Numerical bifurcation analysis of
dynamical systems:
Recent progress and perspectives

Yuri A. Kuznetsov

Department of Mathematics
Utrecht University, The Netherlands




Content:

1. Mathematical analysis of deterministic systems
Equilibria of ODEs and their bifurcations

Limit cycles of ODEs and their local bifurcations
Bifurcations of homoclinic orbits

Open problems

S (O D

References

UTwente — n. 2,



1. Mathematical analysis of deterministic systems

Mathematical = Dynamical systems
modelling theory

N 4
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and
software tools
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Example: Hodgkin-Huxley [1952] axon equations

OV = I—gnam®h(V — Vng) — grn*(V — Vi) — g (V — V1),

¢ = 3T =63/10 = (25— V)/10, tha, = (10 — V))/10,
Ve, Ve,
exp(Ya,,) — 1 exp(Ya,) — 1

Bm = dexp(—V/18), By , Bn = 0.125exp(—V/80).

ap = 0.07exp(—V/20), a,, = 0.1

Ny —

1
" 1+ exp((30 — V)/10)

Other models: Connor et al. [1977], Moris-Lecar [1981]; (vaMiles
[1991]
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Numerical analysis of dynamical systems

* Simulation at fixed parameter values
* Initial-value problems;
* spectral analysis;
* Lyapunov exponents.

* Bifurcation analysis of parameter-dependent systems
* stability boundaries;
* sensitive dependence on control parameters;

* bifurcation diagrams.
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Bifurcation analysis of smooth dynamical systems
* Continuation of orbits
* Equilibria (fixed points) and cycles
* Orbits in invariant manifolds of equilibria and cycles

UTwente — p. 6/
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Bifurcation analysis of smooth dynamical systems

* Continuation of orbits

* Equilibria (fixed points) and cycles

* Orbits in invariant manifolds of equilibria and cycles
¢ Continuation of bifurcatiors

* Bifurcations of equilibria and cycles

* Bifurcations of homoclinic and heteroclinic orbits

* Combined center manifold reduction and normalization
* Normal forms for bifurcations of equilibria
* Periodic normal forms for bifurcations of cycles

* Branch switching at bifurcations
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Software tools for bifurcation analysis

Standard bifurcation and continuation software:
® LOCBIF[1986-1992]
* AUTO97 (HOMCONT[1994-1997], SIDECONT[2001-2005])
® CONTENT[1993-1998]
* MATCONT[2000-]
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Strategy of local bifurcation analysis of ODEs

dx

yn = f(z,a), e R", aeR™
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2. Equilibria of ODEs and their bifurcations

dx

dt
An equilibrium z satisfies

and has eigenvalugs\;, \o, . ..

— = f(x,a), v €R", aecR™.

f(x()v 040) =0

, Ant = o(fz(T0,0))

Im A

Re A
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2. Equilibria of ODEs and their bifurcations

dx

dt
An equilibrium z satisfies

and has eigenvalugs\;, \o, . ..

* Fold (LP} \; = 0;

— = f(x,a), v €R", aecR™.

f(x()v 040) =0

, Ant = o(fz(T0,0))

Im A

Re A
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2. Equilibria of ODEs and their bifurcations

d
d—atj = f(x,a), v € R", a € R™.

An equilibrium z satisfies

f(x()a 040) =0

and has eigenvaluds\i, Ao, ..., A\, } = o(fz(x0, ap))

Im A
* Fold (LP) A1 = 0;
* Andronov-Hopf (H) A1 2 = tiwp.

Re A

—iw()
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Continuation of LP bifurcation in two parameters

* Defining system{z, o) € R" x R?
f($7 a) — 07
g(z,a) = 0,

\

N

whereg is computed by solving thieordered systerfGriewank
& Reddien, 1984, Govaerts, 2000]

Alr,a) wy v 0
vi 0 g 1

whereA(x, a) = fz(x, a).
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Continuation of LP bifurcation in two parameters
* Defining system(z, o) € R" x R?
f($7 C\f) — 07
g(x,a) = 0,

\

N

whereg is computed by solving thieordered systerfGriewank
& Reddien, 1984, Govaerts, 2000]

Alr,a) wy v 0
vi 0 g 1

whereA(x, a) = fz(x, a).

