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1 Introduction

In 1844, Catalan conjectured that 8 and 9 are the only consecutive positive integers which
both are perfect powers. More formally, the only solution in the natural numbers of

a? —yi=1 (1)

for p,g > 1, z,y >0isx =3, p =2,y =2, b= 3. Cassels [8] made the weaker conjecture
that (1) has only finitely many solutions in positive integers z > 1, y > 1, p > 1, ¢ > 1.
The latter conjecture was proven by Tijdeman [19]. His proof heavily relies on the theory of
linear forms in logarithms. In section 4 we will see his proof using more recent and improved
bounds for linear forms in logarithms. A key point of Tijdemans proof is that it is effective
in the sense that an upper bound for the solutions can be computed.

Despite Tijdemans work, Catalan’s conjecture remained unproven until 2002. The prob-
lem was that the bounds resulting from Tijdemans work were exceedingly large. In 2002,
Mihailescu [15] was able to prove Catalan’s conjecture using algebraic methods.

Here, we consider Catalan’s equation over other integral domains. Together with Brindza
and Gyory, Tijdeman was able to generalize his proof to the ring of integers of a number field
K, see [6]. They showed that there exists an effectively computable number C' which depends
only on K such that all solutions of the equation

2 +y?=1inz,y € Og,p,q € N
with z,y not roots of unity and p > 1, ¢ > 1, pqg > 4 satisfy
max(h(z), h(y),p,q) < C,

where h(-) denotes the absolute logarithmic height of an algebraic number.

Brindza [4] further generalized this to the ring of S-integers of a number field. However,
Brindza’s proof is quite technical. In section 5 we will prove Brindza’s result by generalizing
the proof given for the ordinary ring of integers in [6]. Furthermore, we will make the resulting
upper bounds for the solutions completely explicit.

Brindza [5] also gave effective upper bounds for p and ¢ for the Catalan equation over
finitely generated domains in the case that x and y are transcendental. In section 6 we will
strengthen his result by giving explicit upper bounds for p and ¢ without restrictions on z
and y. This will be our main theorem, which we state below.

Let A = Z|z,..., 2] be an integral domain finitely generated over Z of characteristic 0
with 7 > 0 and denote by K the quotient field of A. We have

A2TZ[Xy, .. X,)/1

where [ is the ideal of polynomials f € Z[X;, ..., X,] such that f(z1,...,2,) =0. Then I is
prime and I NZ = (0). Furthermore, I is finitely generated. Let d > 1, h > 1 and assume
that

I=(f1,-- fm)

with deg f; < d, h(f;) < hfori=1,...,m. Here deg means the total degree of the polynomial
fi and h(f;) is the logarithmic height of f;., i.e., the logarithm of the maximum of the absolute
values of the coefficients of f;.
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Theorem 1. All solutions of the equation
al —yl=1
in positive integers p and q, x,y € A and x,y not roots of unity must satisfy
max{p, ¢} < (2d)“1
if x,y are transcendental and

max{p, ¢} < exp (exp (exp ((2d)(h +1))))

if x,y are algebraic, where C1 and Ca are effectively computable absolute constants.

In the case that z and y are transcendental, we will use a relatively straightforward
function field argument. But the case x and y algebraic presents more difficulties. The proof
uses a specialization technique. By means of a so called specialization homomorphism we
embed our finitely generated domain into an algebraic number field, after which we can apply
our results in section 5.

In section 7 we generalize our result to characteristic { > 0. We will first phrase our
theorem and then make some remarks. Let A = Fy[zy,...,2,] with 7 > 0 be an integral
domain finitely generated over F; and denote by K the quotient field of A. We have

A~TF[Xy,..., X,]/I

where I is the ideal of polynomials f € F;[ X7, ..., X, ] such that f(z1,...,2,) =0. Then I is
finitely generated. Let d > 1 and assume that

I'=(f1,- s fm)
with deg f; < d. Here deg means the total degree of the polynomial f;.
Theorem 2. All solutions of the equation
2 —yi=1
in positive integers p and q coprime with | and x,y € A, x,y & F; must satisfy
max{p, q} < (2d)%,
where Cg is an effectively computable absolute constant.

Note that all elements of F; are roots of unity. Hence the condition x,y not roots of unity
translates to x,y € F;. Furthermore, if we have a solution (z,y, p, ¢) in characteristic [ > 0,
we can apply Frobenius to get a new solution (z,y,lp,lq). So it is natural to require that p
and ¢ are coprime with [. The proof will use a similar function field argument as in section 6.
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2 Preliminaries

For our proofs we will need some basic knowledge about function fields and algebraic number
theory. This section covers the necessary preliminaries.

2.1 Function fields

Let k£ be a field. A function field K over k is a finitely generated field extension of tran-
scendence degree 1 over k. For now we will assume that k is algebraically closed and of
characteristic 0. By a valuation on K over k we mean a surjective map v : K — Z U {oo}
such that

v(z) =00 & x = 0;
v(zy) = v(z) +v(y), v(z+y) > min(v(x),v(y)) for z,y € K;
v(x) =0 for x € k™.

Denote by My the set of valuations on K. Then we have the so called sum formula
Z v(z) =0
vEME

for v € K*. Let x = (x1,...,2y,) € K™\ {0} be a vector. We define
v(x) := —min(v(z1),...,v(x,)) for ve Mg

and

Hiom(x) = HIOW (2, 0 2y o= Z v(x).
veEMK

We call H}l(om(x) the homogeneous height of x with respect to K. Let L be a finite extension
of K. Then
H}*™(x) = [L : K]HE™ (x)

Next we define the height for elements of K by

Hy(z) = HE™(1,2) = — Y min(0,v(z)).
vEMK

Now we mention the most important properties of the height Hy. It is straightforward to
show that
Hig(z)>0forz € K, Hgx(z) =0z € k.

Furthermore, it follows from the sum formula that
Hg(2™) = |m|Hg(z) for z € K*,m € Z,

Hg(z +y) < Hr(z) + Hr (y),

and
Hp(zy) < Hx(2) + Hi (y)

Mathematical Institute 5
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for z,y € K. We conclude that

Hi(z) = & (Hy(e) + Hi(a ™)) = % S o) > %ysy for z € K*,

vEMK

N | —

where S is the set of valuations v € Mg for which v(x) # 0.
Let S be a finite subset of Mg . Then the group of S-units of K is given by

Os={re K" :v(z)=0forve Mg\S}

To each function field K over k we can associate a unique natural integer gg /3, which is called
the genus of the function field. For us the precise definition will not be important. The genus
plays a key role in the following theorem.

Theorem 3. Let K be a finite extension of k(z) and S be a finite subset of My . Then for
every solution of

r+y=1inz,yecO5\k"
we have
max(Hk (z), Hx (y)) < S|+ 29k — 2.
Proof. See Chapter I, section 3, Lemma 2 of Mason [13]. O

To apply this theorem, we need an upper bound for the genus. Such an upper bound is
provided by the following lemma.

Lemma 4. Let K be the splitting field over k(z) of F := X™ + f1X™ ! + ... + f,., where
fi,--, fm € k[z]. Then

< — . .
Ik < (d—1)m max. deg f;,

where d = [K : k(2)].
Proof. This is lemma H of Schmidt [16]. O

Now suppose that k is algebraically closed and of characteristic I > 0. As in characteristic
0 we can define the height and deduce its most important properties. Furthermore, there is
the following analogue of Theorem 3.

Theorem 5. Let K be a finite extension of k(z) and S be a finite subset of My . Then for
every solution of
c+y=1inzycOf\ K

we have
max(Hp (z), Hx (y)) < S|+ 29k — 2.

Proof. See Chapter VI, section 2, Lemma 10 of Mason [13]. O

We will need an upper bound for the genus in arbitrary characteristic. The following two
lemmas will be sufficient for our purposes.
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Lemma 6. Let K = k(z,y) be a function field over k, where x and y are related by a
polynomial equation
F(z,y) =0

of total degree n. If F is irreducible, then we have
1
grsi < 5(n—1)(n—2).
Proof. See Chapter X VI, section 6, Theorem 12 of Artin [1]. O

Lemma 7. Let K/k be a function field. Suppose there are given two subfields Fy/k and F»/k
of K/k satisfying

(1) K = F1Fy is the compositum of Fy and Fy, and
(2) [K : F;] =n; and F;/k has genus g; (i =1,2).
Then the genus g of K/k is bounded by
Ik /k < n1g1 +nage + (n1 — 1)(n2 — 1).

Proof. See Chapter III, section 3, Theorem 3.11.3 of Stichtenoth [18]. O

2.2 Algebraic number theory

We start by introducing the notion of absolute value, which makes sense for any infinite field.
So let K be an infinite field. An absolute value on K is a function | - | : K — R>¢ satisfying
the following conditions

lzy| = |z| - |y| for =,y € K;
there is C' > 1 such that |z + y| < C'max(|z|, |y|) for z,y € K;
|z =0< 2 =0.

From now on, we let K be an algebraic number field. Our goal will be to introduce a
collection of absolute values {| - |,} on K. To do this, we will use the notion of places. A
real place of K is a set {0} where 0 : K — R is a real embedding of K. A complex place of
K is a pair {0,5} of conjugate complex embeddings K — C. An infinite place is a real or
complex place. A finite place of K is a non-zero prime ideal of Og. Denote by Mg the set
of all places of K.

It turns out that we can associate to every place v € Mk an absolute value | - |,, which
we define as follows for o € K

if v ={o} is real;
’2

()]
)|? if v ={0,7} is complex;

|aly = |o(a)]” = [a(a)

)y == N (p) "% (@) if v = p is a prime ideal of Of.

