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Critical normal form
* Consider a generic smooth family of planar autonomous ODEs
i=f(x,a), xeR* acR™

* Suppose that f(0,0) = 0 and A = f;(0,0) has one double zero eigenvalue
with the Jordan block
01
( 0 0 )

This indicates a Bogdanov-Takens (BT) bifurcation.
* The ODE at the BT-bifurcation is formally smoothly equivalent to

wy = w
w = Z (akwg + bkwg_l wl)
k=2
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Classical codim 2 BT bifurcation
* Versal unfolding when a, b, # 0 (Bogdanov([1975], Takens[1974]):

{iUo = w
W = P+ Powr + Wl + bwow

¢ The bifurcation diagram:

T+
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Approximation of the homoclinic solution
The singular rescaling

£2 3
wpy=—u w =—VU
a
4
B1= ——&t B2 = Ze%1, et=s
a
in the versal unfolding
w = w
W = P1+Powr +aw; +buwywr

gives the perturbed Hamiltonian system

i = v
s _ 2 b
VvV = —4+u +€5v(r+u)
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e Trivial branch (uyg, vy, 0, 7) of homoclinic solutions with v(0) = 0:

Up(9) )_2( 1-3sech?(s)
uw(s) ]~ “\ 6sech?(s)tanh(s) )

1
e Bifurcation point 79 = =

¢ Nontrivial branch of homoclinic solutions with v(0) = 0:

u uj 0

v L 1R 0
=) ¢ o |+¢] 1

€ =0

T T] 0

where L is the order of approximation.
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Linear inhomogeneous systems

° sl—terms:
{ul = U
. b
no= 2ugur+ 4u(To+ o)
o 2 .
£°-terms:
{uz = U
. b b
= 2ugup+ Zug(ry +ur) + Zuy(To + u) + U
° 83—termS'
itg = U3
. b b
U3 = 2upuz+ Lu(T2+ )+ (T + )

+ —sz(ro + Up) +2u; Up
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* Bounded solutions (u;, vj) exist iff

10 o 1 28817
To = -, = , =
0= 27 240122
¢ The solutions
72b sinh(s) log(cosh(s))
ur(s) = —— 3
7a cosh®(s)
72b sinh?(s)+ (1-2sinh?(s)) log(cosh(s))
ns)=—-——- 2
7a cosh™(s)

* Tangent approximation of the homoclinic branch:

(u,v,€,7) = (U + €Uy, Vo + €V, €, Tp)
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Tangent predictor
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U =

Yuri A. Kuznetsov ()

21617 log2 (cosh(1))(cosh(2r) —2)
492 cosh*(1)
21617 log(cosh(#))(1 —cosh(21))
49a? cosh*(p)
1817 (6¢sinh(2t) — 7 cosh(21) + 8)
49a? cosh*(#)
2161 t(2cosh?(t) — 3)
49a? cosh* (1)
28817 sinh () (3log?(cosh(#))—6log(cosh(#)))

4942 cosh3 (1)
21642 sinh(f) (1210g2 (cosh(?))—14log(cosh(1)))
49a? cosh®(?)

2881 sinh(f) +648b2 sinh(#)
494 cosh®(r) 494% cosh®(r)
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Second-order predictor
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ok
02F ]
oal 1 o5k
o ] At
3 &
=01 1
-1.51
-0.21 1
_2F
-0.3 1 H Hom"*!
-0.4 . - . . . =25 . t - L .
-0.4 -0.2 0 0.2 0.4 0.6 0.8 0 1 2 3 4 5 6
wo ﬁl
L.U() = u
W = P+ Powr —wh+woun
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Codim 3 BT bifurcation with double equilibrium

* If by = 0 but a, # 0, the critical ODE is smoothly orbitally equivalent to

{L'UO = w
W = awh+bawyw + Ol (wo, w))[°)

* Versal unfolding when b, = 0 but ay by # 0 (Berezovskaya & Khibnik
[1985], Dumortier, Roussarie & Sotomayor [1987]):

wo

w

* The bifurcation diagram includes a neutral saddle homoclinic and a
degenerate Andronov-Hopf (Bautin) bifurcation curves.

w1
Br + Baw + B3wowy + ap Wi + bywywn
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Codim 3 BT bifurcation with triple equilibrium (b, > 0)

e If ap =0 but byas # 0, the critical ODE is smoothly orbitally equivalent

to
{Wo = w
) = agwy+ bywowy + bywgwy + Ol (wo, wr)|1°)
3ba
where b, = by - ——.
5as

 If a3 > 0 the origin is a topological saddle. If asz <0, b% +8as < 0and
b’3 # 0, the origin is a topological focus. If a; < 0 and b% +8az > 0, the
origin has one elliptic sector.

* “Versal” unfolding in all cases (Dumortier, Roussarie, Sotomayor &

Zoladek [1991]):
{ WO = u
w, = ,31+,62w0+,63w1+a3wg+b2w0w1+b’3w(2)wl
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Implications for numerical bifurcation software

Bifurcations of a triple equilibrium with elliptic sector

¢ Truncated and rescaled critical normal form:

4
U] Bén+e183 +e28%n

wheree; = +1,e, = +1,and > 0.

