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1. Continuation of codim 1 homoclinic orbits

e Doedel, E.J. and Friedman, M.J. 1989. Numerical computation of heteroclinic
orbits. J. Comput. Appl. Math. 26, 1-2, 155-170.

e Beyn, W.J. 1990. The numerical computation of connecting orbits in dynamical
systems. IMA J. Numer. Anal. 10, 3, 379-405.

e Champneys, A.R., Kuznetsov, Yu.A., and Sandstede, B. 1996. A numerical tool-
box for homoclinic bifurcation analysis. Int. J. Bifurcation Chaos 6, 5, 867-887.



Homoclinic orbits
e Consider a family of smooth ODEs
z= f(z,a), ze€eR" «aecR™,
having a hyperbolic equilibrium zg with eigenvalues
R(ung) < ... <R(p1) <0 <RA) <o S R(Any)
of A(xg,a) = fz(xg, o).
e Homoclinic orbit I = W (zg) N WU (zp) has codim 1.

e Homoclinic solution problem:

( f(xg,a) = 0O,
i(t) - f(z(1),0) = 0,

4 t_ll}EOOx(t)—xo = 0, t eR,
| _#®T @@ —z®)dt = 0,

where z is a reference solution.



Defining BVP

e [runcate with the projection boundary conditions:

( f(CCO, Oé)
z(t) — f(z(t), )

(z(=T) — 20, 90, nyr+i)
((+T) — 20,91 ngti)

[ #OT @ — y)de

where the columns of

Ut _ Ut _
Q" =laony+1-->Dny4+ng aNd Q7 =[q1ng+15- 591 ng4ny]

span the orthogonal complements to Ty, WU (zg) and Ty ,W?(zq),
resp.

|
o

0, te[-T,T]

0, t=1,2,...,ng
0

0

N\

, i=1,2,...,nU

e Theorem [Beyn]| There is a locally unique solution to the truncated
BVP for a regular homoclinic orbit with the (x(-),«)-error that is
O(e= 2Ty, where w = min(|u|,\) and (u, \) satisfy R(u1) < p < 0 <
A< R(A7).



2. Continuation of invariant subspaces

e Dieci, L., and Eirola, T. 1999. On smooth decompositions of matrices. SIAM J.
Matrix Anal. Appl. 20, 3, 800-8109.

e Dieci, L., and Friedman, M.J. 2001. Continuation of invariant subspaces. Numer.
Linear Algebra Appl. 8, 317-327.

e Demmel, J.W., Dieci, L., and Friedman, M.J. 2001. Computing connecting
orbits via an improved algorithm for continuing invariant subspaces. SIAM J. Sci.
Comput. 22, 1, 81-94.

e Bindel, D., Demmel, J., and Friedman, M. 2003. Continuation of invariant sub-
spaces for large bifurcation problems. SIAM J. Sci. Comput. 30, 2, 637-656.



Smooth Schur Block Factorization

Theorem Any paramter-dependent matrix A(s) € R**™ can be written
as

AGs) = Q(s) | M) 280 QT ()

where Q(s) = [Q1(s) @2(s)] such that
e Q(s) is orthogonal, i.e. QT (s)Q(s) = In;

e the columns of Q1(s) € R"*™ span an eigenspace £(s) of A(s) cor-
responding to its m selected eigenvalues;

e the columns of Q»(s) € R**(n=m) span the orthogonal complement
EL(s).

e the eigenvalues of R11(s) € R™M*™ are the selected m eigenvalues
of A(s), while the eigenvalues of Ron(s) € R(n—m)x(n—m) gre the
remaning (n — m) eigenvalues of A(s);

e Qi(s) and R;;(s) have the same smoothness as A(s).

Then holds the invariant subspace relation:

QJ (s)A(s)Q1(s) = 0.