Then we have the so called product formula over K

H laf, =1

vEME
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for o € K*. Later on it will be useful to deal with all absolute values simultaneously. For
this we have the useful inequality

lz1 4+ ...+ 2] < ns®) max(|z1]y, .-, |[Tnlo)

forve Mg, x1,...,z, € K, where s(v) =1 if v is real, s(v) = 2 if v is complex and s(v) =0
if v is finite. Furthermore, \a|11,/ ? satisfies the triangle inequality for all v € M.

Let S denote a finite subset of Mg containing all infinite places. Write s = |S|. We define
the ring of S-integers by

Os:={ae€ K:|al, <1foralveMg\S}

This is a subring of K containing O, hence it is a Dedekind domain. Concretely, this means
that every non-zero proper ideal factors uniquely into prime ideals.

Let Wi denote the group of roots of unity of K. Then we have the following important
generalization of the well-known Dirichlet’s unit theorem.

Theorem 8. We have
Ogv = Wi x VAR

More explicitly, there are e1,...,e5_1 € Of such that every e € Oy can be expressed uniquely
as
_ b
8—C81 .”8871’

where € is a root of unity of K and by,...,bs_1 are rational integers.
Proof. See Corollary 1.8.2 in [10]. O

A system {e1,...,65_1} as above is called a fundamental system of S-units. Write S =
{v1,...,vs}. We define the S-regulator by

Rg = ‘det (log |€i,vj)i’j:1,...,5*1) ’

Then Rg # 0 and furthermore Rg is independent of the choice of e1,...,e5,_1 and of the
choice v1,...,vs_1 of S.
We define the absolute multiplicative height of & € K by

H(a) = [] max(1,|al,)/F
vEMK

Next we define the absolute logarithmic height by
h(«) :=log H(c).

Let a,a1,...,a, € K and m € Z. Then we have the following important properties

h(on -+ om) <) h(as);
=1

h(ar + -+ ay) <logn + Zh(az‘);
i=1

For a proof of the above properties, see chapter 3 in [21]. Furthermore, we have Northcott’s
theorem.
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Theorem 9. Let D, H be positive reals. Then there are only finitely many o € Q such that
dega < D and h(a) < H.

Proof. See Theorem 1.9.3 in [10]. O

Mathematical Institute
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3 Lemmas

In this section we will formulate the necessary lemmas. This section is subdivided into three
subsections. In the first subsection we will give some algebraic lemmas. In the second and
third subsection we cover advanced lemmas concerning linear forms in logarithms and the
hyperelliptic equation.

Let K be a number field of degree d, discriminant D and denote by Mg the set of
places of K. Let S be a finite subset of M containing all infinite places. Write s = |S|.

Let py1,...,pt be the prime ideals in S. From now on fi, fa,... are effectively computable
absolute constants and cy, cg, ... are effectively computable constants depending only on K
and S. Put

P :=max{N(pi),....,N(ps)}if t >0,P:=21ift =0
and

Q:=N(p1---p)ift>0,Q:=1ift=0.

3.1 Algebraic lemmas
Our first lemma gives a lower bound for the height of a € K.
Lemma 10. Let o € K, a # 0, a not a root of unity. Then

log 2

dh(a) > Tog(3d) =:c]. (1)

Proof. This follows from the work in [20]. O
Now we need some results on S-units.

Lemma 11. There is a fundamental system of S-units {ni,...,ns—1} and an effectively com-

putable absolute constant f1 such that
(i) T h(m) < (25)7°Rs,
(i) h(n;) < (2s)1°Rg fori=1,...,s—1,

(iii) the absolute values of the entries of the inverse of the matriz (log|nilv;)ij=1,..s—1 do
not exceed (25)71°.

Proof. This is a less precise version of Lemma 1 in [7]. O

Let h denote the class number of K, let  be the unit rank and let R be the regulator of
K. Put
0 ifr=0,
cp:=1 1/d if r =1,
29erlry/r — 1llogd ifr > 2.

Define the S-norm of a € K by Ng(a) :=[],cg||s. More generally, define

Ms(e) :=max | [[ max(L,]al), J] max(1,lal,")
UEMK\S UGMK\S

10 Mathematical Institute
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for a € K*. By the product formula we have

Mg(a)= ][] lal;" = Ns(a) for a € Og \ {0}.
Lemma 12. Let o € K* and let n be a positive integer. Then there exists ¢ € O such that

1 h
h(e"a) < p log Ms(a)) +n (CQR + p log Q) .

Proof. See Proposition 4.3.12 in [10]. O

Let o, 8 € K*. Put
H := max{1, h(a),h(B)}.

Lemma 13. Every solution x, y of
ar+ py=11inz,y € OF

satisfies
max(h(z), h(y)) < (25)/2°(P/log P)H Rg max{log P,log* R}

for an effectively computable absolute constant fo.

Proof. This is a less precise version of Corollary 4.1.5 in [10]. O

3.2 Linear forms in logarithms

Let K be an algebraic number field of degree d, and assume that it is embedded in C. We
put x = 1 if K is real, and y = 2 otherwise. Let

Y=bjlogag +- -+ bylogay,

where a1,...,a, are n(> 2) non-zero elements of K with some fixed non-zero values of
logay,...,logay, and by, ..., b, are rational integers, not all zero. We put

A; > max{dh(a;),|log a;],0.16},i =1,...,n

and
B = max{1, max{|b;|Ai/An : 1 <i<n}}.

Theorem 14. Suppose that 2 # 0. Then

log |X| > —ai(n,d)A; - - - A, log(eB),

where N
1 /1
a1 (n,d) = min { (26n> 30" 332, 26”+20} d?log(ed).
X
Further, B may be replaced by max(|b1], ..., |byl|).
Proof. This is Corollary 2.3 of [14]. O

Mathematical Institute 11
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Put

A:alfl-"ozb"—l (1)

and
Al =dh(a) +m, i=1,...,n.
Lemma 15. Suppose that A # 0, and that B’ satisfies
B’ > max {|b1],...,|bnl}-
Then we have
log [A| > —az(n,d)A} --- A} log (e(n + 1)B')
where

1/1 X
az(n,d) = 27 min { (26(n + 1)> 30" (n +1)35, 26"+26} d*log(ed).
X

Proof. We use the principal value of the logarithm. Let z be a complex number such that
|z —1| < 3. Then

oo o0
1
llog(2)] = > _(-1)" Mz=D" <[z =1 > [z—1"" =z - 1!m <2z —1].
n=1 n=1
Hence

1
2= 11> £ [log(2)].
We apply this with z = o/{l ---abr. Because we want to give a lower bound for |z — 1|, we
may assume that |z — 1| < 3. This gives

1 1
|z — 1| > 5 ‘log (0/1’1 ---af{‘)’ =3 by log(avy) + - - - + by log () + 2kmi|

for some k € Z. But

so taking imaginary parts
k| < % (14 [ba|m 4+ [bulm) < (n+ 1)B/2.
Put
Y =bilog(aq) + - + by log(aw,) + 2kmi = by log(ay) + - - - + by log(a,) + 2k log(—1).
We apply Theorem 14 with n + 1, (aq,...,ap,—1) and (by,..., by, 2k). Then
|log a;| <log|oy| + 7 < dh(e;) + 7.

So we can take A; = Al fori=1,...,n, Ay,y1 =7 and B = (n+1)B’. Our assumption A # 0
implies ¥ # 0. Theorem 14 gives

1
|z —1] > 3 b1 log(avy) + - - - + by log () + 2kmi|
1

>3 exp(—aj(n+1,d)A; -+ Api1log(e(n + 1)B'))

12 Mathematical Institute
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where

1 /1 X
ay(n,d) = min { (26n> 303035, 26"+20} d?log(ed).
X

This implies
log |z — 1| > —az(n,d)A] - - - A log (e(n + 1)B')
where

1/1 X
as(n,d) = 27 min { <2€(Tl + 1)) 30" (n +1)35, 26’”26} d?log(ed)
X

as desired. O

Keep the above notation and assumptions and consider again A as defined by (1). Let
now B and B,, be real numbers satisfying

B > max{|b1, ..., |bu|}, B > By > |bnl.

Let p be a prime ideal of Ok and denote by e, and f, the ramification index and the residue
class degree of p, respectively. Suppose that p lies above the rational prime number p. Then

Nk (p) = p/v.

Lemma 16. Assume that ord,b, < ordyb; for i =1,...,n and set
R, = max{h(c;),1/16e%d*}, i=1,...,n.

If A # 0, then for any real § with 0 < § < 1/2 we have

ordy A < ag(n,d)(1(;2]]\\;83)2 max {h’l b log(M™Y), Bnai(Bn,d)} ,
where
as(n,d) = (16ed)>™+Dn3/2 1og(2nd) log(2d),
as(n,d) = (2d)*" 1 log(2d) log®(3d),
and
M = Byas(n,d)N(p)" "1 - I,y
with
as(n, d) = 2eMHOF5) 31 160(24).
Proof. This is the second consequence of the Main Theorem in [22]. O

3.3 The super- and hyperelliptic equation
Let
f(X) =ap X"+ aan_l + - +ap € Og[X]

be a polynomial of degree n > 2 without multiple roots and let b be a non-zero element of
Og. Put

N 1
h = y Z log max(1, [bly, laolv, - - -, |anlv).
vEME

Our next lemma concerns the superelliptic equation

fx) = by™ (1)

in z,y € Og with a fixed exponent m > 3.

