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Normal form analysis of DDEs
* Normal forms for codim 1 bifurcations of equilibria [DDE-BIFTOOL]

@ Diekmann, O., Verduyn Lunel, S.M., van Gils, S.A. Walther, H.-O.
Delay Equations: Functional-, Complex-, and Nonlinear Analysis
Applied Mathematical Sciences 110, Springer (1995)

* Normal forms for codim 2 bifurcations of equilibria and branch switching to codim 1
bifurcation of cycles and (some) codim 1 homoclinic bifurcations [DDE-BIFTOOL]

@ Bosschaert, M.M., Janssens, S, and Kuznetsov, Yu.A.
Switching to nonhyperbolic cycles from codimension two bifurcations of
equilibria of delay differential equations
SIAM J. Appl. Dyn. Syst. 19 (2020), 252-303

@ Bosschaert, M.M. and Kuznetsov, Yu.A.
Bifurcation analysis of Bogdanov-Takens bifurcations in Delay Differential
Equations
SIAM J. Appl. Dyn. Syst. 23 (2024), 553-591
¢ Normal forms for codim 1 bifurcations of cycles
* Normal forms for codim 2 bifurcations of cycles and branch switching to codim 1
bifurcations of cycles
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Local codim 1 bifurcations of cycles in ODEs

¢ Periodic normal forms for codim 1 bifurcations [MATCONT]

ﬁ Iooss, G.
Global characterization of the normal form for a vector field near a closed orbit
J. Diff. Equations 76 (1988), 47-76

B Kuznetsov, Yu.A. , Govaerts, W., Doedel, E.J., and Dhooge, A.
Numerical periodic normalization for codim 1 bifurcations of limit cycles
SIAM J. Numer. Analysis 43 (2005), 1407-1435

B Lentjes, B., Windmolders, M., and Kuznetsov, Yu.A.
Periodic center manifolds for nonhyperbolic limit cycles in ODEs
Int. J. Bifurcation & Chaos 33 (2023), 2350184 (29 pages)

B Kuznetsov, Yu.A.
Elements of Applied Bifurcation Theory, 4th ed.
Applied Mathematical Sciences 113, Springer (2023)
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Critical cases
Consider a smooth ODE

i=fx), xeR™
A limit cycle Cy corresponds to a periodic solution x° (¢ + Tp) = x9 (1) and has Floquet
multipliers py, 42, ..., kn—1, 4n = 1, the eigenvalues of U(s+ Ty, $):

U(t,9) - DF () U(t,$) =0, U(s,s) = Ip.

f \“1,71 " / pn / v ol Jfn
Kjl -1& 1 \ 1

1o
* Fold LPC): p1 =pun=1;

* Flip®PD):pu1=-1, uyp=1;
* Torus (NS): 11 2 = e¥%0, 0< 0y <7, O # % and 0 # %”, Un=1;

Critical cases:

H1
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Center Manifold Theorem for ODEs

Let Xy (s) denote the (79 + 1)-dimensional center subspace of U(s+ Ty, s) defined by the direct
sum of all its generalized eigenspaces with a Floquet multiplier on the unit circle and let
Xp:=1{(s,y0) e RxR™: 39 € Xo(s)} denote the center fiber bundle.

Theorem (Lentjes et al., 2023)
Consider a system
i=f(x), xeR",

with a C¥*1 -smooth right-hand side f : R — R" for some finite k= 1. Let x° be a Ty-periodic
solution of this system such that the associated cycle Cy is nonhyperbolic with ng +1 =2
multipliers satisfying |ul = 1. Then there exists a locally defined Ty-periodic ck-smooth

(ng + 1) -dimensional invariant manifold WOC defined around Cy and tangent to the center
fiber bundle Xy. g

Moreover, a sufficiently smooth system
i=f(x,a), xeR", aeR™,

such that f(x,0) coincides with f(x), has a locally defined periodic smooth (ng + 1)-
dimensional invariant manifold Wy that is a smooth continuation of W.
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Generic LPC bifurcation: y; =y, =1
Periodic normal form on W¢:

p

dr 2 3
il 1+v(B) +<&+alP)és + 0E?),
a 2, o3

i B+b(B)E” +0(°),

where v(0) = 0 but b(0) # 0. The O(¢3)-terms are Tp-periodicin 7.

Cﬂ

£ <0 pf=0 >0

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 7158



Bifurcations of cycles in ODEs ODE periodic normal forms Bifurcations of cycles in DDEs DDE periodic normal forms Implementatic
0000e0 0000000000000 00 000000000 000000000000 0000 0000

Generic PD bifurcation: y; = -1

Periodic normal form on W¢:

5
dr 2 4
i 1+v(B) +a(B)é= + OE™),
d
Ei = BE+cHE+ O,

where v(0) = 0 but ¢(0) # 0. The O(&*)-terms are 2Ty-periodicin 7.

B <0 B=0 B>0
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Generic NS bifurcation: y; , = e*
Complex periodic normal form on W§:

i
dr 2 4
i 1+v(B) +a(B)IE* + O(Eh),
dg i0(B)

— 2 4
%= (o Tp)er awriet s ouath,

where v(0) = 0 but Re(d(0)) # 0. The O(IEI4)-terms are Tp-periodicin 7.