* \ectorsv;,w; € R" are adapted along the LP-curve to make 1
linear system nonsingular.

* (94,9.) can be computed efficiently using the adjoint linear
system.
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Generic fold (LP) bifurcation: Ay = 0

e Smooth normal form on CM:

E=B+b2+0(), b#0.

* Topological normal form on CM:

E=B+bE% b#0.

AN AN.
0 // //

pla) <0 Bla) =0 fla) >0

Collision and disappearance of two equilibr@: + O™ — (.
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Critical LP-coefficient b
Write following [Coullet & Spiegel, 1983]

F(H) = f(xo + H,a0) = AH +  B(H, H) + O(| H|[*)

and locally represent the center maniféld as the graph of a functio
H:R— R"

1
v =H(£) = &g+ 5hag® + O(6), £E€R, hy €R™
The restriction oft = F'(z) to W§ is

E=G(E) =+ 0(&).

The invariance of the center manifdiils implies He& = F(H(&)).
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A(€q + 5hat®) + 5 B(€q, €0) + O(IE) = b2 + 51t + O(I€[°)

* The¢-terms give the identityAg = 0.

* Theé&?-terms give the equation fais:
Ahy = —B(q, q) + 2bq.

It is singular and it$-redholm solvabilitymplies

1

b= §<p,B(q,Q)>,

wheredq = Alp =0, (q,q) = (p,q) = 1.

UTwente — p. 13,



3. Limit cycles of ODEs and their local bifurcations

d
d_f = f(x,a), v € R", a € R™.

A limit cycle C'y corresponds to a periodic solutiag(t + Tp) = z(t)
and has Floquet multipliersuy, p2, . - ., tn—1, i = 1} = o (M (1)),
where

M (t) — fo(ao(t), o) M(t) = 0, M(0) = Iy

Im
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3. Limit cycles of ODEs and their local bifurcations

d
d—f = f(x,a), v € R", a € R™.

A limit cycle C'y corresponds to a periodic solutiag(t + Tp) = z(t)
and has Floquet multipliersuy, p2, . - ., tn—1, i = 1} = o (M (1)),
where

M (t) — fo(ao(t), o) M(t) = 0, M(0) = Iy

Im
* Fold (LPC) u; = 1;
* Flip (PDY. u; = —1;

* Torus (NS) u1 o = e*i%. Re 1
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Simple bifurcation points
O(1) — Tfp(u(r),00)®(r) = 0, ®(0)=1I,,
U(r) +TF(u(r),00)¥(r) = 0, T(0)=1I,.
e LPC:
(2(1)—In)go0 = 0, (2(1)—In)q1 = qo, (Y(1)—Ln)po = 0, (¥(1)—I,)p1

* PD:
((I)(l) —I— ]n)QQ = O, (\11(1) —|— In)pg = O.

* NS:x = cosby
(®(1) — e 1,) (g3 +iqa) = 0, (¥(1)—e*L,)(ps+ips) = 0.

We have(1,, — 2xk®(1) + ®2(1))g34 = 0.
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Continuation of bifurcations in two parameters

°* PDandLPC{u,T,a) € CH([0,1],R"?) x R x R?

_/\

/

°* NS:(u,T,a,r) € CL([0,1],R") x

= Tf(u(r), )

'\

\

(

u(T)

Jo (a

u(T)

fol <ﬂ(7) u

= Tf(u(r), )

U(O) — U(l)
) dt
G[u, T, a

u(0) — u(l)
7)) dt
Giilu, T, a, K|
Goolu, T, a, K|

0, 7€

0,1],
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PD-continuation

* There existyy, wor € C°([0, 1], R™), andwge € R™, such that
Ny : CH([0,1],R"?) x R — CY([0,1],R") x R™ x R,

D —Tf.(u,a) wor
Ny = 0p — 01 wez |
Inty,, 0

IS one-to-one and onto near a simple PD bifurcation point.