Mathematical Institute 13
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Lemma 17. Assume that m > 3, n > 2. If z,y € Og is a solution to equation (1) then we

have
h(z), h(y) < (6n5)14m3"33|DK’2m2n2Q3m2n268m2n3dﬁ‘

Proof. See Theorem 2.1 in [3]. O

We now consider the hyperelliptic equation

inz,y € Og.

Lemma 18. Assume that n > 3. If x,y € Og is a solution to equation (2) then we have
h(w), h(y) < (4n5)212n4s’DK‘8n3Q2On3e50n4dﬁ_
Proof. See Theorem 2.2 in [3]. O

The following lemma is an explicit version of the Schinzel-Tijdeman theorem over the
S-integers.

Lemma 19. Assume that (1) has a solution z,y € Og where y is neither 0 nor a root of
unity. Then
m < (10n28)40ns|DK’6nPn2€11ndiL'

Proof. See Theorem 2.3 in [3]. O

14 Mathematical Institute
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4 A special case

In this section we will bound p and ¢ for the Catalan equation over Z. We will follow [19].

Setup
Consider the equation

a? —yi=1 (1)
in integers p > 1, ¢ > 1, x > 1, y > 1. Our goal will be to prove the following theorem.

Theorem 20. The equation (1) has only finitely many solutions in integers p > 1, ¢ > 1,
x> 1, y > 1. Effective bounds for the solutions p,q,x,y can be given.

Auxiliary results

The proof of Theorem 20 is rather short, but it contains three applications of the theory of
linear forms in logarithms. At the end of the proof we obtain that there are absolute bounds
for p and ¢ for every solution p, ¢, z,y of (1). We then complete our proof by using Lemma
17 and 18. Before we start the proof of the theorem, we first state and prove a simple lemma.

Lemma 21. Let a be a real number such that 0 < a < % and let n > 1 be an integer. Then
(I1—a)"+a" <1.
Proof. Define
fla):=(1—-a)" +a".
Then f is differentiable and f(0) = 1. So it suffices to prove that
f'la) = —n(l—a)" ' +na"t <0,

or equivalently
an—l < (1 . a)n—l.

But this is clear by our assumption on a. O

Proof of Theorem 20
We are now ready to prove Theorem 20.

Proof. Without loss of generality we may assume that p and ¢ are different primes. Further
we assume that ¢ is odd. This last assumption is justified by Lebesgue’s result that ¢ # 2,
see [11].
We have
=y 1= (DT -y T ),

Let d = ged(y + 1,y —y? 2+ ... +1). Then y = —1 mod d and, hence,
y 92 4. 4 1=¢ mod d.

It follows that d | ¢, and therefore d = 1 or d = q. Since the product of y + 1 and y¢~! —
y?~2 + ...+ 1 is a p-th power, we find that there is a 6o € {—1,0,1} and a positive integer o
such that

y+1=q"0". (2)

Mathematical Institute 15
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In a similar way we derive from
yl=af —1=(x—1)aP  +2P 2 +... 1)
that there is a 6; € {—1,0, 1} and a positive integer p such that
x—1=pMpl. (3)
On substituting (2) and (3) in (1) we obtain
(PPt + 1) — (g0 — 1)1 =1, (4)

The equation is almost symmetrical in (p, p,d1) and (q,0,02). Since we have to distinguish
the cases p > ¢ and p < ¢ and the proofs in both cases are similar in virtue of this symmetry,
we assume p > ¢ in the sequel. In particular we have that p > 2.

We shall first prove that there exist two absolute constants C7 and Cs such that

q < Cy(logp)®”. (5)
Throughout we will use the well-known inequality

[log(1 +a)| < a
for a > 0. We distinguish two cases, (a) and (b).

(a) p=1or o = 1. The following argument shows that z < p? in both cases. Indeed, if
o = 1, then we get from (2) that J = 1 and y = ¢ — 1. Now it follows from (1) and
p > qthat x <y < g < p. If p =1, then we have from (3) that either z = 2 or x = p+1.
We conclude that in both cases z < p?.

By (1)
0 <|plogz — qlogy| = |log(1 + 2Py~ — 1)| < 2Py~? — 1 = exp(—qlogy).

We apply Theorem 14 with K = Q, n =2, a1 = x, ag =y, by = p and bs = ¢q. Then
we can choose

Ay =2logp >logz, As=logy, B=max{p,q}=p.
This gives
lplogz — qlogy| > exp(—2C3log plog ylog(ep)) > exp(—4C5log y(log p)?)

for some absolute constant C'3, where we used that p > 2. The combination of both
inequalities yields (5) in case (a).

(b) p>1and o > 1. It follows from (4) and (r — 1)? < y?+1 < (y + 1)7 that

1 —-p
1> p&pppqqf&zqoqu — <1 4 p51pq> ((1 _ qfézafp)q 4 qfézqgqu)‘

16 Mathematical Institute
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Using Lemma 21 we get for 0 < a < %
[log((1 —a)? +a”)| < |log((1 — a)?)| = —qlog(1 —a)

1 a
q0g<l—a> q0g<+1—a>

aq

< < 2aq.
“1l—a— @
This gives
1
d1plog p — daqlog q + pqlog g‘ = ‘—p log (1 + W) +1log((1— ¢ 20 P) 4 g %295 7)
p 2q
- p61 pq q62 oP ’

Note that indeed 0 < q_52a_p < %, since
of > 2P > 2p > 2q > 2¢"

by our assumption o > 1. Because p > ¢, we have y > x by (1). Hence q20P > phpd
by (2) and (3). It follows that

3p?
Siplogp — daqlogq + pqlog 2| < -
ol = p
We want to prove (5). We may therefore assume that
q > 10log p. (6)

Hence, from p > 1,
pq/Q > p510gp :p5logp > p510g2 > p3 > 3]92,

where we used that p > 2. Thus,

1
0< ‘51plogp — 02qlog q + pqlog g‘ < exp <—2qlogp> . (7)
It is an easy consequence of (3) and (7) that
21
)1og£) < 298P <o
o q

Hence, 0 < e?p < p*. We can therefore apply Theorem 14 to the left-hand side of (7)
with K =Q, n=3, a1 =p, ag = q, ag = p/o, by = d1p, by = —daq and bz = pq. Then
we can choose

Ay =logp, Ay =logp>logq, As=4logp>logmax{o,p}, B =p’>max{p,q,pq}.
This gives
d1plogp — daqlog g + pglog g > exp(—4Cy log plog plog(ep?) log p) (8)
> exp(—12C4(log p)® log p). 9)

for some absolute constant Cy, where we used that p > 2. The combination of (7) and
(9) gives (5) in case (b). This completes the proof of (5).
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Subsequently we show that there is an absolute constant C such that p < C for every
solution z,y,p,q of (1). Again we distinguish two cases, (a) and (b).

(a) 0 =1. We see from (2) that jo =1 and y = ¢ — 1. By (1) we obtain
plog2 <plogx < qlogy +1 < qlogqg+ 1.
It now follows from (5) that
p < 2qlogq < Cs(logp)®

for some absolute constants Cs and Cg. Hence, there is an absolute upper bound C' for
p in this case.

(b) o > 1. It follows from (4) that

1 d 1
d1 4 p,—062q9 .—pq _ _ -
(P p? + 1)Pq 295 P1 = <1 q52op> + T <1

Using our earlier estimate

[log((1 — a)? + a”)| < 2aq,

we obtain 5 )
ppl+1 2q 2q
doqlog g — plog p ’ S Fagr < —
If p > 32, then 2¢2 < 2p% < 2P/2 < gP/2 and
O1pd 41 1
0 < |d2qlogq —plogp’oq—i_‘ <exp <—2plogo> . (10)
o

It follows from this inequality in combination with (5) that

<1

— )

log

fpl 41 1 1 _ 2C%(log p)*©=

PP ot + ‘SqogqjLS (i (logp)

ol p p p

if p > po, where pg is some absolute constant. Since we want to prove that p is bounded,

we can assume that p > 32 and p > pg without loss of generality.

pO1pl+1
o4

We apply Theorem 14 with K = Q, n =2, a1 = ¢q, ag =
Then we can choose

y b1 = (qu and bg = DP.

Ay =logp >logq, A =1logo? >logeo? > logmax{p’ pi+1,0?}, B =max{p,q}=p.

On using (5) we obtain absolute constants C7 and Cg such that

p51 p?+1
o4

da2qlog g — plog > exp (—C’7(logp)c8 log a) . (11)

The combination of (10) and (11) yields
p < 2C7(log p)©-.

Hence, in both cases (a) and (b) there exists an effectively computable upper bound for p.
By (5) this gives at the same time an effectively computable upper bound for q. The case
q > p leads similarly to effective upper bounds for p and gq. ]
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5 The algebraic case

We will give bounds for the solutions of the Catalan equation over the ring of S-integers of a
number field K. This was already proven in [4], but our proof is less technical. We will also
make the bounds explicit. Instead of following [4], we generalize the proof in [6] dealing with
the Catalan equation for the ordinary ring of integers.

Setup

Let K be a number field of degree d, discriminant D and denote by My the set of places of
K. Let S be a finite subset of My containing all infinite places. Write s = |S|. Let p1,...,p;
be the prime ideals in S. Put

P :=max{2,N(p1),...,N(ps)}

and
Q:=N(pp--p)ift>0,Q:=1ift=0.

Consider the equation
Py =1 (1)
in xz,y € Og, p,q € N with x,y not roots of unity and p > 1, ¢ > 1, pq > 4.