Ccr Cy

£ <0 5=0 5 >0
Yuri A. Kuznetsov
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Critical normal form coefficients for ODEs

* Atacodimension-one point write the ODE as
i=f(x), xeR™
¢ Taylor expansion with multilinear forms:
0 0 1 1 4
f&E@+v) =f (D)) +ADv+ EB(t; v,v) + gC(t; v,v,v)+ O(vl™),

where A(f) = Df (x°(1)), while B(f; u, v) = D*f(x°(9) (1, v) and C(t; u, v, w) =
D3 f °(5) (u, v, w) with the components

n 62 ;
Bi(tbuv) = ), fitx) UjVk
j,k:l axj'axk x=ﬁo(t)
and 3
Cibuvw = ) 0N UjUp Wy,
jii=1 0%j0x10x; x=x9(1)

fori=1,2,...,n These are Ty-periodic in ¢.
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* Fredholm technique for BVPs
Assume unique modulus scaling ¢, ¢* € C ([0, Tp], R™) satisfy

@@ —-A@@T) = 0,70, Tl
90)—p(Ty) = 0O
Lo @), pandr-1 = o,
and
{«p*(r)+AT(r><p*(r) = 0,7€[0,Tpl,
e 0)—@*(Ty) = o.
If he C1([0, Tp],R™) is a solution to
h(r)-A@h(r) = g, €0, Tpl,
h0)-h(Ty) = 0,

with g€ C2((0, Tp], R™), then

To
fo (™ (1),8(1)) dr =0.

When it holds, there is a unique solution # satisfying

To
f (@™ (1), (1)) dr =0 (Fredholm solvability condition)
0

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 11/58
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Fold (LPC): iy = u, =1 (double non-semisimple)

* (ritical center manifold WOC:

x=H(1,8), 7€[0,Tp], €R,
where 1
H(@,8) = xp(r) +{u(0) + 5 o ME+0E)
with v(Tp) = v(0), hp(Tp) = ho(0).

* Critical periodic normal form on W

dr

_ 2 3
o 1+&+aé“+ 0(&°),
a - _ 2 3
i b¢= +0(5),

where a, b € R, while the O(ES)-terms are Tp-periodicin 7.
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LPC: Generalized and adjoint eigenfunctions

(1) - AMv([) + f(x0(1),00) = 0, 7€[0,Tpl,
v(0) — v(Tp) 0,

To
fo (u(1), f(xo(1),0))dt

0,

implying
Tt
fo " (0" @), fro(@),0) dr =0,

where ¢* satisfies

P*@M+AT@Me* (1) = 0,7€(0,Tpl,
0 —-¢*(Ty) = 0O
To
f (" (@, v)ddr-1 = 0.
0
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LPC: Computation of b

* Homological equation:

OH(r,{) dr  OH(r,§) df _

or ar o ar JH®)

* Collect in the homological equation

& i =f0,0),
& =A@+ f(x0,0) =0,
& . p—A@hy = B(T; v, 1) - 2af (x9,0) — 2 — 2bv.

¢ Since A& (d% —A(T)) = span{g = Xy} in the subspace of Tp-periodic functions in
cl([0, Tpl,R™), we must have
1o,
b= > f (o™ (1), B(r; v(7), v(1)) — 2A(T) V(7)) dT
0

(Fredholm’s solvability condition)

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 14/58
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Flip (PD): u; = -1, u, = 1 (both simple)

* (Critical center manifold Wg:
X= H(T;f), TE [OvZTO]r 5 € [R)

where ) .
H(T,8) = %o(7) + {u(D) + - o (M& + &hs @& +0Eh

with v(Tp) = —v(0), h(Tp) = h2(0), and h3(Tp) = —h3(0).

* Critical periodic normal form on W

dr 9 4
7 1+ aé< + 0(&™),
a 3 4

dt - C{ + O(f )v

where a, c € R, while the O(&4)-terms are 2T o-periodicin 7.
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PD: Eigenfunctions

¢ Eigenfunction:

(1) -A@v(r) = 0,7€l0,Tpl,
v(0)+uv(Tp) = O,
To
f (@), v(e)Hdr-1 = 0,
0

extended to [Tp,2Tp] by
u(t+ Tp) = —v(), te [0, Tpl.

* Adjoint eigenfunction:

O +AT@r @ = 0,
v'O0)+v*(Ty) = 0O,
0.