* Saddle case: €; =1, any €, and ;
Focus case: €; = —1and 0 < § < 2v/2;
Elliptic case: 1 = -1 and 2v/2 < B.

* Unfolding:

{é =N
= —p—pl+vn+pEn—&E &
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Local bifurcations: f = 3.175849820

-0.05
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Local and global bifurcations: u, = 0.1, f = 3.175849820
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Schematic bifurcation diagram in the elliptic case

&)

YuriA. Ki Q0 : An interplay between bolic and numerical lysi: April 16, 2014 18/35




Planar BT bifurcations BT bifurcations in n-dimensional ODEs Implications for numerical bifurcation software

0000000000 00000000
0000eo 000000

Theoretical bifurcation diagram [Dumortier et al. 1991]

ELLIPTIC
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Elliptic versus focus case

The numerical bifurcation diagram differs drastically from the
theoretical bifurcation diagram for the elliptic case given by Dumortier
et al. [1991] who studied phase portraits in a fixed small neighborhood
of the origin.

It turns out that generic two-parameter slices in the elliptic case are
topologically equivalent to those in the focus case.

However, the inner limit cycle demonstrates rapid amplitude changes
(“canard-like” behavior) near the bifurcation curve Tg.

The “big” homoclinic orbit to the neutral saddle (point F) shrinks not
to the origin of the phase plane, but to the boundary of the elliptic
sector that has a finite size in the unfolding.
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Combined reduction/normalization technique

* Critical ODE: k= F(x), xeR",
with Taylor expansion

F(x) = Ax+ 3 B(x x)+ C(xxx)+ D(xxxx)+O(||x|| ).
* Eigenvectors: ¢o,1, po,1 € R",
Ago=0, Aqi=qo, ATp1 =0, ATpo=p

with {po, o) = {p1,q1) = 1,{po, q1) = {p1,Go) =0
¢ (Critical center manifold:

ok 5
x= H(wy, w1) = wodo + w161 +2<]+Zk<4], 7 Hikwpwy + OCl (wo, w)|

where (wp, w;) € R?, hjr € RrR™.
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e (Critical normal form:

on = uw
w = azw(z)+b2w0w1+agwg+b3w(2)w1+a4w§+b4w(3)w1
+ Ol (wo, w)|I°)

* Homological equation:
Hy,, o + Hy, vy = F(H(wp, wr))

* Collecting the wé wf -terms give singular linear systems for hj;. Since
these systems must be solvable, their right-hand sides should be
orthogonal to p;. Some of these Fredholm conditions will define the
normal form coefficients, others can be satisfied using a freedom in
selecting solutions of singular linear systems appearing at lower-order
terms.

Yuri A. Kuznetsov () BT: An interplay between symbolic and numerical analysis April 16, 2014 22/35
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Quadratic terms

* The w}?-terms give
Ahgo =2aq1 — B(qo, qo)

The Fredholm solvability condition for this system implies
az = 5{p1, B(do, 9o))
* The wyw, -terms give
Al = baqr + hao — B(qo, q1)
Its solvability leads to the expression

by = {p1, B(qo, q1)) — {p1, h20)

Yuri A. Kuznetsov () BT: An interplay between symbolic and numerical analysis April 16, 2014 23/35



BT bifurcations in n-dimensional ODEs
000®0000

* The wf—terms give
Ahgz =2h11 — Blq1, q1)

Since
{p1, h11) = {po, h20) — {po, B(qo, q1))

we get

{p1,2h11 = B(q1, q1)) = 2{po, h20) — 2{po, B(qo, q1)) — {p1, B(q1, ¢1))

The substitution hyy — ho + §9qo with a properly selected 6y makes
the right-hand side of this equation equal to zero. This does not affect
the coefficient b,, because (p, qo) = 0.

Yuri A. Kuznetsov () BT: An interplay between symbolic and numerical analysis April 16, 2014 24/35
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Cubic terms

* The wg-terms give
Ahzo = 6q1a3 +6h11a2 — 3B(ho, go) — C(qo, Go, Go)
Its solvability implies
as = ¢(p1, C(do, 9o, 40)) + 3 {p1, Blh2o, Go)) — az{p1, h11)
* The w(z) w) -terms give
Ahgy = h3o +2bsqu + 2az hoz + 2by hay — 2B(ha, o) — B(hzo, g1) — C(qo, Go, 1)
which solvability implies

bs = %(p1, C(qo,qo, 1) + 2B(h1, Go) + B(hzo, G1))
—  5(p1, hso+2azhgz +2b, 1)

Yuri A. Kuznetsov () BT: An interplay between symbolic and numerical analysis April 16, 2014 25/35
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* The singular linear systems resulting from the wy wf and w?-terms,