CIS-algorithm [Dieci & Friedman, 2001]

e Define
T11(s) Ti2(s) | _ AT
Toi(s) Too(s) | — @ (0)4()Q(0)
for small |s|, where T71(s) € R™M*x™,

e Compute Y € R(n—m)xXm gatisfying the Riccati matrix equation

YT11(s) —Too(s)Y + YT12(s)Y = Tn1(s).

e Then Q(s) = Q(0)U(s) where
U(s) = [Ui(s) Ua(s)]
with
_yvT

In—m

Im

Ui(s) = ( v >(In—m+YTY)_%a Us(s) = ( )(In_m+YYT)—%



e [ he columns of

Q1(s) = Q(0)U1(s)

and

Q2(s) = Q(0)U2(s)

form orthogonal bases in £(s) and £1(s).

e [ he columns of

Q(0) [ i ] ,

and

In—m

Q(0) [ —Y()! ]

form bases in £(s) and £1(s), which are in general non-orthogonal.



3. Continuation of homoclinic orbits in MATCONT

e Basic defining BVP:

( z(t) = 2T f(x(t),a) = O,
f(xC)aO‘) — Oa
g )T (x(t) —2(t)dt = O,
<CE(O) - on,qo,nU—H) = 0,:=1,2,...,ng
X (z(1) — 20,91 ng4+s) = 0, i=1,2,...,ny
TooyYy — YyThiu + 121v — YuTi2uYy = O,
T508Yg — YsT115 + 1215 — Ys1125Ys = O,
|z(0) —xo|| —e0 = O,
\ |z(1) —xo|| —e1 = O,
where
[QO,nU—I—l QOny+2 * DOny+ng] = Qu(0) Ing
[Q1,n5—|—1 Aing+2 * Qng+ny| = @s(0) Ing

e Active: a7, an, and two out of three homoclinic parameters 7', ¢g, €.



4. Initialization by homotopy

e E.J. Doedel, M.J. Friedman, and A.C. Monteiro. 1994. On locating connecting
orbits. Appl. Math. Comput. 65, 231—-239.

e E.J. Doedel, M.J. Friedman, and B.I. Kunin. 1997. Successive continuation for
locating connecting orbits. Numer. Algorithms 14 , 103—124.

e Champneys, A.R., and Kuznetsov, Yu.A. 1994. Numerical detection and contin-
uation of codimension-two homoclinic bifurcations. Int. J. Bifurcation Chaos 4,
795-822.



Locating a connecting orbit, « is fixed

e Step 1: Integrate an orbit from

2(0) = & + eo(e1a8y + c2a03),

where co = 0 if A1 is real,

o Step k: For k=2,...

2

\

to locate a zero of, say, 7.1 (while 7, ...,
Active: cq,...

yChy Th—15 -+

z—2Tf(x, o)
egc; — (x(0) — at(o), qé?)
— La(1) - <O>,q§03 )

(x(0) — 37(()0)7 Q(()O77)JU+Z>

2(0) — =) (O — ¢
|2(1) — 28| — €1

TTLU) €1

and monitor e7.

,ny continue a solution to

O,
0, +:=1,...,ng,
0O, 2=1,...,ny,
O, 21=1,...,ng,
O,
0

T._o> = 0 are fixed).



Locating a connecting orbit, o varies

e Step nyy + 1: Continue a solution to

( z— 2T f(x, o)
f($07 Oé)

((0) — 0, 90,ny i)

7 — =(@(1) = 20,41 ngti)

TooyYy — YuTiiv + 1210 — YuTi2uYu
T505Ys — YsT115 + 1215 — YsT125Ys
|z(0) — xo|| — €0

\ |z(1) — zql| — €1
to locate a zero of 1y (While 71,...,7,,-1 = 0 are fixed).
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Active: a1, Tngrs €1-

~
|_l



Increasing accuracy of the connecting orbit, « varies

e Step nyy + 2: Continue a solution to

( z—2Tf(x, o)
f(zg, )

((0) — 20, 90,ny+i)

(z(1) — 20, 91 ,ng+i)

TooyYy — YuTiiv + 1210 — YuTi2uYu
To05Ys — YsT115 + 1215 — Ys1125Ys
|z(0) — xo|| — €0

\ |z(1) — zql| — €1
in the direction of decreasing e¢1 until this distance is ‘small’.

|
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Active: a1,T, €.