To
f W@, va)ydr-1 =
0

7 € [0, Tol,

extended to [Tp,2Tp] by
v (t+ Tp) = —v™ (8, telo, Tpl.
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PD: Quadratic terms

Collect in the homological equation

& ko =fx0,0),
& i-Amv=0,
& . hp—AMhy = B(T;v,v) - 2aky, T€0, Tl

Since A (d—‘i —A(T)) = span{y = Xp} in the subspace of Tp-periodic functions in cl((o, Tpl, X),
the Fredholm solvability condition must hold:

To
fo (@™ (1), B(T; v(1), u(T)) — 2akp (1)) dr =0,

where ¢* satisfies

P*@+ATDe* (1) = 0,7€l0,Tol,
P 0)-¢*(Ty) = 0,

To
fo (@*(@),fxo(m),0)dr-1 = 0,

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 17/58
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PD: Computation of a and h,

¢ The above Fredholm solvability condition implies
1T
a=; f (p* (@), B(T; v(1), (1)) dr.
0

* Define hy on [0, Tp] as the unique solution to

(1) = AT hp (T) - B(z; v(1), (1)) +2af (%0 (1),0) = O,
hy(0)—h2(Tp) = O,

To
fo (p* @), hp@))dr = 0.

and extend to [Tp,2Tp] by periodicity

hy(t+ Tp) = ha (1), tel0, Tol.

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 18/58
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PD: Computation of ¢

Cubic terms: &3 )
h3 — A(t)h3 = C(t; v,v,v) + 3B(t; v, hp) — 6aiy— 6¢cv

Since A |4 — A(1) | = span{v} in the subspace of Ty-antiperiodic functions in c! ([0, Tpl,R™),
T p p p

the Fredholm solvability condition

T,
[ ’ (v* (1), C(T; v(1), v(T), v(1)) + 3B(1; U(T), h2 (1)) — 6aA(T) v(T) — 6¢V(T))dT = 0
0

must hold, implying
1 5h
¢ = 3 fo (V" (1), C(z; v(7), v(1), V(7)) + 3B(7; V(T), h2 (7)) — 6aA(T) V(7)) dT

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 19/58
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Torus (NS): 1, =0, u, =1, (e £1,k=1,2,3,4)
* Critical center manifold W
x=H(1,&8), 1€[0,Tp), E€C
where

H(1,¢,8)

= 1 -1 -
X0 (1) +Ev(T) +ED(T) + Ehzo(f)fz + hiy (O + 2 hop )&
1 1 -1 _ 1 _
+ ghso(r)f?’ +5h1 (M)EE+ Ehlz(ﬂffz + ghog(r)f?’ +0(¢Y

with v(Tp) = v(0) and hj(Tp) = hj(0).

* Critical periodic normal form on W:

dr

i 1+alél? + o3&,
ds  _ 1o 2 4
i Toé+d¢|5| +0(¢1h,

where a€ R, d € C, and the O(|E|4)-terms are Ty-periodicin 7.

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 20/58
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NS: Complex eigenfunctions

) 0o
(1) - A@V(T) + T V(1) 0, 7 €0, Tp],
0
v0)-v(Tp) = O,
To
f (v(1),v(1))dT — 1
0

0.

and

(@) + AT (@ (1) + Do v* (1)
To
v*(0) — v* (Tp)
To
f W (@), v(@))dr—1
0

0, 7 €10, Tol,
0,

0.

Homological equation:

0H(1,¢,é) dr | OHG, §§) d¢ aH(rf«S) df
ot dr ot ar A&

—f(H( 16,8)

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024
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NS: Quadratic terms
° {2:
. 216,
hoo — A(T) hpo + % hao = B(t; v, 1)
0

Since 2 is not a multiplier of the critical cycle, the BVP

Il
L

. 216
hoo — A(T) hog + lT—Otho - B(t; v(1), v(7))
hoo(0) — hoo (Tp)

Il
e

has a unique solution on [0, Tp].
° g .
hi1 - A(@) 1y = B(T; 0, D) — axp
Here

d
N (E —A(T)) = span{g = ip}

in the subspace of Ty-periodic functions in C! ([0, Tp], R™).

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 22/58
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NS: Computation of a and hy,

* Define ¢* as the unique solution of

@* (M +AT (1) * (1) 0
P*(0)—@*(Tp) = 0,
0

To
fo (@* (@), fxo(T),ap))dr -1 =

’

* Fredholm solvability:
To
a= f (@™ (1), B(t; v(1), b(1)) drt
0

* Then find hy; on [0, Ty] from the BVP

h11 (@) = A k11 (1) = B(T; v(@), U(1) + af (o (1), @) = O,
h10) = h11(Tp) = 0O,

To
fo (" @, i@ dr = 0.
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NS: Computation of d

* Cubic terms: £2&
ho1 —Ahoy + lT—Ohgl = 2B(t; 1, v)+ B(t; hpo, V) + C(t; v, 1, 1) — 2ai— 2dv
0

¢ Fredholm solvability condition:

1T
a = Ef (" (1), C(z; v(1), (7), V(1)) dT
0

1T
+ 5.[0 (" (1),2B(T; h11 (1), v(T)) + B(t; hoo (7), U(1))) dt

o iaf
- ﬂf W™ (1), AT v(1)) dt + ——
o To

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 24/58
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Local codim 1 bifurcations of cycles in DDEs

@ Diekmann, O., Verduyn Lunel, S.M., van Gils, S.A. Walther, H.-O.
Delay Equations: Functional-, Complex-, and Nonlinear Analysis
Applied Mathematical Sciences 110, Springer (1995)