Theorem 22. Suppose that p and q are prime. Then there exists an effectively computable
absolute constant fs such that all solutions of (1) satisfy

max{p, ¢} < (P2s)/3F5| D[0P PP’ =: ¢4 2)
and
max{h(z), h(y)} < (es8) | Dic| 4Q%. (3)
Furthermore, if p and q are arbitrary natural integers, we have
max{p, q} < (03s)cg\DK]C§QC§. (4)

Basic lemmas
We will need an elementary lemma to make our estimates easier. Let us start by proving a
prepatory lemma.

Lemma 23. Let A > e, z > 2Alog A. Then

z

>
log 2z

Proof. The function f(z) = 102 ~ is increasing for z > e. By our assumptions we get

z>2Alog A > 2e

and hence

2Alog A
f(z) > f(24log A) = log A +1log2 +loglog A
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So it suffices to prove

2Alog A S
log A + log 2 + loglog A

A,

which is equivalent to
2log A > log A + log 2 + loglog A.

But this is equivalent to

A
A) = 2
HA)=132>%
which follows from A > e and our observation that f(z) is increasing for z > e. O

We are now ready to state and prove our final lemma.

Lemma 24. Leta>0,b>1,¢c>0 and x > 0. Assume that

a 1/a

logbc >e
and

prla s 94 1/ay a1/
- logbc °8 logbc

Then u

r <t

b® ’

Proof. Take z := b*/@ = ¢vlogb/a_ Then

a

lo log b
x—x ccila oola g 082 1980 —1/a

b z z a
4 a 1/CL
< log z = log p¢
Now apply Lemma 23 with z and A := @cl/a. O

5.1 A key theorem

Before proving theorem 22, we generalize Lemma 6 in [6]. The proof is a more modern and
simplified version of Theorem 9.3 in [17].

Setup
Consider the equation

r1 + 29 = 3! (1)
in q € Z>o, 1,72 € Og and y € Og not zero and not a S-unit.
Theorem 25. Equation (1) implies that
P(q) < (25)"* P*Ry

for an effectively computable absolute constant fy. Here P(q) denotes the greatest prime factor
of q.
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Simplifications
To prove theorem 25, we first make some simplifications. We may assume ¢ > 1. Further,
since every power of y is a non-zero non-unit in Og, there is no loss of generality in assuming
that ¢ is prime.
We have the useful inequality
d < 2s,

which we will use throughout without further mention. We write Rg for the S-regulator.
Then we have by Lemma 3 in [7]

Rs > 0.2052(log 2)". (2)
Choose a fundamental system of S-units {n1,...,7s—1} as in Lemma 11. We may write
ry = Q' n?iil, T2 = C277l1’1 e ‘77275:11
where ai1,...,a5-1,b1,...,bs_1 € Z and (1, (2 € Ok roots of unity. For 1 <i < s — 1,write
bi =qbi1+bi2, 0<bo<gq

and

b1 bs—1,1 b1 bs—1,2
E1="m1" " MNg_1 » E2=T1 -~ Tsq

Thus z2 = (2e2¢{. On dividing both the sides of (1) by ] and observing that y€1_1 is a
non-zero non-unit in Og, we may assume that

0<bi<q (1<i<s—1).

Set
W = max(|ail,...,|as—1],b1,...,bs—1,¢€).

We will need two lemmas before proving the main theorem.

Lemmas
Here we will state and prove the necessary lemmas. We take ¢4 := (25)f5SP2R§ with f5
sufficiently large.

Lemma 26. Assume the above simplifications and q > c4. Then
W < esqh(y) (3)
with c5 := (25)7° Rgqh(y).
Proof. By max(by,...,bs_1,€) < ¢, (2) and Lemma 10, we may assume that
W = max(|ail,...,|as—1])-

Fix v € §. Then we have

1l = [y — 22fv < dmax(|ylu, [22]v).
Hence

log |x1|, < log4 + max(log |y|y,log|z2|,) < log4 + |log |y|.| + | log |x2]y].
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|log |2]u| =

s—1

b;
Z log [n;" |v
=1

by our choice of the fundamental system {n1,...,ms—1} of S-units. We conclude that

s—1 s—1
< Jbilllog Imil| < ¢S 2dh(mi) < (25)7*qRs
=1 i=1

log |z1], < log4 + [log |y|o| + (25)/7°qRs < (25)/%°qRg + |log [yls|.

Also, by the product formula,

—log|z1]y = Z log |21}, < (25)7°qRg + Z |1og [y|w| < (25)/°%qRg + 2dh(y).
weS weS
WH#Y WHV
But then
jarlog 1]y + -+ + as—1log[ns—1]o| = [log |z1]u] < (25)7°qRs + 2dh(y),

for all v € S. Then in view of Lemma 11 (iii), we obtain a system of linear inequalities whose
coefficient matrix has an inverse of which the elements have absolute values at most (2s)/1%.
Consequently,

W =max(|ai, ..., |as_1]) < 5(25)71°((25)°%qRs + 2dh(y)) < (25)7%° Rsqh(y)
by (2) and Lemma 10. O
Lemma 27. Assume the above simplifications and q > c4. Then
hy) < (259 Rg = co. (1)
Proof. Fix v € S. By (1)
|22lu = [y? — @1lo = [y|o[1 — 21y ™ = [ylo[1 = G0t - 07y o

We distinguish two cases, namely v archimedean and v non-archimedean. First suppose that
v is archimedean. We apply Lemma 15 with n = s+ 2, (a1,...,a,) = (¢, 71, -+ -, Ms—1, — 1, 9)
and (by,...,b,) = (1,aq,...,a5-1,2k,—q). For i =2 ... s, we use

dh(ei) +m < d(1 4 mep (o).

So we can take A; = dh(a;)+m fori ¢ {2,...,s} and A; = d(1+7c; )h(a;) fori € {2,...,s}.
Because we need to prove that h(y) is bounded, we may suppose that h(y) > m. Then it follows
that h(y) < A, < (d+ 1)h(y) and B < (25)/1°R%q. Lemma 15 gives

_ 1
1—z1y~ 9 > §|logg“1+a1 logm +---+as—1logns—1+2klog(—1)—qlogy| > exp(—crh(y)logq)
with
log(e(2s)f115R§q)
log g '
By taking f5 sufficiently large, we get ¢ > e(2s)f 15 R% and hence

cr = (25)712° Rg

c7 < 2(2s5)712°Rg.
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Next suppose that v is non-archimedean. Suppose that v corresponds to a prime ideal p.
We may assume that ordy(¢) = 0 since ¢ > c4. We apply Lemma 16 with n = s + 1,
(a1, an) = (C1ym1y -y Ms—1,y) and (b1,...,b,) = (1,a1,...,a5-1,—q). Take § = % Then
B < ¢5qh(y), B, = q, hl, = h(y) by assuming h(y) > 16€2d2 and

M < fisfi  P"" Rsq.
This gives

1= 21y~?y = exp(—log N(p)ordy(1 — Giny* -+ n 3"y ™))
> exp (—(2s)f153P max ((23)f165R5h(y) log(2M), %h(y)))

By taking f5 sufficiently large again, we find thanks to our assumption ¢ > ¢4

q> {/2f13ffips+3Rs
and therefore
1 =21y, > exp (—(25)7* PRsh(y) logq) .
We conclude that
11— 2197, > exp(—csh(y)log q)
for all v € S with
cg == (25)/15° PRg.
Define S = {v € S: |y|l, > 1}. Then it follows by
II vl = ] max(1lyle) = exp(dh(y))

vEST vEMK
that

exp(s(2s)’7qRg) > H |z2|y = exp(gdh(y H 11 —z1y 9,
vEST vESY

> exp(qdh(y) — scsh(y)log q).

Making fs5 sufficiently large gives
2scg

Vi =g

But we have the well-known inequality

>
logq v

S0
qdh(y) > 2scgh(y) log q.

We conclude that )
exp(s(25)7gRs) > exp (quh<y>) ,

hence 9
hy) < = (2s)/7"Rs < (25)"°°Rs.
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So we can take
1

166%12, (25)f193R5) < (25)/19°Rg

¢6 = max <7T,
proving (4). O

Proof of Theorem 25
It will now be straightforward to prove Theorem 25.

Proof. We showed earlier that
11— 21y~ > exp(—csh(y) log q)

for all v € S. We may assume that ¢ > ¢4 with ¢4 sufficiently large so that (4) is valid. Then,
because xo = y9(1 — z1y~9) is a S-unit, we have

1= ] lzalo

vES
=[] -2y
vES vES

> Ng(y)? exp(—scges log q),

where

Ns(y) = [ Iyl

vES

Because y is a non-zero non-unit in Og, we have |Ng(y)| > 2. Hence
1 > 2% exp(—scges log q)

giving
sceCg+/q > scocglog g > qlog 2.
We conclude that

2
o< () <o

This gives the desired bound for ¢, completing the proof. O

5.2 Proof of Theorem 22

We will now prove Theorem 22 in several steps.

A: simplifications
Let xz, y, p, ¢ be a solution of (1) satisfying the conditions of the theorem. We first show that
we can make certain assumptions without loss of generality.

Note that (4) is an easy consequence of (3). So from now on we may assume that p and ¢
are prime and our goal will be to show (2). If we have (2), then (3) follows from Lemma 17
and 18. We may further assume that p > 2 and ¢ > 2. Indeed, if e.g. p = 2, then we apply
Lemma 19 with f(X) = #(X2 — 1) to conclude that ¢ is bounded.
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If ¢ is a prime with ¢ > 2, then ¢ is odd. Hence we may restrict our attention to the
equation

af +y? =1 (1)

inxz,y € Og, p,q € N with p and ¢ primes, since we can replace y by —y when necessary.
It is further no restriction to assume that neither  nor y is an S-unit. Indeed, if both x
and y are S-units, then (1) and Lemma 13 with a = 8 = 1 imply

h(zP) = ph(zx) < (2s5)™* P2R%

and
h(y?) = gh(y) < (25)2°P2R%,

whence we are done by Lemma 10. If exactly one of x, y is an S-unit, = say, then by applying
Theorem 25 with z; = —2P, xo =1 to —zP + 1 = y9, we obtain

q < (25)/2° PR},

and
p < (25)/2°P?Rg,

giving us the desired bounds.