Implementation in MATCONT

<

= UParaml, UParam2, ...

1 R
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@ S
v2 b
mut 67
muz2 [50

P11 |1—
p12 [r5

p21 I.Q—
p22 |:1—

W2 |0.00235
UParam1 [1
UParamz |1—
epsl [ra1aze4

Select Connection |

T = SParaml, SParam2, ...

-3 starter .
Initial Point
C L
Comu2 F%—
“p P
T p12 HS—
£ pal *
 p22 B
) s
C sz b
o T
C w2 jpoozzs

Connection parameters
UParam1 FO.70710678
IJFaram2 TEW
SParam? 0 035495916
SParam2 0. 7491075

Homoclinic parameters
) Bsiesy
T eps W

eps1 tolerance

eps1tol Io_o1

Jacobian Data

increment 1e-005

Discretization Data

ntst !50
ncol ﬁ

5 O 0

Ml=TE3



5. Example: Lorenz System (dimWY =1)

e Lorenz system:

r1 = o(xo—1x1),
Tp = TT] — Tp— T1T3,
r3 = x1x2 — bI3,

with the standard value b = g

® Petrovskaya, N.V., and Judovich, V.I. 1980. Homoclinic loops of the Salzman-
Lorenz system. In Methods of Qualitative Theory of Differential Equations, GorkKii
State University, Gorkii, pp. 73-83 [In Russian]



Homotopy for the (1,0)-homoclinic orbit

I I I ) 0 I I I I I ) 0 I I I
5 10 15 20 10 5 0 5 10 15 20 10 5 0 5
X x X

(a) Integration over T' = 1.3 starting at ¢g = 0.01 for ¢ = 10,r = 15.5.
(b) Continuation in (r,71,e1) until 4 =0 at » = 16.1793.
(c) Continuation in (r,T,¢e1) until e1 = 0.5 at r = 13.9266.



Homotopy for the (1,1)-homoclinic orbit

I I I | 0 I H I I I | 0 I I
10 20 30 40 20 10 0 10 20 30 40 20 10 0 10
X x X



A family of (1,1)-homoclinic orbits

Continuation in (o,r,T,€q1).



Homoclinic bifurcation curves
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Historic remark on 7T-points

1. Bykov, V.V. 1978. On the structure of a neighborhood of a separatrix contour
with a saddle-focus. In Methods of Qualitative Theory of Differential Equations,
Gorkii State University, Gorkii, pp. 3-32 [In Russian]
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2. Bykov, V.V. 1980. Bifurcations of dynamical systems close to systems with a
separatrix contour containing a saddle-focus. In Methods of Qualitative Theory
of Differential Equations, Gorkii State University, Gorkii, pp. 44-72 [In Russian]



Example: Perturbed Hopf-Hopf normal form (dim W% = 2)

e [ he system:

[ @y =2y (uy + p11($2—2[ -+ y;) -+ p12(96§ -+ y§) + 81(w§ -+ y§)2) — yrw1 + 3y§
) y1 = y1(p1 +p11(x5 + y2) + p12(25 + v5) + s1(x5 + y5)2) + w1w1—2X§
ro = x2(u2 + p21(fb‘2—2[ + y;) + p22($§ + y§) + 82(5132—2[ + y;)Q) — Yowor—Ty7
Yo = yo(po + p21(2F + vF) + poo(@5 + y3) + so(2f + 37)?) + zowr+x§.

e Parameter values: pu1 = 9.7, up = —50,p11 = 1,p1o = 1.5,pp1 =
—2,poo = —1,81 = 1.3, = 1.7,w; = 0.001, wp = 0.00235.