B Lentjes, B., Spek, L., Bosschaert, M. M., and Kuznetsov, Yu. A.
Periodic center manifolds for DDEs in the light of suns and stars
J. Dyn. Diff. Equat. (2023), https://doi.org/10.1007/s10884-023-10289-9

ﬁ Lentjes, B., Spek, L., Bosschaert, M. M. and Kuznetsov, Yu. A.
Periodic normal forms for bifurcations of limit cycles in DDEs
arXiv:2302.08806v2 (2024)

ﬁ Bosschaert, M. M., Lentjes, B., Spek, L., and Kuznetsov, Yu. A.
Numerical periodic normalization at codim 1 bifurcations of limit cycles in DDEs

[work in progress]
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Delay Differential Equations (DDEs)

* Consider now a discrete delay differential equation (DDE)
(1) = fx(,x(t-11),...,x(t—Tw), =0,
where x(1) € R”, f:R™ 0"+ _ R7 js smooth, and the delays satisfy
0<11<:<Tp=h<oo

* Let the Banach space X = C([—h, 0],R") be the space of initial data.
* Write the initial-value problem for the above DDE as

x(t)=F(xy), t=0,
X0 =, peX.

where the history of x at time ¢t = 0, denoted by x; € X, is defined by

x:(0) :=x(t+0), 6€[-h0].

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 26/58
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What should be generalized for DDEs ?

* Phase space and solutions

* (Adjoint) linearized equations and multipliers

* Center manifold existence

* Normal forms on the center manifold

* Abstract ODE on the center manifold and the homological equation
* (Generalized) eigenfunctions

¢ Fredholm solvability

* Formulas for the normal form coefficients

* Numerical implementation

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 27758
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Introduction to ®x-calculus

* Strongly continuous shift semigroup on X (solution to DDE with F = 0):

@(t+0), —-h=<t+0<0,
To(H)(O) := t=0,peX, 0€[-h0
(To(£)g)(6) {(p(O), 11620, [0} [ 1

with the infinitesimal generator Ag:
P(Ag) = {pe C'(-h,0LR™ :¢'©) =0}, Agp=¢,

* The dual semigroup T (#) on the dual space X* = NBV([0, 1], R"*) has the
infinitesimal generator A(’; :

0
D(AY) ={fe NBV([0, h],R™) : f(6) =f(0+)+f glo)do for all 6 € (0, h),
0
g€ NBV([0, h],R™) and g(h) =0}, Af=g

* The maximal domain of strong continuity of Tgf (1) on X* : X® = R"™ x L1([0, h], R"*)

D(A)) =R™ x NBV([0, h],R™)

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 28/58
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* The strongly continuous semigroup
19 (1) = Ty ()] o

has the infinitesimal generator A7 that is a part of A in X©.

* The dual semigroup Tg* (#) on the dual space X®* = R" x L*°([—h,0],R") has the
infinitesimal generator A3*:

D(AG™) = {(a,p) € X°* : @ € Lip([-h,0,,R™) and (0) = a}, AJ™ (a,¢) = (0,¢").

* The maximal domain of strong continuity of 75 * (#) on X®* : X®© = R" x C((0, h],R"™)

¢ The strongly continuous semigroup
1% = 1™ (0] o

has the infinitesimal generator A7® that is a part of A7 * in X®.

* The canonical embedding j: X — X®* has action

Jjo=(p0),9), peX

maps X onto X®®, i.e. X is ©-reflexive with respect to the shift semigroup Tp.
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¢ Table [Janssens, S.G., 2010]

space representation duality pairing
. S o 1,90 = i dn©)¢(~0)
o e St ?ﬁé%?w*) (€. 8), ) = cp(0) + [ gO)p(~0) dB
e T

* For we R" define
wr* = (w,0) e X®*
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Linear periodic DDEs
* Consider the linearization of the DDE around a periodic solution y(t) = y(t+ Tp):

¥ =Ly, t=s,

LDDE {
Vs=@, peX,

where L(f) = DF(yy) for te R.

* There is a one-to-one correspondence between solutions of LDDE and the
time-dependent abstract integral equation (AIE)

t
wt)=Tot-9p+j | Tg*(s-1)B@u@dr, peX
N

with ¢ = 5. Here B(f)¢ = [L(£)¢@]r®* for ¢ € X, and the integral is the weak™ Riemann
integral.

* The AIE defines an evolutionary system {U(t, 5)} =5 on X, so that
Ui+ T,s+T)=U(t,s), U(s+kT,s)=U(s+ T,s)k

and
u(t) = UL, ), t=s.
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Riesz’s representation implies

h
L= [ dl6,00p-0) = Gt ), teR, peX,
where { : R x [0, h] — R™ " is such that {(¢,-) € NBV([0, 4], R"*"") and Ty-periodic in the
first component.
We define U(t,s), U* (¢, s), U® (¢, s), and U®* (¢, s) as usual.