N[0

* DefineG by solving N =1 0

Y
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* The BVP for(v, G) can be written in the “classical form”

2

0(1) = T'fa(u(r), ¢)v(r) + Gwor(r) = 0, 7 €0,1],
| v(0) +v(1) + Gwoz = O,
f()l <U01 (7'),?)(7')>d’7' —1 = 0.

\
°* If G =0then®(1) has eigenvalug; = —1.
* One can take
w2 = 0
and
wo1(7) = V(7)p2, vo1(7) = P(7)g2.
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LPC-continuation

* There existyy;, wo; € C°([0,1],R"™), woz € R™, and
Vo2, W3 € R such that
N, : CL([0,1],R") x R2 — ([0, 1], R") x R™ x R2,

D —Tfr(u,a) —f(u,a) wo ]
0o — O 0 W
N, — 0 1 02 |
Int ¢y, ) 0 wo3
| Intvm V02 0 |

IS one-to-one and onto near a simple LPC bifurcation point.

(o) [0
O .

* DefineGbysolving No| S | =

0

¢/
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NS-continuation

* There eXiSfU()l,UOQ,wH,le c CO([O, 2],Rn), and
w1, W2 € R™, such that
N3 : C1([0,2],R?) x R2 — C9([0,2],R") x R™ x R?,

D — Tfe(u,a) wir wio
0p — 201 + 02 w21 w22
Inty,, 0 0
Int,,, 0 0

=
||

IS one-to-one and onto near a simple NS bifurcation point.

() (00

0 0

\G21 Gzz) \(1)(1))

UTwente — n. 20

° DefineG,; by solving N3 | G;; Gia | =




Remarks on continuation of bifurcations

After discretization via orthogonal collocation, all liaweBVPs
for G’s have sparsity structure that is identical to that of the
linearization of the BVP for limit cycles.

For each defining system holdSimplicity of the bifurcation +
Transversality=- Regularity of the defining BV/P

Jacobian matrix of each (discretized) defining BVP can be
efficiently computed using adjoint linear BVP.

Border adaptation using solutions of the adjoint linear BVP

Actually implemented in MatCont, also with compil€sacodes
for the Jacobian matrices.
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Periodic normalization on center manifolds

* Parameter-dependent periodic normal forms for LPC, PD, an
NS [looss, 1988]

* Computation of critical normal form coefficients
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Generic LPC-bifurcation

To-periodic normal form oV $:

( C;_Z = 1+v(a)—&+a(a)é®+0(E3),
\
d
\ d_§ = Bla) +b(a)§? + O(&%),

wherea, b € R.
Cy

Co

Bla) <0 Bla) =0 Bla) >0
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Generic PD-bifurcation

2Ty-periodic normal form oW ¢:

d
= = 14v(a) +a(@)g? + 0,
RS
N dt
whereaq, c € R.
Cr
W5

pla) <0
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Generic NS-bifurcation

To-periodic normal form oV $:
(dT
dt
= (sa)+ Tl e+ darele? + o(leth
| dt T(x) ’

wherea € R, d € C.