We may also assume that h(z) > 3 and h(y) > 3. Indeed, suppose e.g. that h(y) < 3.
Observe that there are only finitely many y € K such that h(y) < 3. Now take S’ large
enough such that all y € K with h(y) < 3 become S’-units. If x becomes an S’-unit, we apply
Lemma 13. Otherwise we apply Theorem 25.

If p = q, then 2P, —xy is a solution of the equation

u(u—1) =P

in u,v € Og. But zy is not an S-unit so certainly not a root of unity. Hence, by Lemma 19,
we have
p=q < (25)74°| Dk | P*.

So we may assume without loss of generality that p > q.
Finally, we may assume that ¢ > c1p := P > 2. Indeed, if ¢ < ¢19, then we apply Lemma
19 with f(Y) =1 —Y? to conclude that

p < (st)f%Ps‘DK’GPPIﬂ. (2)

B: a special case

By A) we may restrict our attention to equation (1) in non-zero non-S-units z,y € Og with
h(z) > 3 and h(y) > 3 and primes p,q with p > g > c¢19 > 2. We first deal with the special
case that

(z 1P+ (y-1)* =0, 3)

which can be dealt with in an elementary way.

If p | z — 1 for some prime ideal p in Og, then (3) implies p | y — 1. But it follows then
from (1) that p | z. Hence p | 1 which is impossible. Thus z — 1 is an S-unit and, by (3),
y — 1 is also an S-unit.
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Subsequently we show that there is an S-unit € such that
r=1—c?and y=1+¢".

Let w € Q be such that w? = 1 — 2. Then wP? = (y — 1)9. Hence w? = p(y — 1) with p a
gth root of unity. For any gth root of unity ¢ we have ((w)? =1—x and (Cw)? = (Pp(y — 1).
By ged(p,q) = 1 we can choose ¢ such that ¢? = p~!. Put ¢ = (w. Then ¢ = 1 — x and
eP = y — 1. Hence eP,e? € K. Since ged(p,q) = 1, we find e € K by applying Euclid’s
algorithm to the exponents. But P is an S-unit, thus ¢ is also an S-unit. Furthermore,

3 < h(y) < h(1)+ h(eP) +1og2 = ph(e) + log2
hence € is not a root of unity. Therefore we have by Lemma 10
dh(e) > c1. (4)
Let p be an arbitrary prime ideal divisor of ¢ in Og. (1) and (3) imply that
(x—1)P=1-—y?=2P mod p. (5)

Since z — 1 is an S-unit, we have p f z — 1 and so, by (5), p 1 . There is an 2’ € Og with
pt2’ and zz' =1 mod p. Hence (5) gives

((x =12’ =1 mod p.

Here (r—1)2’ =1—2' Z0and # 1 mod p. This means that p is the smallest positive integer
t for which
(1—-2)'=1 mod p.

But
(1—2)N®-1=1 modp,

hence p | N(p) — 1 in Z. Since N(p) = ¢/ with some positive integer f < d, we obtain
p<q (6)

Using (4) and (6), we shall now prove that ¢ is bounded. Take a place v € S such that
e, > H()%*. Then

lely > H(e)* = exp(h(e)d/s) > 1+ h(e)d/s > 1+c1/s (7)

by (4). Put
f2)= (1= 297 4+ (1+27)7 — 1.
Then
_ _ ~ (1 )k ~ (4 pl _
O—f(s)—kz()(k)( ) +§<l>a 1. (8)

The leading term of f is pz(P~D4. First suppose that v is infinite and let ¢ : K — C be an
embedding corresponding to v. We may suppose that o is the identity. Then |e|, = |e[*")
with s(v) = 1 if v is real and s(v) = 2 if v is complex, hence by (7)

le| > 14c/s =1+ ci1. 9)
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So by (8), we have
oo _ S~ (P S~ (4
p—1)g _ _ 0k pl _
ple () et () -
k=0 =0

p—2 D q—2 q
(a=1) k !
<dlep@ D+ 3 (Pt 3 (1)l

Combined with p > ¢ and (9) this gives

1 _ _
<H+Zpk!€! kq+qu!€\ ", (10)
k=1 =1

and subsequently, by (6) and (9),

d
1
p p q C11 < (11)

after taking ¢ sufficiently large. To find a suitable lower bound for ¢, we want to apply Lemma
24 withx=q,a=d,b=1+c1; and c = 4+en) g4 we need to check that

C11

2d 1/d _ d Q1/d

_ = > e.
log(1+c1/s) log(1+ c11)

Observe that ¢1/s < 1, hence ¢1; < 1. This gives

2dct/t > 4,
so we can apply Lemma 24. Lemma 24 tells us that we can take

> (2ds)f2. (12)
If ¢ < (2ds)725, then (6) gives us the desired bound for p. So from now on we may assume

(12) and hence (11).
It follows from (9), (10) and (11) that

11 kq Ip p 2q i
< 5 + € —_F —— < s
1—|—611 - |€| Zp ‘ | Zq| | ’ ’€|p 1+ecp1

a contradiction.
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Now suppose that v is finite. Then (8) implies

p—2 q—1
pholel™ =3 @ SRS <§’> v
k=0 =0 v

p—2 D q—2 q
— -1 k l
= |gePla=V) 4 <k>(_5q) +Z <l>5p

k=0 =1 "
< max <|qrvrarf;<“>, (?)<—eq>i , (q) i )
7 1 j v

where the maximum is taken over : =0,...,p—2and j=1,...,q— 2. Hence

1<p) 1<q> |€|(J'q)p+q>_
p\i p\J Y

If p is sufficiently large as we may assume, we have

v

el ",
v

el P+,

1 < max (‘q
1,7 P

v v

1
‘ -1
Dly
So we get by p > ¢
L< el

a contradiction.

C: ideal arithmetic
In view of A) and B) we restrict our further attention to equation (1) in non-zero non-S-units
x,y € Og with h(x) > 3 and h(y) > 3 and primes p, g with p > ¢ > ¢19 > 2 such that

(x—1)P 4+ (y—1)7#0. (13)

For any o € K we denote by [a] the fractional principal ideal of Og generated by a.. We have,
by (1),
Wi=[0 -2l +z+ -+ =[z 1Bz 1) +p]

for some 8 € Og. Assuming p > P, we can write
[p] = pi* - pyr

where p1,...,p, are distinct prime ideals in Og, r < d, and a4, ..., a, are positive integers
not exceeding d. If, for some prime ideal p and positive integer a, p® is a common divisor of
[z — 1] and [B(z — 1) + p] then p* | [p] and therefore a < d. Hence we can write

o 1) = gl plrat

where a is an integral ideal and by, ..., b, are rational integers with absolute values at most
d. Since N(p;) = p’* for some positive integer f; < d, we have

_J2 ) 2 .
p < N@EY) <pt (i=1,...,7).
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Let h denote the class number of K. We have

@ — 10" = (p7 - pyr) " (14)
Here a" = [k] and (p}* - - pb)" = [mg] for some x € Og and my € K such that my = L with
T, Ty € OS and
[log N(m)| < d*hlogp (k=0,1,2). (15)
It follows from (14) that
(x —1)" = empr (16)

for some S-unit €. By virtue of Lemma 11 and Lemma 12 and (15) and (16) there are
fundamental S-units 7y, ...,7s_1 such that h(n;) < (2s)71° and that

(x — D) =it T Oow? (17)
where the u; are rational integers with 0 < w; < g fori =1,...,s—1, 0 # w € Og and

0 # 6o € K with o = §* such that 6;,6, € Og and

1 h h
h(0y) < p log N(mk) + coR + p logQ < d*hlogp + coR + 3 log Q < (25)™"*RhPlogp (18)

for k = 1,2. By making fo7 sufficiently large, (18) also holds for k& = 0. Similarly, we can
write

1 —y)" =nt - m 7 moo” (19)

with rational integers v; such that 0 < v; < pfori =1,...,s — 1, and with 0 # o € Og,
0 # 19 € K such that

h(mo) < (25)/2"* RhPlogq. (20)

D: first bounds for p and ¢
We show that

p < fogd™sPlogY logp. (21)

Let v € S be such that |z|, > H(z)¥*. Put X = H(z) and Y = H(y). It follows from (1)
that

(—y)? 1
Al =1- P - E, (22)
whence
|At|y = R < XPd/s, (23)

(2

If v is infinite, embed K in C using an embedding o corresponding to v. We use Lemma 15
with n = 27 (a17a2) = (_yax) and (b17b2) = (q7 _p)7 glVng

> eff29d5 log X log Y log(3ep) ) (24)
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Assuming p > 3e, (23) and (24) imply
p < fagd*slogY logp, (25)

hence (21).