For their respective infinitesimal generators A(t), A* (1), A® (1), and A®* (1), we get

20 = {pe C(-h0LRY :¢/0) = LD)p}, ADp=0/
2A* M) =2(A), A @Of=f +f0")(,")
2A°D) ={(c9eDA}):g+cl(1,) X}, A°()(c,g) =g+((T,)
DAY @) =DAFY), AT (@) (@, ) = (LD, @).
Note that
A (@)jp = Ay jp + B(r)p = Ay ™ jop + IDF(y 1)1 1
forallpe X
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Center Manifold Theorem for DDEs
Let Xp(s) € X denote the (19 + 1)-dimensional center subspace for U(s+ Ty, s) defined by the
direct sum of all its generalized eigenspaces with a Floquet multiplier on the unit circle and
let Xp :={(s,0) € R x X : yp € Xp(5)} denote the center fiber bundle.
Theorem (Lentjes et al., 2023)
Consider a DDE
{x(r) =F(x), 120,
X0 =, peX.
with a C¥*1-smooth F: X — R” for some finite k= 1. Lety; be a Ty-periodic solution of this
system having ng + 1 = 2 Floquet multipliers satisfying |u| = 1. Then there exists a locally

defined Ty-periodic C*-smooth (ng + 1) -dimensional invariant manifold W\ < X defined
aroundl’ ={ue X:u=1yy, t€|0, Tpl} and tangent to the center fiber bundle Xy. g

Moreover, a sufficiently smooth system
x() = F(x, ), t=0, a € R™,
X0 =9, peX

such that F(¢,0) coincides with F(¢), has a locally defined periodic smooth (1 + 1)-
dimensional invariant manifold #; that is a smooth continuation of #{.
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Critical normal form coefficients for DDEs

* The solution u(f) = x; € 71/0" satisfies the abstract ODE

d. on.
d—t]u(t) =Ay " ju() + G(u(),
where Ge C¥*1(X, X®*) is defined by
G(p) := [F(@)r°*, peX.
¢ Taylor expansion and multilinear forms

Gyr +y(@) = Glys)+[DF(y)y@1re*
1 . O* 1 . O% 4
+ EB(T,w(T),w(T))r + EC(T,W(T),w(T),u/(T))r +O(lyll™)

where

Bm¢my() = DPFyo) @), y(1)
Clr; @),y (1),0(1) D*Flyn) (@), w(1),{(1))
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Fredholm-like technique

* Let Cr, (R, Y) be the space of Tp-periodic continuous Y-valued functions. Define

(1) o :2(A) — Cr,(R,X) by
() ={pe C}O ®,X): (1) €DAT), VT ER}, A ¢ = (1 — AT p(1)— (1))
(2) A*:D(4*) — Cr, (R, X*) by

D (™) = {p* € C, (R, X™*): 9™ (1) € D(A* (1)), VT € R},
A¥P* = (1~ A" (DY* (1) + 9 (1)
3) A°:2(4°) — Cr,([®R X®) by

2(4°) = {p® € C}, (R, X®) :¢° (1) e D(A° (1)), VT €R}, A 9° = o/ *p°,
(4) A°*:D(/°*) — Cp (R, X°*) by

D(4°*) = {9 € C, (R, X®*) : 9% (1) € DA ()VT € R},
JZ{O* [OX 4 (T HAO*(T)(,DG*(T) G*(T))
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* The linear operators o, o/ *,.o/®, o/ ®* are unbounded non-closed but closable. The
spectra of all these operators coincide with the set of all Floquet exponents

¢ Introduce the pairings

To To
<<p*,<p>T0:=f0 (p* (@), p(1)dr, <<p®*,<p®>T0:=f0 (@°* (1),° (M) dr

for (9™, ¢) € C1, R, X™) x Cg,y ®, X) and (9°*,¢°) € Cr, (R, X°™) x Cr,y (R, X®)
* The pairings are nondegenerate and it holds that
(AL*Q™ oy, = @™ L)1y, (AT 9,91y = (p°F, L) 1,
forall ¢ € D(A), p* € D(A™), p® € D(4®) and ¢°* € D (A ©*).

Theorem (Fredholm Solvability)
Ifthe equation
o %% (0, v) = (wo, w) € Cr, (R, X™)

has a solution (vy, v) € 2 (o4 ™), then {(wp, w), p®) 1, = 0, where ¢° is an eigenfunction of s/ *
corresponding to zero eigenvalue. If zero eigenvalue is simple, the bordered linear system

% (v, v) = (wo, w), {(v0,v), )1, =0, m
has a unique solution (vy, v) =: (£ °*)™NV (wp, w).
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Fold (LPC): iy = u, =1 (double non-semisimple)

* (Critical center manifold 71/06:

u=7(,§ 1€l0,Tpl, (eR,
where 1
FOT,8) =y +Ep1 (1) + Ehz(r)fz +0E%)
with ¢1(Tp) = ¢1(0), h2(Tp) = h2(0).

