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Chapter 1

Introduction and preliminaries

1.1 What is Ergodic Theory?

It is not easy to give a simple definition of Ergodic Theory because it uses
techniques and examples from many fields such as probability theory, statis-
tical mechanics, number theory, vector fields on manifolds, group actions of
homogeneous spaces and many more.

The word ergodic is a mixture of two Greek words: ergon (work) and odos
(path). The word was introduced by Boltzmann (in statistical mechanics)
regarding his hypothesis: for large systems of interacting particles in equilib-
rium, the time average along a single trajectory equals the space average. The
hypothesis as it was stated was false, and the investigation for the conditions
under which these two quantities are equal lead to the birth of ergodic theory
as is known nowadays.

A modern description of what ergodic theory is would be: it is the study of
the asymptotic average behavior of systems evolving in time. The collection
of all states of the system form a space X, and the evolution is represented
by either

— a transformation T : X — X, where Tz is the state of the system at
time ¢ = 1, when the system (i.e., at time ¢t = 0) was initially in state x.
(This is analogous to the setup of discrete time stochastic processes).

— if the evolution is continuous or has a spacial structure, then we describe
the evolution by looking at a group of transformations G (like Z?, R,
R?) acting on X, i.e., every g € G is identified with a transformation
Ty: X = X, and Ty =T, 0Ty.
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The space X usually has a special structure, and we want 7' to preserve
the basic structure on X. For example
—if X is a measure space, then T must be measurable.
—if X is a topological space, then T" must be continuous.
—if X has a differentiable structure, then T is a diffeomorphism.
In this course our space is a probability space (X, B, ), and our time is
discrete. So the evolution is described by a measurable map T : X — X, so
that T7'A € B for all A € B. For each # € X, the orbit of x is the sequence

z,Tx, Tz, . ...
If T is invertible, then one speaks of the two sided orbit
o T e, T, .

We want also that the evolution is in steady state i.e. stationary. In the
language of ergodic theory, we want T to be measure preserving.

1.2 Measure Preserving Transformations

Definition 1.2.1 Let (X, B, u) be a probability space, and T : X — X mea-
surable. The map T is said to be measure preserving with respect to u if

w(T—rA) = u(A) for all A € B.

This definition implies that for any measurable function f : X — R, the
process

f,foT, foT? ...

is stationary. This means that for all Borel sets By, ..., B,, and all integers
ry <re < ...<Ty,, one has for any k > 1,

pw(zx: f(Tz) € By,...f(T"™x) € B,}) =
p({z: (T 2) € By, ... f(T"™"2) € B.}).

We say T is invertible if it is one-to-one and if 7! is measurable. Note
that in the case T is invertible , then T' is measure preserving if and only if
u(TA) = p(A) for all A € B. We can generalize the definition of measure
preserving to the following case. Let T : (X1, By, 1) — (Xo,Ba, p2) be
measurable, then T' is measure preserving if p; (71 A) = pa(A) for all A € Bs.
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The following gives a useful tool for verifying that a transformation is measure
preserving. For this we need the notions of algebra and semi-algebra.

Recall that a collection S of subsets of X is said to be a semi-algebra if
(i) € S, (ii) AN B € S whenever A,B € &, and (iii) if A € S, then
X\ A = Ul E; is a disjoint union of elements of S. For example if X = [0, 1),
and S is the collection of all subintervals, then § is a semi-algebra. Or if
X ={0, 1}, then the collection of all cylinder sets {z : z; = a;,...,z; = a;}
is a semi-algebra.

An algebra A is a collection of subsets of X satisfying:(i) 0 € A, (ii) if
A, B € A, then AN B € A, and finally (iii) if A € A, then X \ A € A.
Clearly an algebra is a semi-algebra. Furthermore, given a semi-algebra &
one can form an algebra by taking all finite disjoint unions of elements of S.
We denote this algebra by A(S), and we call it the algebra generated by S.
It is in fact the smallest algebra containing S. Likewise, given a semi-algebra
S (or an algebra A), the o-algebra generated by S (A) is denoted by o(.S)
(o(A)), and is the smallest o-algebra containing S (or A).