If v is finite, we apply Lemma 16 with n = 2, (a1, a2) = (—y, z) and (b1,b2) = (¢,p). So
we can take B = B, = p and § = % By assuming p and ¢ sufficiently large, the necessary
conditions are satisfied. Because we want to prove (21) in the case v finite, we may assume
that

p > dPlogY.
Hence
|A1ly > exp (—f30d14PlogX logY logp) . (26)
Now (23) and (26) imply
p < f30d*®sPlogY logp. (27)
So in all cases we have (21). By estimating |As|, with Ag :=1 — (_y—“z)p = yiq we can prove in
a similar way that
q < fogd'®sPlog X log p. (28)
E: a bound for ¢
We shall now prove that
q < crz(logp)* (29)
with c12 = (25)/31°R3h3P*R%. To prove this we may assume that
q > logp. (30)
Further, we may assume that
min(X,Y) > p? (31)

with ¢13 := 4s/d. Now if Y < p©13 then q < p < fogd'3sPcy3(log p)? follows from (21), whence
(29). Further, in case X < p“3, (29) immediately follows from (28). Let v € S be such that
2], > X5, From (1) we obtain

1
= (32)

ale

V—mq_l

xP

v

We combine the cases v real, v complex and v finite. Note that in all cases |- \11,/ ? satisfies the
triangle inequality. Because c13 = 4s/d, we get |z|, > 12. Hence

1
o = 1Y% = Jal)/* = 12 = J2l)/* =1 = JV2lel)/

and
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again because ci13 = 4s/d. It follows that

o —11/27(($—1)+1)p—(m—1) 2 <y v 1/2<
(w—1F |, © (z— 1 vt |x—1|l =P\ =1l
and after squaring

I RPN SR

(z—1)p v T =1 Tzl

Furthermore, by (1), p > g and |z|, > 12

yl4? hﬁ”—1>hﬁ”—1>1><{yﬂ
282 7 el T e 720 A2

We conclude that
1 2
lylo > §|x’v >p° >q.

Hence we have

1 — )2 1/2 . \q q11/2 q i N\ 1/2 1/2
s e S e
(—y) v (—y) — \ Iyl [yl
and after squaring
_ ) 3 3
‘(1 Wt | 2 2
(_y)q v ‘y|v ’x|v
From (32), (34), (36) and the identity
3 3
nmz—l=][Ea-D+ DY (m-DE-1D+) (s-1),
=1 1<i<j<3 i=1
we infer
Q-9 | _ 26p° . S3op®
(=1, 7 2zl 2l
Further we have, by (1), (33) and (35),
_ e |12 _ e |2 _p |12 a
1-y) _'(1 yI["" | 1= <aof14 112 141
(z —1)r|, v |, [@=1P|, s/ iz — 1|
p+q 2
2 2\ P
<2 1+{/2 §2<1+> < 2t = fu3
Edp p
For
(1—y
As = 1
T (= 1)k
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we obtain, from (37) and (38),

2

|l’|v o ‘-73|v

(40)

Suppose now that Az # 0, i.e. that (z — 1)P* # (1 — y)9". Using (39), (17) and (19), we
obtain

_ o\ P4
Az =mit om0 " (E) -1

where e; € Z with |e;| < pg fori =1,...,s — 1. Put Hy = H(o), Hy = H(w) and Hy =
max(Hy, Hy). Then

H (%) < H(o)H(w) < H2. (41)

First suppose that v is infinite. By applying Lemma 15 to A3 and using (18), (20), (41) and
p > g we obtain
[Aslu > exp(—(2s)*R*h*P* Rs(log p)* log" Hy)

if pg > e(s + 3). Next suppose that v is finite. By applying Lemma 16 to A3 and using (18),
(20), (41) and p > ¢ we obtain

|Azly > exp(—(2s)7%° R*h* P* Rs(log p)® log™ Ho)
if pg > sRhPRglogplogq. This together with (40) gives in all cases
d/slog X < log|z|, < (25)7%°R?h?P3Rg(log p)* log* Ho. (42)

If Hy < cyg = e()7"RhPRs then (28) and (42) give (29). We therefore assume that
H() > C14-
First suppose that Hs > c¢14. Then, by (18) and (30), we have

1

to

<H (91) = H(fp) < (29)/27"RhPlogp  o(25)27"RhPq < H24%
0
v

for all v € S by taking fs7 sufficiently large. Hence we obtain from (17)
s—1

11

vog=1

uj

1

1

< ’Jf _ 1’ZH241%6(8—1)(28)f15R5q < 4dhXhH23%
i

h
wlf < o — 1]

v
again by taking fs37 sufficiently large. Choosing v € S such that |w|, > H§ / ®, we obtain
9
4P HE > Jw|l > HIY.
Consequently, we have

d 2 d 2 d
hlog X > q—log Hy — log(4th23qS) > < — 3> qlog Hy > B—qlog Hy (43)
s s s s
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a4
if HJ* > ¢}5 > 4%, By using (19) and (20) one can prove in a similar manner that

logY > ?%Sp log Hy (44)
if Hy > c14. If Hy = Hs, then (42) and (43) imply
q < (25)73°R*h3P*Rg(log p)*,
hence (29). Next suppose Hyp = H;. From (1) we obtain
qh(y) = h(y?) = h(a? — 1) <log2+ h(z?) + h(1) = log2 + ph(x),

S0
d
qlogY < 1+alog2 plog X. (45)
Now (42), (44) and (45) imply
d d f395 P271,2 p3 3. *
%pqlogHo <qlogy < (1+ C—llog2 plog X < (25)3*R“h*P° Rgp(log p)° log™ Hy,

whence (29).

F: completing the proof of E)
To prove (29) we are left with the case

(=" = (1 —y)™ (46)
We can now repeat the argument of part E) above with

A=y
Ay = EE 1

instead of As. So we need to derive a lower bound for |A4|,. Note that

is a h-th root of unity, hence

élogmyv > —h(Ay) = —h (% - 1) > —log2—h <(i_y)q> — h(~1) = —log 2.

We conclude that

Now inequality (29) follows.
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G: finishing the proof

We shall now prove that p is bounded from above by using (21) and (29). By (21) we may

assume that Y > 4°/?. Let v € S be such that |y|, > Y%* > 4. Then, by (1),

‘ p |12 [ =yt |12 20y ’q/2
—_— pu— < 4q-
(1=y)], ‘<1 —07l T (w2
Hence, using again (1),

' P B 1/2 e+ (y — 1) 1/2 q2q/2’y|(q—1)/2 . 49

1=y (L —yy (/20—
Putting

aPh
A5 : (1 _ y)qh 1,

it follows from (47) and (48) that

164 (1 49 4y 4‘1(h_1))2 162(h+1)
[yl L

‘A5‘U <

(47)

(48)

(49)

Suppose that [As| # 0, i.e. that zP" # (1 — ). We are going to derive a lower bound for

|As|. By (19) we have

xph _ d1 ds—1 —q xh‘ g
(1—y)ah =T o
with rational integers d; such that |d;| < pg for i =1,...,s — 1. We claim that
1 d/s
2l > 5 H ().
To prove our claim, we note that
lyl = |1 - 2], < 4max(1, [27],)

and
H(2P) = H(1 —y?) <2H(y?).

Combining gives

1 1 1 1\?
olp = I > 4l =12 HOM -1 gHEp 1> (3) B

if p >4 and p > s/d, proving the claim. Hence, by (47) and (20),

s—1 1/p
h <H |m|;‘”> rltf? < el Rsg P

So

h
]. S S
<2> E[($h)d/8 < |$h|v < ’O_q|v4he(sfl)(23)f1 quq(Qs)fW RhP'
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Put H3 = H(o). Then

h s
H <‘T> < H(a:h)H(cr)q < (8he(s—1)(2s)f15quq(2s)f27SRhP) /d H§(1+S/d).

o4

First suppose that v is infinite. By applying Lemma 15 to

RN\ P
s e ()
A5 =T Ns—1 7o <0q> 1

and using (20) and (50), we obtain

|[As|, > exp(—(25)f403R2h2P2R?9q(logp)2 log* H3).

Next suppose that v is finite. By applying Lemma 16 to A5 and using (20), we obtain

|As|y > exp(—(2s)7415 R P3 R%q(log p)? log* H3)
if pg > sRhPRglogp. So in all cases
|As]y > exp(—(2s)712° R2h2 P3 R%q(log p)? log* H3).

Comparing (49) and (53) we obtain

logY < s/dlog|y|, < (25)/43*R?h2P?R%q(log p)? log* H.

If Hy < c15 := e(2)"4°RhPRs thep (54) together with (21) and (29) yields
p < (25)"° ROR° PP RY(log p)"

Suppose now that Hs > ¢15. Then we have, analogously to (44),

d
logY > —plog Hs.
ogr > 3hsp 0g 113

From (29), (54) and (55) it follows now again that
p < (25)719° RPh PTRY (log p)°.

So in all cases
p < (25)775 ROKS PO R (log p)7,

whence

P < (28)f4gsR12h12P18RA190.
Using the well-known inequalities

Rh < |Dg|'/?(log" | D)

and

t
Rg < Rh]Jlog N(p:) < | D [/*(log* |Dc|)** (log P)',
=1
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we get from (56)
p < (25)7%°| D | (log” | D] )2 D P*¥(log P)'", (57)

completing the proof. Recall that in A) we assumed that ¢ > ¢19 := P > 2. If ¢ < ¢19, we
derived (2). But observe that (2) gives a significantly larger bound for p than (57). So our
final bound for p is (2).

H: the remaining case
We are left with the case P = (1 —y)9". We can now repeat the argument of part G) above
with .
x
Ao i=———1
(1 -y

instead of As. So we need to derive a lower bound for |Ag|,. Note that

(1—y)

is a h-th root of unity, hence

1 P xP
dlog|A6!vZ—h(A6):—h< e —1) 2—10g2—h( ) —h(—=1) = —log2.

(1-vy

We conclude that
‘A6|v > 27d.

Now inequality (57) follows.
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6 Specialization

In this section we will bound p and ¢ for the Catalan equation over finitely generated domains.
We will follow [5].

Notation
Let A = Z|z,..., 2] be an integral domain finitely generated over Z with r > 0 of charac-
teristic 0 and denote by K the quotient field of A. We have

A27[Xy, ..., X,]/1

where I is the ideal of polynomials f € Z[X}, ..., X,] such that f(z1,...,2,) = 0. Then I is
prime and I NZ = (0). Furthermore, I is finitely generated. Let d > 1, h > 1 and assume
that

I:(fla"'afm)

with deg f; < d, h(f;) < hfori=1,...,m. Here deg means the total degree of the polynomial
fi and h(f;) is the logarithmic height of f;. Now we are ready to state and prove our main
theorem.

Theorem 28. All solutions of the equation
2 —yi=1
in positive integers p and q, x,y € A and x,y not roots of unity must satisfy
max{p, ¢} < (2d)t (1)
if x,y are transcendental and

max{p, ¢} < exp (exp (exp ((2d)05(h +1)))) (2)
if x,y are algebraic, where C1 and Co are effectively computable absolute constants.

Proof. We use the notation O(-) as an abbreviation for ¢ times the expression between the
parentheses, where ¢ is an effectively computable absolute constant. At each occurrence of
O(-), the value of ¢ may be different.

Let x, y, p, ¢ be an arbitrary solution. Without loss of generality we may assume that
21,...,2 forms a transcendence basis of K/Q. We write ¢ := r — k and rename zp41,..., 2,
as yi,...,y: respectively. Define

A() = Z[Zl,...,zk],Ko = Q(zl,...,zk).
Then
A:AO[y17'~'7yt]7K:KO(y17'-'7yt)'

By Corollary 3.4 in [9] we have K = Ko(u), u € A, u is integral over Ap, and u has minimal
polynomial
FX)=XP+FRXP1y+... 4 Fp

over Ko with F; € A, degF; < (2d)*®°(") and h(F;) < (2d)*®*°0)(h + 1). Furthermore,
Lemma 3.2(i) in [9] tells us that D < d'.
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By Lemma 3.6 in [9] there exists non-zero f € Ap such that
AC B:= Aglu, {1

and moreover deg f < (2d)*®P9(") and h(f) < (2d)*P°)(h 4 1). From now on, we will work
in the larger ring B to bound p and g. So we will assume that x,y € B and bound p and gq.

We distinguish two cases. First, we consider the case k = 0. In this case we have Ag = Z,
Ky =Qand t =r. Then K is a number field of degree D < d' and

IDg| < p2b-1 exp ((zd)expO(r)(h + 1)) < exp ((Qd)expO(r)(h 4 1))

by using the result on the bottom of page 335 in [12]. Let S contain all infinite valuations
and all prime ideal divisors of f. Write s = |S|. Let p1,...,p, be the prime ideals in S. Put

P :=max{2,N(p1),...,N(pn)}

and
Q:=N(p1-pp)ifn>0,Q:=1ifn=0.

By h(f) < (2d)®PO0)(h + 1), it follows that
s < (2d)"PO0)(h + 1)

and
f>gexp<@dfwoﬁwh4-m).

We conclude that
Q < IfIP < exp ()OO (h 4 1))

and we can apply Theorem 22 to get (2).
Now consider the case k > 0. Fix an algebraic closure Ky of Ky. Put

T ={z1,..., 2z} \ {zi}.
Let k; be an algebraic closure of Q(7;) contained in Ko. Thus, A is contained in k;[z;]. Define

M; = k;(z;, u(l), ... ,u(D)),

(D)

where u(M), ... u(P) are the conjugates of u over Ky. Now we need a lemma.

Lemma 29. We have that i
k=0
i=1

Proof. To prove our lemma, we need the following simple observation. If F} C F5 are fields
and u,v € Fy are algebraically independent over Fp, then

It is clear that
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We will now prove the reverse inclusion. Assume the contrary and let 7 be an element of

Fi(p) N Fy(v) with 7 € Fy. Then 7 satisfies a polynomial relation

fsT 4+ it 4+ fo=0

with f; € Fi[u], i = 0,...,s and at least one f;, ¢ > 0, is not a constant in u. Hence pu
satisfies a similar non-trivial relation with coefficients from Fi[r], that is p € Fy(7) and the
same argument gives v € Fi(7). This is a contradiction, since p and v are algebraically
independent over F}.

Using the observation we find that

k k k
(k= (kink) = QT {z1}).
i=1 i=2 i=2
The lemma now follows by induction on the transcendence degree. O
We may assume that there exists an i € {1,...,k} such that x &€ k;, for otherwise x € k;

and y € k;, i = 1,...,q; hence x,y belong to the algebraic number field Q N K and our goal
will be to apply Theorem 22. For this, we will use a so called specialization argument.
Recall that K = Ko(u), u € A, u is integral over Ay, and u has minimal polynomial

F(X)=XP 4+ pxP~t ...+ Fp
over Ko with F; € A, deg F; < (2d)*® () and h(F;) < (2d)*P°")(h41). In the case D = 1,
we take u =1, F(X) =X — 1.
Let y = (y1,...,y%) € Z*. We put
|y| = max(\y1|, ey ’ykD

The substitution z; — y1, ..., 2k — yi defines a ring homomorphism (specialization)

oy ra—=aly):{g1/92: 91,92 € Ao, 92(y) # 0} — Q.

We want to extend this to a ring homomorphism from B to Q and for this, we have to impose
some restrictions on y. Denote by Ap the discriminant of F', and let

H .= ApFpf.

It follows that H € Ag. Using that Ap is a polynomial of degree 2D — 2 with integer
coefficients in Fi,..., Fp, it follows easily that

deg H < (2d)=P ("),
Let N be an integer with N > (2d)*®*°("), Lemma 5.4 in [9] implies that if N > deg H then
T:={yeZF:|y|<N,H(y) #0}
is non-empty. Take y € T" and consider the polynomial

Fy:=XP + Ri(y)XP '+ + Fp(y),
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which has D distinct zeros which are all different from 0, say ui(y),...,up(y). Thus, for
j=1,...,D the assignment

zll—>y1,...,zk»—>yk,u»—>uj(y)

defines a ring homomorphism ¢y ; from B to Q. It is obvious that ¢y ; is the identity on
BNQ. Thus, if « € BNQ, then ¢y j(a) has the same minimal polynomial as o and so it is
conjugate to a.

Define the algebraic number fields Ky ; := Q(u;(y)) (j = 1,...,D). Denote by Ay, the
discriminant of an algebraic number field L. Then for j = 1,..., D we have by Lemma 5.5 in
[9] that [Ky ; : Q] < D and

2D—2
]AKM\ < p?P-1 (dlg eho . max(1, ]y[)d0> ,

where
dp > max(deg F1,...,deg Fp), ho > max(h(Fy),...,h(Fp)).
So we can take dy = (2d)*PO) and hg = (2d)*PO") (h + 1) giving

expO(r)\ 2D—2
Ak, ;| < D*P ((Qd)ke"po(r) - exp ((2d)e"po(”(h + 1)) - (2d)@D >>

< exp ((Qd)eXpO(r)(h + 1)) :

Now pick any j = 1,...,D. Let S contain all infinite valuations and all prime ideal divisors
of f(y). Then ¢y ; maps B to the ring of S-integers of Ky ;. In order to apply Theorem 22
in our previous work, we still need to bound s, P and Q.

It is easy to verify that for any g € Ag, y € ZF,

log [9(y)| < klogdeg g + h(g) + deg glog max(1, |y|).

Applying this with f and y we get

exp O(r)

F@)] < @d)F =00 exp (2a) PO (h 4 1)) - (2) 20 < exp ((2d)™ 0D (4 1))

Hence
s < (2d)*PO0)(h 4 1)
and

P <exp ((2d)eXpO(T)(h + 1)) .

We conclude that
Q < 1f)I” < exp ((2a)™ ) (h+1))

and we can apply Theorem 22 to get (2).

If © & k; for some i, then also y ¢ k;. Let S denote the subset of valuations v of M;/k;
such that v(z;) < 0, v(f) > 0, v(xz) > 0 or v(y) > 0. Now let v be any valuation such that
v & S. We claim that
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Because v ¢ S, it follows that v(z;) > 0. Recall that u is integral over k[z;]. Together this
implies that v(u) > 0. We also have that v(f) < 0, hence v(f~!) > 0. But z,y € B, so we
get v(x),v(y) > 0. But then

as claimed.

Define A; = [M; : ki(z;)]. Each valuation of k;(z;) can be extended to at most A,
valuations of M;. Hence M; has at most A; valuations with v(z;) < 0 and at most A;deg,. f
valuations with v(f) > 0. So

IS| < Aj+ Ajdeg,, f+ Hug, i, (%) + Hag, yr, (y) < Ai(1+deg f) + Hay, i, () + Hag, i, (y)

Now we consider

al —yl=1
as an S-unit equation. Because xP & k; and y? € k;, we can apply Theorem 3 resulting in
Hog i (27) < 1S+ 290, — 2 < Ai(1 +deg f) + Huy, i, () + Hag, i, (y) + 290,78, — 2
and
Hog i, (y?) < 1S+ 29000, — 2 < Ai(1 +deg f) + Hag e, () + Hag e, (Y) + 2900, /1, — 2-
Define K; = k;(z;,u). Then we have that [K; : k;(z;)] < D. Hence
Hy iy (2) = [M; : Ki]Hpe g, (0) > [M; 2 Ki] = Ai/[K;G 2 ki(z:)] > A/ D

and similarly for y. This gives

A
5P =2+a=2) < (p—2)Hugx,(2) + (¢ = 2 Hagyw, () < 2801+ deg f) +4gnr — 4,

hence

IS

D
ptq—4<——(2A;(1+degf)+4gn,m, —4) < 2D(1 +deg f) + ——4gnr, /k, -

i A

g

Recall that A; = [M; : k;(z;)] and that M; is the splitting field of F over k(z;). So Lemma 4
gives
IM; Ky < (A; —1)Dmaxdeg, (F;) < A;- D - (2d)exp0(r).
J
Combining gives

p+qg—4< th(l + (2d)exp0(r)) +4(dt)2(2d)exp0(r) < (2d)exp0(r)

and hence (1). O
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7 Catalan’s equation in positive characteristic

In this section we will bound p and ¢ for the Catalan equation in characteristic [ > 0.