* Critical periodic normal form on #(:

dr

_ 2 3
PR 1+&+aé“+ 0(&°),
a 2 3
i b¢= + 0(5),

where a, b € R, while the O(ES)-terms are Tp-periodicin 7.
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LPC: Generalized and adjoint eigenfunctions

¢ The eigenfunctions ¢ (7) = y7 and ¢ (7) solve

{ stoo = 0 [ [£-am)gom) = 0,7€l0,T)

00 —¢o(To) = 0 900 —¢po(To) = 0

and

{ dor = ¢ | (£-4@)em+po@m = 0,7el0,T),
P10 -@1(Ty) = 0 P10 -@1(To) = 0,

implying (¢®, o)1, = 0, where ¢® satisfies

A*° = 0, (£+a4*@)e°@ = 0,7€l0,T),
9°0)-9°(T) = 0, or P° () -¢°(Ty) = 0,
@® o1, -1 = 0. @° o1, -1 = 0.
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LPC: Computation of b

* Homological equation

0A#(1,8) . 0H(1,8) ; .
j( a(rT Ui a(g E)‘r)=A§*](<75(1.5))+G(Jf(r,£))
* Collect
o . 4.  ox.
& —jyr =47 jre + G,

dr
d
&g (E_Ao*(r))jzm(f):—f}"rv

d
& ¢ (A @) ) = Bigr@,91(0)°* ~2ajr - 2jg1 (1) - 2bjpr (7).

* Since & (d% — A®* (T)] = span{r — jy;} in the subspace of Ty-periodic functions in
cl ([0, Tp],R™), the Fredholm solvability condition implies

1T
b= 5 fo (B(T; 01 (1), 01 () r°* = 24%* (1) jop1 (1), 0 (1)) dx
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Flip (PD): u; = -1, u, = 1 (both simple)

* Critical center manifold #(;’:
u:%(‘rvf)r TE [OrZTO]) E € Rv

where ) 1
T8 =7 +{p@) + S hy ME + Eh3(7)63 +0Eh
with ¢(Tp) = —¢(0), ho(Tp) = ho(0), and h3(Tp) = —h3(0).

* Critical periodic normal form on #(:

dr 9 4
7 1+ aé< + 0(&™),
a 3 4

dt - C{ + O(f )v

where a, c € R, while the O(&4)-terms are 2T o-periodicin 7.
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PD: Eigenfunctions

* Eigenfunction corresponding to y = —1:

{ dp = 0 (£-4@)e@ = o07ei0,T),
or
90 +¢(Ty) = 0 PO +@(Ty) = 0
extended to [Tp,2Tp] by
@p(t+To) =—-¢(1), te0,Tol.
* Adjoint eigenfunction corresponding to y; = —1:
A*9° = 0, (£+a*@)e°@ = 0,7el0,T),
°0) +¢°(Ty) = 0, or P°0)+9°(Ty) = 0,
@@y —1 = 0. @°, -1 = 0.

extended to [Ty, 2Tp] by

@®(t+ Tp) = —9® (1), te [0, Tyl.

¢ Eigenfunction corresponding to p, = 11is ¢g = y7.
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PD: Quadratic terms
Collect in the homological equation

d
& e =A% jye + Gro),

( AQ*(rﬂ]w«n

( — A% ( T))]hg(‘r) B(1;9(1), p()r®* - 2ajy.

Since A (d% - A®* (T)] = span{t — jy;} in the subspace of Ty-periodic functions in
C%O (R, X), the Fredholm solvability condition must hold:

To
fo (B(t;0(1), (D) 1°* = 2ajy7,y® (1))dr =0,

where © satisfies

S*Y° = 0, (%+A*(T))1//O(T):0 = 0,7€(0,Tp]
yo(O-y®(Tp) = 0, or v -y® (T = 0,
W00, -1 = 0. W00, -1 = 0
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PD: Computation of a and h,

¢ The above Fredholm solvability condition implies

1 b
a=3 fo (B(t; 01 (1), 1 ()%, w® (1)) dr

* Define hy on [0, Tp] as the unique solution to

o (1) = AW ha (1) - B1;0(1), (0) 1% + 2ajpg = 0,
hp(0)—ha(Tp) = O,

To
fo W@ Iy dr = 0.

and extend to [Tp,2Tp] by periodicity

hy(t+ Tp) = ha (1), te 0, Tol.
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PD: Computation of ¢

Cubic terms: &3
d
(d— —Ao*(‘r)) Jh3(@) = [C(T;0(0), (1), (1)) + 3B(T; (1), b2 (1)) ] '™ = 6ajp (1) — 6cjep(x).

Since A (d% - A®* (T)) = span{r — j(7)} in the subspace of Ty-antiperiodic functions in

ClT0 (R, X), the Fredholm solvability condition

To
fo ([C(x; (1), (1), (1)) + 3B(1;0(7), hp ()72 = 6ajp(r) — 6¢jep(1), ® (1)) dT = 0

must hold, which can be solved for c as

1T
=3 fo ([CT;9(T), (1), (1)) + 3B(T;0(T), hp (0))11°* = 6aA°* (1) jop (1), p® (1)) .
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Torus (NS): 1, =0, u, =1, (e £1,k=1,2,3,4)
e (Critical center manifold 7//0C:
x=1,88, 1€[0,Tp], £€C

where

_ - 1 -1
H@ED = yrripm+ipm+o hoo ()&% + hyy (T)EE + 5 o ()&
1 1 -1 - 1 _
+ ghso(r)é3 + Ehm(r)fzf + Ehlz(f)ffz + 5hos @E + 00t

with v(Tp) = v(0) and hj(Tp) = hj(0).