A monotone class C is a collection of subsets of X with the following two
properties

—if By C E, C ... are elements of C, then U°, E; € C,
—if Iy D F, D ... are elements of C, then N°, F; € C.

The monotone class generated by a collection S of subsets of X is the smallest
monotone class containing S.

Theorem 1.2.1 Let A be an algebra of X, then the o-algebra o(A) generated
by A equals the monotone class generated by A.

Using the above theorem, one can get an easier criterion for checking that a
transformation is measure preserving.

Theorem 1.2.2 Let (X;, B;, p;) be probability spaces, i = 1,2, and T : X; —
X5 a transformation. Suppose Sy is a generating semi-algebra of By. Then,

T is measurable and measure preserving if and only if for each A € Sy, we
have T™'A € By and py (T71A) = ua(A).

Proof. Let

C={Be€By:T'BeB, and 1, (T'B) = u»(B)},
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then S C C C B, and hence A(S2) C C. We show that C is a monotone
class. Let By C E, C ... be elements of C, and let £ = U, F;. Then,
T-'FE = U?ilT_lEi c Bl, and

(T E) (U T E,)

lim H1 (TﬁlEn)

n—oo

= lim py(E,)

n—oo

= II"LQ(U;.LOZIEH)
= w(E).
Thus, F € C. A similar proof shows that if £} O Fy D ... are elements of C,

then N2, F; € C. Hence, C is a monotone class containing the algebra A(S,).

By the monotone class theorem, B5 is the smallest monotone class containing
A(S;), hence By C C. This shows that By = C, therefore T' is measurable
and measure preserving. ]

For example if

— X =10,1) with the Borel o-algebra B, and p a probability measure on B.
Then a transformation 7' : X — X is measurable and measure preserving if
and only if T '[a,b) € B and p (T [a,b)) = p([a,b)) for any interval [a, b).
— X = {0,1}" with product o-algebra and product measure p. A trans-
formation 7" : X — X is measurable and measure preserving if and only
if

T '{z:z9=ao,...,x, =a,}) €B,

and
p(THz 2o =ag,...,2n=0an}) = p({z 20 =ao,..., 2, = a,})
for any cylinder set.
Exercise 1.2.1 Recall that if A and B are measurable sets, then
AAB=(AUB)\(ANB)=(A\B)U(B\ A4).
Show that for any measurable sets A, B, C' one has
p(AAB) < u(AAC) + u(CAB).

Another useful lemma is the following; see also [KT].
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Lemma 1.2.1 Let (X, B, u) be a probability space, and A an algebra gener-
ating B. Then, for any A € B and any € > 0, there exists C € A such that
p(AAC) < e.

Proof. First note that since X € A, then X € D. Now let A € D and
e > 0. There exists C' € A such that u(AAC) < e. Since C° € A and
AAC = A°AC*®, we have u(A°AC*) < € and hence A° € D. Finally, suppose
(A,)n € Dande > 0. For each n, there exists C,, € A such that u(A,AC,) <
g/2"1. Tt is easy to check that

G A D Cy C G (AnACh),
n=1 n=1 n=1

so that
[ (U A4 cn> <> uANC,) <e/2.
n=1 n=1 n=1

Since A is closed under finite unions we do not know at this point if [ J 2, C,
is an element of A. To solve this problem, we proceed as follows. First note

that ()", C¢ \, [, —, C¢, hence

u(DAnﬂﬁQi) Zn}ggou<DAnﬂﬁC,i),
n=1 n=1 n=1 n=1

and therefore,
[ <GAnAGCn) :Trlli_rgou ((DAnﬁ ﬁCfl)U(ﬁAfLﬂ [OJCH)> :
n=1 n=1 n=1 n=1 n=1 n=1
Hence there exists m sufficiently large so that
1 ((DAnﬂ ﬁC’;)U(ﬁ Ar N DC,J) < p (GA"ADC"> +e/2.
n=1 n=1 n=1 n=1 n=1 n=1

Since (2, A, VU, Cn € M2y A7 N UL G, we get

u((@AnﬂﬁC’ﬁ)U(ﬁAzﬂOCn)> <p<GAnA©Cn> +¢e/2.
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Thus,
I ((U AN cn)> <e,
n=1 n=1
and |J'", C, € A since A is closed under finite unions. This shows that

U.~, A, € D. Thus, D is a o-algebra.