Cy Co
{ % TQ
fla) =0 Bla) >0

Bla) <0

= 1+v(a)+a(@)El® +0(¢*),

/"
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Critical normal form coefficients

At a codimension-one point write

flxzo(t)+v,ap) = f(ao(t), Ozo)—l—A(t)v—l—%B(t; v, v)—l—éC(t; v,v,0)+0(||v||*),

whereA(t) = f.(xo(t), ap) and the components of the multilinear
functionsB andC' are given by

tuv Zﬁ’fzxozo

U5V
j.k=1 8:6] axk x=x0(t)
and
n
agfz x 040
Ci(t; u, v, w) U; VW,
Z ﬁxjﬁa:ka:cl gk
jk,l=1 o (¢)

forie =1,2,...,n. These ardy-periodic int.
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Fold (LPC): i, = 1

* Critical center manifoldV§ : 7 € [0, Tp], £ € R

z = z0(7) + &u(7) + H(T, ),
whereH (Ty, &) = H(0,§),

H(r,8) = 3ha(r)€ +O(E)

* Critical periodic normal form oy

(T = 1 erag O,
t
| de

wherea, b € R, while theO(£3)-terms arel-periodic in7.

UTwente — pn. 27,



LPC: Eigenfunctions

.

Implying

wherep* satisfies

v

o*(1) + AN (r)*(r) = 0, 7 €[0,To),
X ©*(0) — ¢*(To) = O,
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LPC: Computation of b

* Substitute Into
de  Odxd{ Oxdr

at  ofdt  ordt
* Collect
gO L Top = f(:li’o, Ozo),
fl . @—A(T)”U:j;’o,
&2 © hg— A(T)he = B(1;v,v) — 2af(z0, ) + 20 — 2bv.

* Fredholm solvability condition

b=§AO@W%B@MﬂwﬁD+%WWW»M-
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Remarks on numerical periodic normalization

* Only the derivatives of (z, ag) are used, not those of the
Poincaré mafP(y, ag).

* Detection of codim 2 points Is easy.

* After discretization via orthogonal collocation, all liaeBVPs
Involved have the standard sparsity structure.

* One can re-use solutions to linear BVPs appearing in the
continuation to compute the normal form coefficients.

* Actually implemented in MatCont for LPC, PD, and NS.
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Example: Oscillations in peroxidase-oxidase reaction

® 2YH,5 +02+2H+ — 2YH+—|—2H20

A+B+XBox vk
2X = 2Y, Xo — X,
A+B+Y ®Baox A, 8 A
xXMp B
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Example: Oscillations in peroxidase-oxidase reaction

°* 2YH,5 +02—|—2H+ — 2YHT + 2H50

A+B+XBox, vEQ
2X = 2Y, Xo — X,
A+B+Y ®Baox A, 8 A
xXMp B®BB

® Steinmetz & Larter (1991):

v

= Kk ABX — k3ABY + ky — k_7 A,

— —kABX — ks ABY + kg,

ki ABX — 2k X2 + 2k3 ABY — ky X + kg,
=  —k3ABY + 2k X2 — kY.

<o o
I
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MatCont

Caompute  SWindow Options Help | File  Edit . ow  Help  Attributes  Plot

O o

Initial Point
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Bifurcation curves

ACM Trans. Math. Softwarg4 (1998), 418-43€
SIAM J. Numer. Anal38 (2000), 329-34¢
SIAM J. Sci. Comp27 (2005), 231-252
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Bifircation curves (zoom)

SIAM J. Numer. Anal41(2003), 401-43%
SIAM J. Numer. Ana3(2005), 1407-143¢
Physica D237 (2008), 3061-306¢
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4. Bifurcations of homoclinic orbits

* Consider a family of smooth ODEs
= f(z,a), x€R" aecR™,
having a hyperbolic equilibrium with eigenvalues
Rpng) < o < Rp1) <0 <R(A) < .o < R(Any)

of A(xg, ) = fr(xo, ).
* Homoclinic problem:

2

f(xo, ) = 0,
#(t) - f(x(t),a) = O,

| tliinoox(t)—xo = 0, teR,
WAECKCUREOT
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Homoclinic orbits

Homoclinic orbits to hyperbolic equilibria have codim 1.
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Defining BVP [Beyn, 1993; Doedel & Friedman 1994]