¢ Critical periodic normal form on #{:

% = l+alél?+o3&’h,
ds o 2 4
i Toé+d¢|5| +O(IEM),

where a€ R, d € C, and the O(|E|4)-terms are Ty-periodicin 7.
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NS: Complex eigenfunctions

* Eigenfunction corresponding to uj = et

it

_ da _ ity _
dp+By = 0 (dT A(T))(p(‘r)+ To@ = 0,7el0, Ty,
@0 -¢p(Tp) = 0 0 -p(Tp) = 0
* Adjoint eigenfunction corresponding to u = et
d*tpo—’%’w@ = 0 (d% +A*(r)]¢®(f)—ig—§<p®(r) = 0, 7€0,Tpl,
P°0) -9®(Tp = 0, or P°(0)-¢°(Tp = 0,
@® ¢y, -1 = 0. @® -1 = 0.

* Eigenfunction corresponding to = 11is ¢g = y7.

Homological equation:

j(aié’(r,f,f) it 6%(1,5,E)é+ 07 (t,¢,¢)

F) _ 0% = z
- 5 = £) = AS* (AT, 6,8) + G T,E,0)).

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 46/58



Bifurcations of cycles in ODEs ODE periodic normal forms Bifurcations of cycles in DDEs DDE periodic normal forms Implementatic
000000 0000000000000 00 000000000 0000000000000 e00 0000

NS: Quadratic terms
° 62:
i_ Ox @ H — . Ox
(d‘r AT (1) + T )JhZO(T)—B(T,tp(T),w(T))r

Since 2% js nota multiplier of the critical cycle, the BVP

I
L

d 2i0p) .
(E - A%* (1) + TOO)]hzo(T) - B(r;9(1), (1) r°*
h20(0) — hao (Tp)

I
e

has a unique solution hyg on [0, Tp].
N

d
(E —Ae*(r))jhu(r) = B(T;9(0), () r°* - ajys.

Here d
N (% —AO*(T)) = span{t — jyr}

in the subspace of Ty-periodic functions in C}O (R, X).
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NS: Computation of a and hy,

* Define w® as the unique solution of

d*y° = 0, (d% +A*(T))u/®(r)=0 - 0,7€(0,Tyl,
¥°0)-y°(T) = 0, or o0 -y®(T) = 0,
W p0n-1 = 0. W, 00, -1 = 0.
* Fredholm solvability:
TO - O* o
a:fo (Bt; (1), @(x)r"",y~) dt
* Then find k17 on [0, Ty] from the BVP
(£ - 4°% @) jn (0 - B (@, $0)1°* +ajpo® = 0,
m10) - hi1(Tp) = 0O,
W myr, = O
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NS: Computation of d

® Cubic terms: 625

d i0) _
(— —A%* (1) + Z—O)jhm (1) = [2B(1;h11(1), (1)) + B(7; hoo (1), (7))
d‘l’ To
+  CT;0@, @), pNr®* = 2ajp(r) - 2djp(T),

¢ Fredholm solvability condition implies
1 To — Ox 0]
d = Efo (C(T;0(1), (1), @)1, " (7)) dr
1 To — O* [0}
+ Efo ([2B(1; 111 (1), (1)) + B(1; hoo (1), @(x)1r™ 7, ¢~ (7)) dT

T .
- af 4O (o), 9° () dir + 220
0 Tp
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Numerical implementation

* Multilinear functions

Introduce the linear evaluation operator Z : X — R*(m+1D a5

Ep:=(p(-70)-..,9(=Tm)
Then we have D"F(y7) : X" — R" given by
DrF(YT)(‘pl"""pr) Z . Z D]ﬁ kl,...,j,k,fY(T)q)l,jl k- "q’r,jrkr
]lv Jr— 1,

where @ :=Z¢ forall € X and fy (1) := f(y (1), y(T - 71), y(T - 72),...,Y(T — T )

* Linear inhomogeneous DDE:

{j’(t)—g(J’(t)y}’(t—Tl),"’,J/(t—Tm)) = h(t,t—71,,t—Tm), t€0,Tp]
YT, =)o 0

m
gy, y(t=11),-,yt=Tm) = Mo(Dy(®) + ) Aj(Dy(t—T))
j=1

with Tp-periodic #— Aj(8) e R ™ and t— h(t,t— 71, , t =T ).

Yuri A. Kuznetsov Recent progress in numerical bifurcation analysis of DDEs  June 24, 2024 50/58



Bifurcations of cycles in ODEs ODE periodic normal forms Bifurcations of cycles in DDEs DDE periodic normal forms Implementatic
000000 0000000000000 00 000000000 000000000000 0000 [e] Tele)

* Meshpoints:0<fy <tr<--- <t =Ty
Basis points: #;j = f;+ {7 (i1 — ),i=0,1,..,L-1,j=1,..,M~1
Approximation:
Mo
Yy =) yMP 0, te [, tig1],
Jj=0
where P; j(¢) are the Lagrange basis polynomials.

