
LECTURE NOTES

1. Invertible sheaves and divisors

1.1. Invertible sheaves and the Picard group. Let Y be an algebraic variety.

Definition 1.1. A coherent sheaf F on Y is locally free, if there is an open cover Y =
⋃
i∈I Ui such that

F |Ui
∼= O⊕rUi

. The positive integer r is called the rank of F . A section s of F means a global section
s ∈ Γ(Y,F ). A rational section of F is a section over an nonempty open subset.

An invertible sheaf (or line bundle) L is a locally free coherent sheaf of rank one.

Definition 1.2. The Picard group Pic(Y ) is the isomorphism classes of invertible sheaves on Y with an
abelian group structure given by the tensor product. Namely

Pic(Y )× Pic(Y ) −→ Pic(Y ), ([L1], [L2]) 7→ [L1 ⊗L2].

Local description of an invertible sheaf using cocycles. Let L be an invertible sheaf on Y , and let
Y =

⋃
i∈I Ui be an open cover such that

L |Ui
= OUi

si,

where si ∈ Γ(Ui,OY ) is a nowhere vanishing section. Then on Uij = Ui ∩ Uj , we have

si|Uij = gij sj |Uij

for some gij ∈ Γ(Uij ,O∗Y ). The collection {gij} satisfies the following cocycle condition:

• gii = 1;
• gijgjkgki = 1.

The construction of {gij} depends on two choices: (1) The local generators si and (2) the open
covering {Ui : i ∈ I}. Now we proceed to get rid of these choices. Let s′i ∈ Γ(Ui,L ) be another set of
local generators. Then we have

s′i = hisi, hi ∈ Γ(Ui,O∗Y ).

Hence we have
s′i|Uij

= hisi|Uij
= higijsj |Uij

= higijh
−1
j s′j |Uij

.

It follows that
g′ij = higijh

−1
j .

Definition 1.3. Let U = {Ui : i ∈ I} be an open cover of Y . we define

Ȟ1(U,O∗Y ) =
{gij : satisfying the cocycle condition}

{hih−1j : hi ∈ Γ(Ui,O∗Y )}
.

To get rid of the choice of the open cover U, we make the following definition.

Definition 1.4. Let V = {Vi′ : i′ ∈ I ′} be another open cover of Y . We say that V is a refinement of U
if there exists a map λ : I ′ → I such that Vi′ ⊆ Uλ(i′) for all i′ ∈ I ′.

There is an induced homomorphism

ρU,V : Ȟ1(U,O∗Y ) −→ Ȟ1(V,O∗Y )

by the formula
ρ({g·,·})i′j′ = gλ(i′),λ(j′), i′j′ ∈ I ′.

Definition 1.5.
Ȟ1(Y,O∗Y ) = lim−→

U

H1(U,O∗Y ).

The above discussion actually establishes the following.
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Theorem 1.6. There is a natural isomorphism

Pic(Y ) = Ȟ1(Y,O∗Y ).

1.2. Construction of a line bundle from a divisor. Let Y be an algebraic variety and let y ∈ Y be
a point on Y . Associated to y, we have the maximal ideal my ⊂ OY . Note that my is an sheaf locally
given by all functions f which vanish at y.

Definition 1.7. The point y is a smooth point of Y if

dimmy/m
2
y = dimY.

Y is said to be smooth if all points of Y are smooth.

Let Y be a smooth algebraic variety.

Definition 1.8. A prime divisor on Y is a closed subvariety D ⊆ Y of codimension one. A divisor on
Y is a linear combination

D =

n∑
i=1

aiDi

of prime divisors Di. A divisor D is effective, and we write D ≥ 0, if ai ≥ 0 for all 1 ≤ i ≤ n.

Important fact: On a smooth variety, every prime divisor is locally defined by one equation. In
other words, its sheaf of ideals is locally generated by one element.

Let f ∈ C(Y ) be a rational function, then we can define

div(f) := (f = 0)− (f =∞)

to be the associated divisor.
Let s be a rational section of an invertible sheaf L . We can find Y =

⋃
i∈I Ui such that LUi

= OUi
si,

where si ∈ Γ(Ui,L ) is a nonwhere vanishing section. Then

s|Ui = fisi, fi ∈ C(Y ).

We define DUi
= (fi = 0). Note that on Ui ∩ Uj , the rational functions fi and fj differ by an invertible

function gij ∈ O∗Y . Thus

DUi
|Uij

= DUj
|Uij

and there exists a unique divisor D on Y such that D|Ui = DUi . We define

div(s) = D.

Proposition 1.9. Let s be a rational section of an invertible sheaf L . Then s is a section if and only
if div(s) is effective.

Let D ⊂ Y be a prime divisor. Let Y =
⋃
Ui be an affine open cover such that

D|Ui
= div(ti), ti ∈ Γ(Ui,OY ).

We define Li to be the trivial line bundle on Ui with the formal generator si = 1
ti

. Then we glue these
local line bundles together by

si|Uij
= gijsj |Uij

, gij =
tj
ti
∈ Γ(Uij ,O∗Y ).

In this way we get a line bundle L on Y . Note that the local sections σi = tisi ∈ Γ(Ui,L ) satisfies
σi|Uij

= σj |Uij
. Hence they glue together to give a global section σ ∈ Γ(Y,L ). We also note that

div(σ)|Ui = div(σi) = div(tisi) = div(ti) = D|Ui .

This implies that div(σ) = D.

Theorem 1.10. Let Y be a smooth variety and let D =
∑n
i=1 aiDi be a divisor. Then there exist a line

bundle L together with a rational section σ ∈ Γ(Y,L ) such that div(σ) = D.
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Proof. The above construction associates a line bundle Li and a section σi to each Di. Let

L := L ⊗a11 ⊗L ⊗a22 ⊗ · · · ⊗L ⊗ann .

We see that L admits a rational section

σ = σa11 · σ
a2
2 · · · · · σann

such that div(σ) = D. �


