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Any quadratic planar map with constant Jacobian can be put by a
linear coordinate transformation to the form

X 1+Y —aX? .. ,
—> (original Henon map)

Y bX

[Henon, 1976]
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Any quadratic planar map with constant Jacobian can be put by a
linear coordinate transformation to the form

X 1+Y —aX? .. ,
—> (original Henon map)
Y bX

[Henon, 1976]

or

L Y .
—> (standard Henon map)

y a — Bx — y?

[Mira, 1987]
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Bifurcation diagram of the standard Hénon map
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Homoclinic tangency of a neutral saddle in R?

Consider a two-parameter family f,, of C°-planar diffeomorphisms
satisfying at ;1 = O:

(A) fo has a saddle fixed point O with eigenvalues 0 < || < 1 < ||
(B) o := |\y| =1

M = fg0(M")

Uy

(C) W*(O) and W*#(O) have quadratic tangency at homoclinic orbit I"
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Domains of definition
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Poincaré map f"0 = Ty o Ty

W Local map T)Y: 4 = max{|\~1,|v|}
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® Global map T7:
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_|_
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A rescaling result by Gonchenko S.V. & V.S. [2000]

For any k& > k the map f[j+”0 can be reduced by invertible affine
transformations to the C3-smooth map

’

X =Y,
Y =a—BX — Y2+ RNeXY + Sy FY3 4 o(A\F),

N

where «, 5, X, Y cover all finite values as k¥ — oo, and

C

b
R =2a — — — 2
a dfll p

1
eg2, O = ﬁfo&
Moreover

o= —dy*[u — vy *y" .. )+ X @+ )
B=—be(l+ pa)*(1+...).
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Fold: If R # 1, there is a nondegenerate fold bifurcation for

L _ B+ 1)
- 4(R—1)
with the critical fixed pointat z = y = %.

Flip: If R # 3, there is a nondegenerate flip bifurcation for
a = (B +1)%(3 — R) with the critical fixed pointat z = y = %

N-S: If R # 0,1, 2, there is a Neimark-Sacker bifurcation for

(6-1)(B-1+2R)
R2

o =

with the critical fixed pointat z = y = %. The bifurcation is
nondegenerate away from strong resonances.
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F'F : There is a fold-flip bifurcation of the fixed point z = y = 0 for
(e, ) = (0,—1).

R1 : Thereis aresonance 1:1 at («, 3)

<4<(2—_1§f§), 22—_35) for the fixed

pointx =y = 5

R2 : There is aresonance 1:2 at («, 3)

(‘(‘;3_—153 | gjg) for the fixed

point x =y = 5

R3 : There is a resonance 1:3 at (o, 8) = ((g:%};, —= R) for the fixed

pointx =y = =5 g1

R4 : There is a resonance 1:4 for the fixed point x = y = 0 at

(a,3) = (0,1).

~ These codim 2 bifurcations are nondegenerate for small i # 0.
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Continuation of homo-/hetroclinic tangencies

Continuation of transverse homoclinic orbits in one parameter:

QEZ'_H—f(mi):O forlgign—l,
<qsv (xl — €)> =
<Qua (xn—l—l — €)> = 0.

Here A = f,(£) and

Alq = Ngs, ATqu = vqu, ||gsull = 1.

Homoclinic tangencies are continued in two parameters as folds of this sys-

tem [Beyn & Kleinkauf, 1997].
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Bifurcation diagram of GHM (R = —0.5)
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Bifurcation diagram of GHM (R = 0.5)

hom1

het1
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Bifurcation curves near F'F point (R = —0.5)

B
A
7(2) — Neimark Sacker bifurcation of 2-cycles
hety2 —

t12) —fold of 12-cycles
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near F'F point (R = —0.5)

o
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Arnold tongues near 1 : 1 resonance

R=-0.1

hom1 2 —homoclinic tangencies
(%) — fold of 9-cycles £O) _

t13) _ fold of 13-cycles £U38) _
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Double homoclinic/heteroclinic tangency

g R

For R = S = 0, the curves hom; and het, intersect at (3, ) = (0, 2).
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Neutral homoclinic tangency in GHM and 1:1 resonances
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Implications for Poincaré maps

X =Y,
Y =a— 08X — Y2+ RNXY + Sy FY3 4 o(AF),

with
o= —dy*lp — 7 YT+ ) F e @+ )

1
8\ * | |
H2 ( be k\ be

for k — oo and in the (u9, 11)-plane we can see only one half of the («, §)-

Thus

plane of the GHM, depending on the sign of bc.
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Nondegeneracy of bifurcations of Poincaré maps for k£ — oc

codim 1: Fold, flip and NS-bifurcations are A*-nondegenerate when R # 0, in

particular,
R

CNS —
4 cos? (%)

codim 2: All strong resonances for fixed points are \*-nondegenerate when
R # 0. The fold-flip bifurcation is not A*-nondegenerate, since

AP o(AF).

cns = (R 4 2bcRS + 8521)A2F 4 o(A%F),

where s51 is the coefficient of the A2* X2Y -term in the rescaled
Poincare map.
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Open research problems

W Explicit expression for so4
™ Dependence of DHT on R

W Accumulation of 1:2 resonances [Homburg, Kuznetsov, Meijer; work
In progress]
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