¢ Defining system (with n(LM + 1) + 1 scalar equations)

y(cij) -8 (cij) y((cij—71) mod To),..., y((cij— Tm) mod Tp)) =
h(c,-,j, (c,-yj—rl] mod TOr---r(Ci,j_Tm) mod T())

P00 _ g

where ¢; j are the roots of the M-th degree Gauss-Legendre polynomial on [-1,1]
translated to [#;, tj+1].

=01, L1
* Unknowns {y ’]}, .
j=L..,

extra bordering condition is appended.

, yL’O) e R™IM+D When the solution is not unique, an
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LPC computations
* The generalized eigenfunction y = ¢ satisfies the equation
d . .
(E —AO*(T)) Jw@ ==jyx

that is equivalent to

LymO-(@)rv@) = —ym
3 4 ]
Ew(r)w) - @w(r)(e) = —y(+0)
v(T)O) —yw(0)B) = 0, O€[-h0]

* The general solution of the second component ¥ (7)(0) = ¥ (7 +0) +0y(7 +0)

* The first component, together with the periodicity condition, yields

Ly - ((@,),9) = -7 +{{(7,,0 — 07(0))
W(To) - H(0) =0

which is a linear inhomogeneous DDE considered above.
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* Quadratic coefficient of the center manifold

d .
(E —AO*(T)J jho (1) = BT; w (D), y (D) r®* = 2ajyr — 2jy (x) — 2bjy (7).

that is equivalent to

L by (1)(0) = (7,9, ha (1)) B (1), w(1)) - 2ay (1) — 24/(7) - 2bij (1)
L @O - L (0)6) —2ay(t +0) - 24:(1) (0) - 2by (1) (6)
o (Tp)(0) ~ (@) = 0, 6e[-h,0]

* The general solution of the second component
o (0)(0) = T (7 +0) + 2a07 (7 +0) + 200 (T +0) + 0*(1 +0) + b(201/7(r +0)+6%(r + 0))
¢ The first component, together with the periodicity condition, yields

Lhy ()= (L), hp)

B(t;y(1), w(1)) - 2ay(1) + 2a({(1,-),0 — 07(6))
—20(1) +{{(7,"),0 — 209 (T +0) + 0?7 (1 + 0))
=2b(§(1) +{{(x,),0 — 200 (T +0) + 0>(T +0)))
ha(To)—ho(0) = 0

* Let p be the null vector of the discretization of the right-hand side, then

AP B@y@),y (1) - 2¢/(@) +({(1,),0 — 209 (1 +6) + 6271 +0)))

b ~ - .
2{p Y@ +{{(1,),0 — 200 (T +60) + 02y (T +0)))
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A lumped model of neocortex with two delays

¢ In [Visser2012], the following model of two interacting layers of
neurons is considered

{561(1‘) = —x1(0) —agbx; (t—711)) + cgldxa(t —12))
X)) = —x2(8)—agbxy(t—71)) + cg(dxi (t—712))

* g(x) = (tanh(x— 1) + tanh(1)) cosh(1)?
* Weset b=2.0,d=1.2, 71 =11.6, 7, =20.3
The unfolding parameters are a and ¢
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Numerical bifurcation diagram

LPC branch emanting from, and connecting, the two GPD points Zoom near Cusp
0.20 .
0.150
« Period Doubling curve: ¢ < 0
« Period Doubling curve: ¢ > 0
* LPCcurve:b <0
0.15 *LPCcurve:b> 0
0.148
0.10 ©
0.146
0.05
0.144
0.00 0.142
0.5 0.6 0.7 0.8 0.505 0.510 0.515
c c
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Active Control System

* In [Peng2013], the following active control system

() =1y(0)

() =7 (=x() — gux(t—1) = 2{y() — guy(t— 1) + B (¢ - D)
which is used to control the response of structures to internal or
external excitation

* The parameters
g.=01, g=052, f=0.1
are fixed

* The unfolding parameters are { and t
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Numerical bifurcation diagram

Periodic in DDEs
15

4 Pseudo-spectral method
5

with N=12
— Hopf curve

Limit point of cycles curve
+ Generalized Hopf
+ Neimark-Sacker curve: real(d) < 0
« Neimark-Sacker curve: real(d) > 0
* Double Hopf point

=10 =10

0.0

o

0.2
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Open questions

* Switching to codim 1 bifurcations of cycles at codim 2 bifurcations
(ODEs & DDESs). The critical normal forms for ODEs [MATCONT]

@ De Witte, V., Della Rossa, E, Govaerts, W., and Kuznetsov, Yu.A.

Numerical periodic normalization for codim 2 bifurcations of limit cycles:
Computational formulas, numerical implementation, and examples.

SIAM J. Appl. Dyn. Syst. 12 (2013), 722-788
@ De Witte, V., Govaerts, W., Kuznetsov, Yu.A., and Meijer, H. G. E.

Analysis of bifurcations of limit cycles with Lyapunov exponents and numerical normal
forms.

Physica D 269 (2014), 126-141

* General context of sun-star calculus for other classes of delay
equations: difficulties with smoothness.

* Generalizing to abstract DDEs (neural fields): No periodic center
manifold available yet, but promising work by [Janssens, 2020].
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