Ahyp = 2hp1 + 2b2 hop — B(ho2, 4o) — 2B(h11, q1) — C(qo, g1, q1)

and
Ahg3 = 3h12 —3B(ho2, q1) — C(qv, q1, 1)

can be made solvable for any hy, by substituting h3y — hso + 61 go and
then hyy — hyy + 02 with properly selected 6, and 6,. This does not
change bs.
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Fourth-order terms

* The wg-terms imply

ar = 52(p1, D(qo, Go, Go, Go) + 6C(ha0, Go, Go))
+  5:(p1,4B(hs0, qo) + 3B(h2o, h2o))
—  3ax(p1, ha1) — as(py, hn)

* The wgwl-terms imply

by = £{p1,D(qo, G0, G0, G1) + 3C(h20, Go, G1) + 3C (M1, Go, Go))
+  £(p1,3B(h21, o) + 3B(h11, o) + Blhso, 1))
—  5(p1, hao) — 3bo(p1, h1)
= Ap1, a2z + ashy + bshyy)
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Some simplifications

e Since {p1, h20) = —{po, B(qo, o)), we obtain
bz = {po, B(qo, 0)) + {p1, B(qo, q1))
* Since (p1, h11) = 3{p1, B(q1, q1)), we obtain
as = ¢(p1, C(do, Go, 40)) + 3 (p1, B(h2o, Go)) — 3 a2{p1, B(q, 1))
 Similarly, we obtain

bs = (p1, C(qo,qo, 1) +2B(h11, go) + Blhzo, 1))
+ 5(po, C(do, o, qo) +3B(h20, Go))
—  1by(p1, Blgi, q1)) + ax{po, Blq1, q1))
- 5ax{po, 1)
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Parameter-dependent center manifold reduction at
codim 2 BT

* The ODE system:

¥ = fxa) = Ax+1iB(xx)
+ Na+A(xa)+3ha,a)
+ OUlxI®+ lIxllal?+ lxl? el + al®)
e The normal form:
w = Gwpf) = w1

ﬁl +,32LU1 +6ll,Ug + bwoun

oUlwl® +1811wl?)

+

where G: R™*2 — R",
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¢ The center manifold:

x = Hw,p)

Ho1 B+ [qo, 11w+ 5 Hao 0 w5

Hao,1 wown + 3 Hop 2 55

Ha1,061wo + Ha1,1 frun

Hyz,0B2wo + Hyz,1 f2w)

O(lwol® +wgwi |+ w?) + G (B2 + 112l + 1 B21°)

+ + + +

* The parameter transformation
a = K(B) = Kp+3Kp5+067+61P21+62P)
* The homological equation:

Hy(w, B)G(w, B) = f(H(w, B), K(B))
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Quadratic w-terms give:

* The solvability for Hyo0 and Hap; implies

a = 3p{Bdo )
b = POTB(qO’ qo) + PlTB(LIo, q1)
e With such aand b,
Hyo = A™NV(2aq - Bqo, qo))
Hyy = A™NV(bgy + Hao o — Blgo, 1)
where x = A"NVy is defined by solving the non-singular bordered

)

Yuri A. Kuznetsov () BT: An interplay between symbolic and numerical analysis April 16, 2014 31/35



ifurcations

The - and fw-terms
For Kj = [Kj 0, K1,1] and Hy; = [Ho1,0, Ho1,1] we get the equations

AHy1 +1Ki = [q1,0]

1
p! B(qo, Hor) + pi A1 (qo, K1) 5 [p! B(q1, 1), 0]

PgB(QO,H01) +pi Blq1,Ho)) + PoTAl(ConKl) +pi Al(qr, K1)
= [-py Blgi,q) +3p{ Ha0,1,1]
that is the linear system
A I
H;
P qu 20 A1610 ( Igll )
PeBao+p{Ba  pyAido+pi Ay
q 0
= 2P1 B(Ch,c]l) 0

—piBlgr, q1) +3pL Hap 1
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K = -(plak
2 = P12 K10
Hyp = —-ANV(z+ 1K)
where

z = B(Ho1,1,Ho1,1) +2A1(Hp1,1,K5,1)
+ o (Ki1,K1)

as well as
Hiz,o = =A™ (B(go, Ho1 1) + A1(qo, Ki,1))
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Implications for numerical bifurcation software

The second-order homoclinic predictor

5017 2880°
K+
492 2401a°

10b 4
a=e*"—"—K +¢ (——KL0+ K1,1)+@(65)
7a a

and

51 1
+e | =g+ —u (e qo
a a

4( 4 5017 2880°
+&

—ZHy10+ — Hyp.p + ———— H,
00t 7o Hoa 2 + oos—s Hon

1 1
+ (—luz(ft)CIo+ EV1(£t)6h

2(1 ’ ;(l 12
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Implications for numerical bifurcation software

e Symbolic vs. numeric.
¢ Actual implementation in CONTENT and MATCONT.
* Predictors for homoclinic bifurcations at ZH and HH.
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