defined by e'?(m) = ~(t)
if dy(t)/dt = v(y(t)) and v(0) = m. In the terminology of Lie [26], ¢ — e!? is the one-parameter
group of transformations in M which is generated by the “infinitesimal transformation” v.
The inner product i, « € QP~L(M) of a € QP(M) with v is defined by
(iy @)m(v2, ..., vp) = am(v(m), va, ..., Vp)
The Lie derivative L, € QP(M) satisfies

d * . .
Ly := " (") a{t:O = d(iy a) +iy(da),

in which the second identity is called the homotopy identity.
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