* Truncate withprojection boundary conditions

.
($0,

Q) 0

#(t) = f(z(t),a) = 0,tec[=T,T
) 0
) 0

< (x(=T) — 20, Qony+i) = 0,i=1,2... ng
(x(+T) — 20, 1ngti) = 0,i=1,2,...,npy
T
| 50 6 -0 = o,
\ J-T
where the columns d®V™ = [gony+1s-- - » 0.y 4ns] @Nd
1
QU — [Q1,n5—|—17 e 7Q1,n5—|—nU] Span the orthogonal

complements td@,, WY (zq) andT,,W*(zg), resp.
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Smooth Schur Block Factorization

A(s) = Qo) | T 2N grgy ¢ guen
) 0 Raa(s)
whereQ(s) = [Q1(s) @2(s)] such that
* (Q(s)is orthogonal, i.eQ'(s)Q(s) = I,,;
* the columns of);(s) € R"*™ span an eigenspaé#s) of A(s);

* the columns of),(s) € R™*(»=™) spanE=+(s);

* eigenvalues of?;; are the eigenvalues of(s) corresponding to
E(s);
* Q(s) andR;;(s) have the same smoothnessAHs).

Then holds thenvariant subspace relation

Q3 (s)A(s)Q1(s) = 0.
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ClS-algorithm [Dieci & Friedman, 2001]

* Define ] )
T T
nt) T2l Gm0) a0
i Tgl(s) TQQ(S) |
for small|s|, whereTi(s) € R™*™,

* ComputeY € R(»~™)*™ from theRiccati matrix equation
YTH(S) = TQQ(S)Y + YTlQ(S)Y = T5 (S)

* ThenQ(s) = Q(0)U(s) whereU(s) = [Ui(s) Usz(s)] with

, Us(s) = ( e ) (InmtYYT) "2

N |—

[n—m

Ui(s) = ( = ) (Iym+Y 1Y)
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® The columns of

Q1(s) = Q(0)U1(s) and Q2(s) = Q(0)Uz(s)
form orthogonalbases ir€ (s) and&-+(s).

® The columns of

I, ~Y(s)?!
Q(0) and Q(0)
Y(S) In—m

form bases irf (s) and&€-+(s), which are in general
non-orthogonal
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Continuation of homoclinic orbits iIn MatCont

e
Y

i(t) — 2T f(x(t),a) =
f($0,04) =

Jo )T (x(t) — T(t))dt =
((0) — Z0, Gomgri) =

0
0
0
0
. (x(1) =z, 1neti) = 0,1=1,2,...,ny
0
0
0
0

Y

Y

,i:1,2,...,n5

ToorYy — YuTiiv +Towv — YuTliouYy =
ToosYs — YsTi1s + To1s — YsTiosYs =

Y

Y

12(0) = 2o —e0 =

Y

\ ||ZE(1) _ZEOH — €1 = y _
_Y(}“
[QO,nU+1 qony+2 " QO,nU+ns] — QU(O)
Ins
_YST
[Ql,ns—|—1 d1,ns+2 q1,ns—i—nU] — QS(O)
InU
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Example: Complex nerve pulses

® The slow subsystem of the Hodgkin-Huxley PDES is approxsahdty
the FitHugh-Nagumo [1962] system

Uy = Uge —u(u—a)(u—1)—wv,

vy = bu,

where0 < a < 1,b > 0.
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Example: Complex nerve pulses
® The slow subsystem of the Hodgkin-Huxley PDES is approxsahdty
the FitHugh-Nagumo [1962] system

Uy = Uge —u(u—a)(u—1)—wv,

vy = bu,

where0 < a < 1,b > 0.
* Traveling waves:(z,t) = U(§),v(x,t) = V(&) with § = z + ct satisfy

v

U = W,

W = W4+UU-a)(U-1)+V,
Vo= QU,

\ C

wherec is the propagation speed.
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Homoclinic orbits define traveling impulses
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Homoclinic bifurcation curves (HomCont/MatCont)

Int. J. Bifurcation & Chaost (1994), 795-822
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Double pulses




5. Open problems

Computation of normal forms for bifurcations of equilibrra
ODEs with delays.

