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1. Introduction

Consider a system of ODEs

r= f(z,a), z€R", acR",

where f is smooth, and suppose it has at a =20
a nonhyperbolic equilibrium x = 0 with ng
eigenvalues of A = f;(0,0) with Re A = 0.

Write
t = f(z,0) = Az 4+ R(xz), =z € R",
with

1 1 1
R(CU) — EB(CC,$)+§C(ZC,£U,$)-I—ED(ZU,CU,CC,Q?)

1
4+ EE(w, x,x, T, T) + O(HCBH6)

There exists an ng-dimensional invariant center
manifold tangent at x = 0 to the (generalized)
critical eigenspace of A.

Problem: Compute normalized equations on
CM up to a certain order.
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Smooth normal forms on CM for codim 1 cases:

e Fold: \; =0
w = aw? + O(w3), we R
Let Aqg=0, Al'p=0, (p,q) = (g,9) = 1.

1

a = §<p7 B(Qa Q)>

e Andronov-Hopf: A\ > = tiwg, wg >0

1
W = iwow + ~Garwlw|® + O(jwl*), w e C,

where

1
[{1 = —Re Goq
2wq

is the first Lyapunov coefficient. Let
Aq = iwgq, Alp= —iwgp, (p,q) = (q,q) = 1.

Go1 = (p,C(q,9,2)) — 2(p, B(¢, A"'B(q,7)))

+ (p, B(@, (2iwgIn — A) "1 B(q,9))
[Kopell & Howard, 1976; van Gils, 1982;
Kuznetsov, 1995].

For p,q € C™, we use

p.q) =" q, gl == /{q,q)-
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2. List of codim 2 normal forms

Smooth normal forms for five generic codim 2
equilibrium singularities:

e Cusp: \1 =0, a=0

w = cw> + O0(w*), weR.
e Bogdanov-Takens: A\ > =0
wy,

wo
{ w1 awg + bwowi + O([|lw||3),

where w = (wg,w1) € R2.

e Generalized Hopf: A\ > = *iwg, 11 =0

. 1 1
w = zwow—|—§G21w|w|2+EG3Q"w|w|4‘|‘0(|’w|6)a

where w € Cl and
> = 1 Re ¢
> = 120 32

is the second Lyapunov coefficient.




e Fold-Hopf: A1 =0, Ay 3 = *xiwg

wo £Go00wd + Go11lwi|?
£G300wd + Gr11wo|w1|?
O(H(wOawlau_Jl)HZL)a

wow1 + G1i1owowi

+ +

w1
5Gorowgwr + 3G 2
5G210wgwi + 5Go21w1 w1 |

\ O(||(wo, w1, w1)[|*),

+ +

where wg € R and wq € C1.



e Hopf-HopfT: )\1,2 = +iw1, )\374 = +iwo

kwy # jwo, k,j >0, k+j <5

w1 = dwiwi + 3G2100w1|wi|? + Gro11w1|wol?
+ LG3o00w1|wi]* + 3G2111w1 w1]?|wa|?
+ 2G1020w1 |wa|?

+ O(||(w1, W1, ws, w2)||°),

W iwpwy + Gr110walwi|? + 3Goo21w2|wa|?
+ 2Goo1owalwi|* + 3G1101wo w1 |2 wy|?
+ Gooz2wa|wa|*

\ + O(||(w1, Wy, ws, W5)||?),

where (wq,wy) € C2.



3. Normalization technique
[Coullet & Spiegel, 1983; Kurakin & Judovich,
1986]
Write the system at a« = 0 as
r=F(z), z€R", (1)

and restrict it to its ng-dimensional CM:

r= H(w), H:R"0—R", (2)

Then the restricted equation

W= G(w), G:R™ — R". (3)

Substitution of (2) and (3) into (1) gives the
following homological equation:

Hy(w)G(w) = F(H(w)). (4)
Now expand the functions &G, H into multivariant
Taylor series,
1 y 1 y
Gw)= Y Zgu’, Hw)= Y —hu’,
V| V|
v[>1 lv[>1

and assume that the restricted equation (3) is
put into the normal form up to a certain order.
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Collecting the coefficients of the w”-terms in (4)

gives a linear system for hy

Lh}/ — Ry. (5)

When R, involves only known quantities, the
linear system has a solution because either L is
nonsingular, or R, satisfies the Fredholm solv-
ability condition

<p7 RV> — 07

where p is a null-vector of the adjoint matrix L.
When R, depends on the unknown coefficient
gy of the normal form, L is singular and the
solvability condition gives the expression for g,.

If zero eigenvalue of L(L!) is simple, the unique
solution h, = LINV R, to (5) satisfying (p, hy,) =

O can be obtained by solving the (n+1)-dimensional
bordered system:

(o 6) ()= (%)

Lg=0, L'p=0, (pg =1.

where
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4. Cusp

Let ¢q,p € R™ satisfy
Ag=0, Alp=o0, (p,q) = 1.
The homological equation has the form
Hyw = F(H(w)),
where
F(H) = AH+ B(H, H)+-C(H, H, H)+O0(| H|[*)
the parametrization of the CM:
H(w) = wq + how? + hgw® +0(w?),
h; € R", and
w = bw? + cw3 + O(w®)

with unknown b and c.
The w?-terms give the equation for hs:

Aho = —B(q,q) + 2bgq. (6)
T he solvability of this system implies

(p, —B(q,q) + 2bq) = —(p, B(q,q)) + 2b{p,q) =0
and allows to find b:

b= %Q%B(q, q))
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The linear system (6) becomes

Aho = —B(q,q) + (p, B(q,9))q

and its unique solution hy, = —AINVI[B(q,q) —
(p, B(q,q))q] satisfying (p,ho) = 0 can be com-
puted by solving the (n + 1)-dimensional bor-
dered system

(A q)<h2>:<—B(q,q)+<p,B(q,q)>q>
pl 0 s 0 '

Collecting the w3—terms yields

cq + bho = gAh:s + B(q, ho) + C(q, q,9)

or another singular system

1
Ahz = cq + bho — E[C(q, q,q) + 3B(q, ho)].

Its solvability implies

c(p,q) + b{p, ho) — é@?, C(q,q9,9) +3B(q,h2)) =0

Since (p, hy) = 0,

1
Since b = 0 at the cusp bifurcation,

1

= ~(p,0(¢,9,0) — 3B(q, ANV B(q,9)))
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5. Bogdanov-Takens
There exist gp1 € R", such that

Ago = 0, Agq1 = qo,
and p1 o € R" satisfying
Alpy =0, Apg=p1.

One can assume

(90,p0) = (q1,p1) = 1, {q1,p0) = (q0,p1) = O.

The homological equation has the form
Huygwo + Hwywy = F(H (wg, w1)),
where

F(H) = AH + _B(H, H) + O(|H|),

H(wp,w1) = wpqo + w1q1
1 1
+ Ehzo’wg + h1i1wowy + Ehoz’w%
+ O(||(wg, w1)|*)

with h,, € R", and wq,w; defined by the normal
form with unknown a and b.

+ 12



Collecting the w3-terms, gives

Ahoo = 2aq1 — B(q0, q0)- (7)
Its solvability condition is

1

a = §<p1,B(qo,qo)>-

Taking the scalar product of both sides of (7)
with pg vields

(P1, h20) = —(Po, B(q0,90))- (8)

The wogwi-terms give the linear system

Ah11 = hpg + bg1 — B(q0,q1)-

Its solvability implies

(p1,ho0) + b{p1,q1) — (p1, B(q0,91)) = 0.

Taking into account (8), we get

b = (po, B(q0,90)) + (r1, B(90,91))



6. Generalized Hopf (Bautin)
Introduce two complex eigenvectors:

Aq = iwgq, Alp = —iwgp,
and normalize

(p,q) = 1.

The homological equation takes the form
Hyw + Hzw = F(H(w,w)),

where

1 .
H(w,w) = wgtwag+ 3 —hpw’w*+0(jw),
1<j+k<5J "

F(H) = AH+ %B(H, H) + %C(H, H,H) +

1 1
DU H L H) + C E(H, H, H, H, H)

+ O(||H||®).
and

. . 1 1
W = iwow + ~Gorwlw|® + —Gapw|w|* + O(jw|®).



Quadratic terms give

(2iwgIn — A)"1B(q, q),
_A—lB(Q7 q) .

hoo
hi1

The w3-term leads to

hao = (Biwgln — A)"1[C(q, ¢, 9) + 3B(g, h2o)l,
while the w2w-terms give the singular system
(iwoln — A)ho1 = C(q,9,9) + B(q, hoo)
+ 2B(q,h11) — G214

T he solvability of this system is equivalent to

(p,C(q,q,9) + B(q, hog) +2B(q,h11) —G21q9) = 0,

so the cubic normal form coefficient can be ex-
pressed as

Go1 = (p,C(q,q,9) + B(q, (2iwgln — A)"1B(q,q))
— 2B(g,A"'B(q,9))),

which gives the formula for [{ = Re G»1 from
the Introduction.
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Then,

hor = (iwoln — ANV [C(q,4,9) + B(g, hoo)
+2B(q,h11) — G2149].

As before, hpq satisfying (p,ho1) = 0 can be
found by solving the bordered system

iwofn — A q h21 — R21
L 0 S o )’
where

Ry1 = C(q,9,9) + B(q, hoo) +2B(q,h11) — G219

For the fourth-order coefficients, we get

hao = (4iwoln — A)"1[D(q,4,4,q) + 6C (g, ¢, hao)
+ 4B(q, h3g) + 3B(h20, hoo)],
hz1 = (2iwgln — A) '[D(q,4,4,9) + 3C(q,q,h11)
+3C(q,q, hog) + 3B(h2g, h11)
+ B(q, h3o) + 3B(q, ho1) — 3G21hoq],
hoo = —A"1[D(q,9,3,9) +4C(q,7, h11)
+ C(4,, hoo) + C(q, q, hoo)
+2B(h11,h11) + 2B(q, h21) + 2B(q, ho1)
+ B(h20, hog) — 2h11(G21 + G21)].



At the Bautin bifurcation [{ =0, i.e.

Gp1 + Go1 = 0.

T he solvability condition of the linear system for
h3> gives the following expression for G3»5:

(p, E(q,9,49,9,9) + D(q,q,q, h2o)
3D(q,4,q, h20) +6D(q,q,q,h11)
C(q,q, h30) + 3C(q,q, ho1)

6C(q,q, ho1) + 3C(q, hog, h2o)
6C(q,h11,h11) + 6C(q, hoo, h11)
2B(q, h31) + 3B(q, ho2) + B(hog, h3g)
3B(ha1, hoo) + 6B(h11,h21)).

Notice that hyg does not enter the formula.

G32

++ + + + +

T hen
1

~ 12w

> Re G3».
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7. Fold-Hopf

Introduce

Ago = Al'pg =0, Agy = Al'py = —i
qo = A" po = U, Aq1 = w91, pP1 = —wwop1,
satisfying

(Po,q0) = (p1,q1) = 1.

The homological equation is

H’wowO —I_ lewl + Hmlﬁl — F(H(w(:b ’U)]_,@]_)),

where

1 1
F(H) = AH+ZB(H, H)+_C(H, H, H)+O(|H ||,

H(wg,w1,w1) = woqo + wiq1 + W1q1
+ | > ﬁhjkzwéw’fwll
2<j+k+1<3
+ O(|[(wo, w1, w1) "),
and (wq,wy) are defined by the normal form.
Then, the quadratic coefficients:

G200 = (po, B(90,90)),
Go11 = (po, B(q1,q1)),
G110 = (p1,B(q0,91))-



Solve for

h200

ho20
h110

ho11

then the

G300
G111

G210

Go21

_ _pINV

[B(q0,90) — {po, B(q0,490))q0l

(2iwgln — A) " B(q1, q1),
A)INV

[B(q0,91) — (r1, B(q0,91))q1],
_ _4INV

[B(q1,q1) — {po, B(q1,q1))qol

cubic coefficients:

(ro, C(q0, 90, 90) + 3B(q0, h200)),

= (po,C(q0,91,q1) + B(q1,h101)
+B(q1,h110) + B(q0, ho11)),

= (p1,C(90,90,91)

+ 2B(q0, h110) + B(q1,h200))

= (p1,C(q1,91,,q1)
+ 2B(q1,ho11) + B(q1, ho20))-

19
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Example: Lorenz-84 system

r = —yz—zz—aa:—I—aF,
y = zy—bxz—y+G,
z = brxy—+ xz— z,
where a = 7,b = 4. At
3907 1297
Fo=>"""—", Gog=-——-+/145,
2320 9280
the system has the equilibnum
9
’ ’ — |\ =y T LT -= 14 )
(z0, %0, 20) (8 1160\/ 590 V

with the eigenvalues

1
A =0, A3 = tiwg, — _~ /27561455.
1 2,3 wwQ WO 1160\/

The following vectors in C3

1007 5252
— (1. V145, - \/145)
10 ( 188065 188065

— 1, — 'v27561455>
a1 ( 36 5220
188065 2504
— V1450
PO (190079 190079 )
1007 '
— 45 145+/27561455,
P1 (380158 380158 V14V
188065

18 i
+ V27561455, — 'VQ7561455)
380158 380158 190079

+ 20



satisfy
Ago = Al'pg =0, Agq; =i Al'py = —i
qO - pO - ) q1 — ZWOQ17 pP1 — ZwOpla

with the normalization conditions

<p07qo> — <p17Q1> = 1.

The described procedure gives:

124102

190079 ’

252130 141 j
G — v/145+/190079 |,
110 190079 T 190079

6915604

1710711 °
76808444160

36130026241 '
0729482240

325170236169
36640288960

36130026241
959598417280 1

6867559257863039
4426799104

325170236169
51158402858528 i

26886494494533797685

Gooo =

Go11 = —

G300 =

G111 =

G210 = —

v/145+/190079 |,

Goo1 =

v/145/190079 .




This leads to the numerical values

2
p= 020l _ 3564484767
190079

15604
o= 0915604 ) 042532023 .
1710711

g — 252130 19784887 1

~ 190079 + 11794592029

while
R 12
g— Red 126065 _ , 131635068, . <0
G200 62051
and
| 33652080958948512

© T 20391681953530129

V27561455,

= 1.650328847...>0

in the smooth orbital nhormal form

U
z
Thus, the case s = sign (bc) = 1, 6 < 0 occurs
without time reversing (see, Kuznetsov [1995]).
T herefore, a nontrivial invariant set bifurcates

from the critical equilibrium under parameter
variations.

bu? + c|z|? + O(|| (u, 2, 2)[|4),
iwgz + duz + eu?z + O(||(u, 2, 2)[|%).



8. Hopf-Hopf
Introduce ¢q1 o € C™:
Aq1 = iw1q1, Ago = iwnqo.
and P12 € Ccn
Alpy = —iwipr, Alpo = —iwopo.

Normalize in C",

(P1,91) = (P2,q2) = 1.

The homological equation is

F(H(wy, w1, wp,W2)),

where
H = wiq1 +wiq1 + wogo + wogo
1 ;
I T
T 2 j!k!l!m!hjklmwlwlwzw?

Jjt+k+i+m=>2
and (wy,w>) are specified by the normal form.



Quadratic coefficients give:

h1100 = —A"'B(q1,71),

hoooo = (2iw1ln — A) 'B(q1,q1),
hio10 = [i(w1 +w2)In — Al B(q1, q2),
hioo1 = [i(w1 —w2)In — Al B(q1, 32),
hoozo = (2iwaln — A) 'B(q2, q2),
hoo11 = —A 'B(g2,72).

Cubic terms give:

hzooo = (3iwiln — A)"1[C(q1,91,91) + 3B(h2000, 41)],
hooto = [i(2wy + wp)Ip — A] 71

[C(q1,91,92) + B(h2000,92) + 2B(h1010,91)];
hooor = [i(2w1 —wp)In — A]7?

C(q1,91,32) + B(h2000,72) + 2B(h1001,91)],
hio20 = [i(w1 + 2wp) I — A]7?

C(q1,92,92) + B(hoo20,91) + 2B(h1010,92)];
hioo2 = [i(wy — 2wp)In — A]7?

[C(q1,92,G2) + B(hoo20,91) + 2B(h1001,72)];
hoozo = (3iwaln — A) 1[C(g2,42,92) + 3B(hoo20: 92)]-



Collecting the coefficients of the resonant cubic
terms, one obtains the cubic coefficients in the
normal form

G2100 = (r1,C(q1,91,91)

+ B(h2000,71) + 2B(h1100,491)),
Gio11 = (r1,C(q1,92,72)

+ B(h1010,92) + B(h1001,92) + B(hoo11,91))
Gii110 = (p2,C(q1,91,92)

+ B(h1100,92) + B(h1010,71) + B(h1001,91))
Goo21 = (p2,C(92,92,92)

+ B(hoo20,92) + 2B(hoo11,92))

The 4th- and 5th-order coefficients can be found
in Kuznetsov [1999] SIAM J. Numer. Anal. 36:
1104-1124.
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9. Numerical implementation

Consider the computation of [1 for Hopf bifur-
cation. Using

r, ¢ =4qRr+tq;, p=0pRr-+t1ip;, s= SR+ sy,

the linear systems to solve become

Ar = B(qr,qr) + B(qr,91),

and

—Asp — 2wosy
2wosp — Asy

B(qr,qr) — B(qr,4971)
2B(QR7 QI) .

T hen

Re (p,B(q,7)) (pr, B(qgr, 7)) + (p1, B(q1,7)),
Re (p,B(q,s)) = (pr,B(qr,sr))+ (pr,B(ar,s1))
+ (p1, B(qr,s1)) — (pr, B(ar, sRr)),

Re (p,C(q,9,9)) =
2 2
+ _<pRac(QR7QR7QR)> + _<plac(QI7QI7QI)>

3
+ —(pr +p1,Clar + a1, 9r + a1, 9r + a1))

+ —(pr —r1,Cr — 491,98 — 91, 9R — 41))

O, —,W
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The quadratic forms can be approximated by

B(q,q) ~ Tiz [f(xo + 7q,a0) + f(x0 — Tq, a0)],

B(ar) ~ —5|fo+ L(a+n),a0)
~ J(ao+ (a1, a0)
+ f(fl?o—%(q-l-?“),ao)
— Jwo— S(a—7),00)].
d2
(p, Bla:a))=—— . (p, f(z0 + 74, 20))
1

~ T—2<p, f(zo + 7q,00) + f(z0 — 7q, ag)).

For the cubic form

d3
Clrrr)=—5  fl@o+7ra0)
7=0
1 3

T 37

+ 3f(xo — 5 ag) — f(xg — > ag)