Initial orbit obtained by integration

18
1.6
141

12

yl

0.8

0.6

0.4

0.2

_02 1 1 1 1 1 1 1 1 1 J
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3
x1

Then make 7 = 7 = 0 by homotopy and decrease e; to ~ 10°.



A family of focus-focus homoclinic orbits

18r
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Active parameters (uq, puo, T,€e1).



6. Detection of codim 2 homoclinic bifurcations

Codimension

\\\\

2 (9 ) to) () @) (=) b

1

Here % stands for S or U.



Type of object

Label

Limit cycle
Homoclinic to Hyperbolic Saddle
Homoclinic to Saddle-Node
Neutral saddle
Neutral saddle-focus
Neutral Bi-Focus
Shilnikov-Hopf
Double Real Stable leading eigenvalue
Double Real Unstable leading eigenvalue
Neutrally-Divergent saddle-focus (Stable)
Neutrally-Divergent saddle-focus (Unstable)
Three Leading eigenvalues (Stable)

Three Leading eigenvalues (Unstable)
Orbit-Flip with respect to the Stable manifold
Orbit-Flip with respect to the Unstable manifold
Inclination-Flip with respect to the Stable manifold
Inclination-Flip with respect to the Unstable manifold
Non-Central Homoclinic to saddle-node

LC
HHS
HSN
NSS
NSF
NFF
SH
DRS
DRU
NDS
NDU
TLS
TLU
OFS
OFU
IFS
IFU
NCH




Orbit flips

T T
A’ (zg,a0) pi = w1 pi, A (zo,a0) pi = A1 pY.

e Orbit-flip with respect to the stable manifold

= { e RUTUR(p), 2(1) — wo)
e MHIT(S(p}), 2(1) — o)

e Orbit-flip with respect to the unstable manifold

_ { RAVT(R(pY), 2(0) — z0)
ROVT (3(pY), 2(0) — z0)



Inclination flips

A(zo,a0) ¢ = p1 45, A(zo,a0) ¢f = M1 47-

e Inclination-flip with respect to the stable manifold

> = { e~ RDT(R(q3), $(0))
e~ "T(3(q7), (0))

e Inclination-flip with respect to the unstable manifold

o = { RODT(R(}), ¢(1))
FOVT(3(g1), $(1))

where ¢(t) L (TpinyWY (20) + Ty WP (20)).

In MATCONT a new method to compute ¢(0) and ¢(1) is implemented.



The function ¢ € C1([0,1],R") is the solution to the adjoint system:

() 2T AT (2(t), ap) ¢(t) = O

< Q>Te(1) = 0 (1)
. QUT$(0) = 0

\ Jd 6 Te(t) — d(1)]dt = 0,

where the columns of QS and QU span the stable and the unstable
eigenspaces of A(xqg, ag), resp.

Theorem If ¢ is a solution to (1) and (1 € R"U, (» € R"S, then

o(t) D —2T A(z(t), ap) i
(1 1 Range QSLJ_ 5(1) <— { QgLQ = —o(1) (2)
G2 QUL,T 5(0) QY (2 = ¢(0).

Here D and 6 are the differentiation and the evaluation operators, resp.

QSL and QUL are known from CIS, (1 and (o, are computable via bor-
dering a (sub)matrix of the discretized basic BVP that is also known.



6. Open problems

T heoretical:

e Dynamical implications of orbit and inclinations flips with complex leading eigen-
values.

e Bifurcation of Three Leading Eigenvalues (codim 2).

Numerical:

e Starting homoclinic orbits from codim 2 bifurcations of equilibria (only from BT
is implemented; ZH and HH remain unsupported).

e Continuation of homoclinic orbits to limit cycles (no robust n-dimensional algo-
rithm; a generalization of CIS to eigenspaces of differential operators is needed).