Bifurcation analysis of spatially-distributed systemshndelays,
e.g. neural fields.

Computing codim 2 periodic normal forms for limit cycles.

Location and continuation of homoclinic and heteroclinibits
to limit cycles.

Starting homoclinic codim 1 bifurcations from codim 2 p@int
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Example: Delay-differential equations

* Model of two interacting layers of neurons [Visser et al.1@p

£1(t) = —21(t) — aG(bw1(t — 11)) + cG(dwa(t — 72)),
| #2(t) = —m2(t) — aG(bza(t — 1)) + cG(dzi(t — 72)),

whereG(z) = (tanh(z — 1) + tanh(1))cosh?(1) andz; is the
population averaged neural activity in layee 1, 2.

* Forb=2,d=1.2,71 =12.99, % = 20.15 there is adouble
Hopf (HH) bifurcation at

(abG'(0), cdG'(0)) = (0.559667, 0.688876)

that gives rise to a stable quasi-periodic behaviour with bhase
frequences (2erus).
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Example: Neural field model

The two-population neural network model:

(1 Oug(x,t)
on o = —ug(x,t)
b wes () feus(e — y,t — 1)) dy
< — [ wer() frlur(z —y,t — L%')) dy,
1 Our(x,t)
o ot = —ulz,?)
+ ffooole(y)fE(uE(l'—y,t— ?)) dy
E
| — o wrr() frlur(z —y,t — %)) dy.

Turing instabilities and pattern formation, cf. [Blomques al., 2005;
Venkov & Coombes, 2007; Wyller et al., 2007]. Partial resiitit no
systematic bifurcation analysis.
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Cusp bifurcation of limit cycles (codim 2)

* Critical center manifoldV§ : 7 € [0, Tp], £ € R
Xr = CC()(T) + fU(T) + H(Ta 6)7

whereH (Ty, &) = H(0, €),

1
H(r,€) = Sha(r)§” + O(€%)
* Critical periodic normal form o

(i
dt
g

\ % — €§3+O(€4)7

= 1 — &+ a16% 4 a8 + O(£Y),

/N

wherea; 5, ¢ € R, while theO(£3)-terms arely-periodic inT.
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Example: Swallow-tail bifurcation in Lorenz-84

T = —y’—z%—ax+aF,
¥y = zy—brz—y+ G,
\ z = bry+xz— z.

a=0.25 bel[2.95,4.0].
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Computation of cycle-to-cycle connecting orbits in 3D

* ODEs for both cycles, their (adjoint) eigenfunctions, amel t
connection;

* Projection boundary conditions in orthogonal planes aébas
points.
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Example: Bifurcations and chaos in ecology

* The tri-trophic food chain model [Hogeweg & Hesper, 1978].

(. (1 5171) aA1r1L2
1 = TI — — | —
K 1+ bixy ’
< jj o A1X1T2 A2X2X3 dir
2 — 1 — — UlL2
1+ b2y 1+ boxo ’
T e i dox
3 — 2 — w243
\ 1+ boxo 7

where

xr1 prey biomass
xo9 predator biomass

x3 super—predator biomass
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Global bifurcation diagram

SIAM J. Appl. Math62 (2001), 462-487
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Local bifurcations

Math. Bioscience$34(1996), 1-33
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Local and key global bifurcations

Int. J. Bifurcation & Chaosl8(2008), 1889-1903
Int. J. Bifurcation & Chaosl9(2009), 159-16¢
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Trends

® Larger dimensions and codimensions;
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Trends
® Larger dimensions and codimensions;
® Semi-local and global phenomena in phase and parametersspac

® Non-standard dynamical models (non-smooth, hybrid, caimstd,
spatially-distributted delays, etc.);

® Implication of connection topology on network dynamics;
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