Notation
Let A =T[z1,...,2,] with r > 0 be an integral domain finitely generated over [F; and denote
by K the quotient field of A. We have

Ag}Fl[Xla"wX’/‘]/I

where I is the ideal of polynomials f € F;[X7,..., X, ] such that f(z1,...,2,) =0. Then I is
finitely generated. Let d > 1 and assume that

I=(f1,.- s fm)

with deg f; < d. Here deg means the total degree of the polynomial f;. Our main result in
this section is as follows.

Theorem 30. All solutions of the equation
P —yl=1
in positive integers p and q coprime with | and x,y € A, x,y & F; must satisfy
max{p, ¢} < (2d)“, (1)
where C3 is an effectively computable absolute constant.

Proof. Before we start with the proof, we state a key result due to Aschenbrenner. It is based
on earlier work of Hermann and Seidenberg.

Lemma 31. Let F' be a field, N > 1, and R := F[X1,...,Xn]|. Further, let A be an n x m-
matriz and b an m-dimensional column vector, both consisting of polynomials from R of
degree < d where d > 1.

(i) The R-module of x € R™ with Ax = 0 is generated by vectors x whose coordinates are
polynomials of degree at most (2md)2N.
(ii) Suppose that Ax = b is solvable in x € R™. Then it has a solution x whose coordinates

are polynomials of degree at most (2md)2N.
Proof. See Theorem 3.2 and Theorem 3.4 in Aschenbrenner [2]. O]

We use again the notation O(-) as an abbreviation for ¢ times the expression between the
parentheses, where ¢ is an effectively computable absolute constant. At each occurrence of
O(-), the value of ¢ may be different.

Let x, y, p, ¢ be an arbitrary solution. Without loss of generality we may assume that

21,...,2 forms a transcendence basis of K/F;. We may assume that k > 0, for otherwise
there are no solutions by our assumption z,y ¢ Fj.
We write ¢ := r — k and rename zgi1,...,2, as y1,. ..,y respectively. Define

Ay = Fl[zl,...,zk}, Ky := Fl(zl,...,zk).
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Then
A:AO[yla'-'ayt]v K:KO(yla'-'vyt>'

Fix an algebraic closure Ky of Kg. Put
Ti:={z1,.. ., 2} \ {2}

fori=1,...,k. Let k; be the algebraic closure of F;(T;) in Ko. Then Ag is contained in k;[z;].
Define
Mz’ = kl(z,, Y1y -+, yt)-

In analogy to Lemma 29, we have

k
(ki =T (2)
=1

The proof is similar. We first show that if £} C F5 are fields and u,v € F5 are algebraically
independent over Fp, then

It is clear that

Fi() NFi(v) 2 .

We will now prove the reverse inclusion. Assume the contrary and let 7 be an element of
Fy(p) N Fy(v) with 7 € Fy. Then 7 satisfies a polynomial relation

fsm8+ .+ fit+ fo=0

with f; € Fifu], ¢ = 0,...,s and at least one f; is not a constant in p. Hence p satisfies
a similar non-trivial relation with coefficients from Fj[r], that is 4 € Fi(7) and the same
argument gives v € Fy(7). This is a contradiction, since p and v are algebraically independent
over Fi.

Using this we find that

B

k
M=
=1

Now (2) follows by induction on the transcendence degree.

We may assume that there exists an ¢ € {1,...,k} such that ¢ k;. Otherwise it would
follow that = € F; by (2), contrary to our assumptions. From now on fix any i such that
x & k;, then also y & k;.

By assumption z,y ¢ k; and hence

k
(ki 01 kr) = (FCT ).
2

1=2

)

So we can write
5 b
r=a ,y=p

with a,b € Z>o and o, 5 & Mll We claim that a = b. Suppose for the sake of contradiction
that a > b, the other case can be dealt with similarly. Then

a?t — gl =
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implies
a—b
P - gl =1,

But this implies that 57 € Mll By assumption ¢ is coprime with [ and hence 5 € Mil7 giving
a contradiction. So we conclude that a = b and we get

of — Bl =1

with o, 5 & MZZ

Let S denote the subset of valuations v of M;/k; such that v(z;) < 0, v(y;) < 0 for some
j=1,...,t, v(a) > 0 or v(8) > 0. Now let v be any valuation such that v ¢ S. We claim
that

v(a) =v(B) =v(1) =0.

Because v ¢ S, it follows that v(z;) > 0 and v(y;) > 0 for all j =1,...,t. Now z,y € A gives
v(x),v(y) > 0. Therefore v(a),v(S) > 0 and hence

v(a) =v(B) =v(1) =0

as claimed.
Define A; = [M; : ki(z;)]. Before proceeding with the argument, we will bound A;.

It suffices to bound the degree of y; over k;(z;). Write X = (Xy,...,X;41) and Y =

(Xk+2y.-.,X;). Throughout i = (ig42,...,i,) will be an element of th_ol and we define

i xi2 Ly
Yii= X2 X

Furthermore, we define
’i’ :ik+2+"'+ir-

Our goal is to make a non-zero polynomial m(X) € F;[X] such that
m(Zl, cee ,Zk,yl) =0

with degx m bounded.
Let h(X) € Ky[Y] be the minimal polynomial of y; over K. By clearing denominators
we may assume that h(X) € Ag[Y], although h no longer needs to be monic. We find that

h(Zl,- . '7Zkay1) =0

and hence h € I. So we can write

WX) =) g(XY)(XY)
j=1

with g1, ..., 9m € F;[X,Y] to be determined. We need to find gy, .. ., g, satisfying the above
with bounded total degree. Write for j =1,...,m

[i(X)Y) = Zpij (X)Y!
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with p;i;(X) € F;[X]. Furthermore, write for j =1,...,m
Y) =) a(X)Y’
i

where we view ¢;(X,Y) as unknown polynomials in Y over [F;(X). So for now we only require
that ¢;;(X) € F;(X). Consider the linear equation

= g (X, Y) f5(X,Y)
j=1

in F;(X)[Y] with unknowns ¢;(X,Y). Because h € I, this equation has a solution. Hence
Lemma 31 tells us that there is a solution such that degy g; < (2d)eXpO(T) forj=1,...,m
Note that a priori we have ¢;;(X) € F;(X), but by clearing denominators we may assume that
in fact ¢;;(X) € IF;[X]. This amounts to multiplying h(X) by a non-zero polynomial in X,
but for simplicity we will keep writing h(X).

Put N :=d + (2d)*?°), By expanding

X) = ZQJ(X’Y)fJ(XvY)7

J=1

we get the following system of linear equations in F;[X]

Z Z Tiyj (X)pig; (X) =0

7j=1 11+12 i

with unknowns 74, ;(X). Lemma 31 tells us that the solution module is generated by vectors
r = (ri,;(X))i,; with components satisfying

degx rilj(X) < (Q(Qd)expO(T)d)expO(T‘) < (Qd)expO(r).

Recall that q = (¢;;(X));; is inside the solution module. Furthermore,
Z QO] pO] 7& 0.
So there must be a generator r = (ry,;(X));,; such that

Z TO_] pO] 7& 0.

Now define
Z 7an pO]

Then it follows that
[Ko(yn) : Ko] < degx ma(X) < (2d)O0).
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By following the same argument we get polynomials m](X) € Fy[X] for j = 1,...,¢ such that
[Kﬂ(yj) : Ko] < degX m](X) < (Qd)expo(r)

and hence
A; < (2d)2PO0),

Each valuation of k;(z;) can be extended to at most A; valuations of M;. Hence M; has at
most A; valuations with v(z;) < 0 and at most A;(1+degx m;(X)) valuations with v(y;) < 0.
So

S| < 2d)™O0) + Hyyr, (@) + Hag, 1, ().

Now we consider
of — Bl =1

as an S-unit equation.
Recall that o, 8 & Mil, so we can apply Theorem 5 resulting in

Hag, g, (07) < IS]+ 294,78, — 2 < (2d)™ O+ Hyy i, (@) + Hog, g, (B) + 2901, 1, — 2
and
Hyg, i, (8Y) < IS| + 29017, — 2 < )P0 + Hyg i (@) + Hag, i, (B) + 2901, — 2-
This gives
p—2+q—2=<(p—2)Hpg s, () + (¢ —2)Hpp, 1, (B) < (2d)™P O 4 490, 8, — 4

We still need to bound gy, x,- Let L be any function field over k; and write g, for the genus
of L over k;. Then we need to bound gys,. Fix any j =1,...,¢ and define

Lj = ki(zi, y5)-
Then L; is a function field over k; and
g1, < (2d)POW)
by Lemma 6. By repeatedly applying Lemma 7 we get
g, < (Qd)expO(r).

This proves (1). O
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