By definition of D we have D C B. Since A C D, and B is the smallest
o-algebra containing A we have B C D. Therefore, B = D. U

1.3 Basic Examples

Example 1.3.1 (Translations) Let X = [0,1) with the Lebesgue o-algebra
B, and Lebesgue measure A. Let 0 < # < 1, define T': X — X by

Tr=z+60mod l=x+4+60— |[z+0].

Then, by considering intervals it is easy to see that 7' is measurable and
measure preserving.

Example 1.3.2 (Multiplication by 2 modulo 1) Let (X, B, ) be as in Ex-
ample (a), and let T': X — X be given by

2z 0<z<1/2

Tx =2x mod 1=
2 —1 1/2<zxz<1.

For any interval [a, b),
a b a+1 b+1
T Ya,b) = | 2,2 2T
[a,b) [TQ)U{ 5 2),

AT a,b)) =b—a=A([a,b)).

Although this map is very simple, it has in fact many facets. For example,
iterations of this map yield the binary expansion of points in [0, 1) i.e., using
T one can associate with each point in [0,1) an infinite sequence of 0’s and
1’s. To do so, we define the function a; by

@ = {0 if0<z<1/2
a1\xr) =
' 1 if1/2<z <1,

and
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then Tx = 2z — a;(x). Now, for n > 1 set a,(z) = a;(T"'x). Fix z € X,
for simplicity, we write a, instead of a,(z), then Tz = 22 — a;. Rewriting
we get v = G + % Similarly, Tz = % + TTQQ” Continuing in this manner,
we see that for each n > 1,

a1+a2+ +(zn+T"3c
2 22 2n 2n

Since 0 < T"x < 1, we get

“a; Trz

— = — 0 as n — oo.
2t 2n

i=1

Thus, z = Y7, 5. We shall later see that the sequence of digits ay,ay, ...

forms an i.i.d. sequence of Bernoulli random variables.

xr —

Exercise 1.3.1 (Baker’s Transformation) Consider the probability space [0, 1)?, Bx
B, A x \), where B x B is the product Borel g-algebra and A x A the product
Lebesgue measure. Define T': [0,1)? — [0,1)% by

T(x.9) (22,%) 0<z<1/2
Z, =
YTl e -1 12<a <1

Show that T' is invertible, measurable and measure preserving.

Example 1.3.3 (Liiroth Series) Another kind of series expansion, intro-

duced by J. Liiroth [L] in 1883, motivates this approach. Several authors

have studied the dynamics of such systems. Take as partition of [0,1) the
11

intervals [=5, ;) where n € N. Every number x € [0,1) can be written as a

finite or infinite series, the so-called Liiroth (series) expansion

1 1
T @ a@@@ - De@
. 1
ar(z)(ar(x) = 1) - ap—1(z)(an-1(z) — D)an ()
here ag(z) > 2 for each k > 1. How is such a series generated?
Let T:[0,1) — [0,1) be defined by

_|_.’

nn+ 1)z —n, z¢€ [n+r1, %),

Tr = (1.1)
0, xz=0.
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(G1 :2)

0

D=
(S
=
Wl
[N
—_

Figure 1.1: The Liiroth Series map 7.

Let © # 0, for k > 1 and T* 'z # 0 we define the digits a,, = a,(x) by

where a;(z) = nif z € [, —5), n > 2. Now (1.1) can be written as
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Thus!, for any z € (0, 1) such that 7% 1z # 0, we have

2
s L1y Tw :L++<1 +L)

ai CL1<CL1 — 1) ai CL1(CL1 — 1) [2) CLQ(GQ — 1)

1 1 Tz
ai t al(al — ].)CLQ T a1<a1 — ].)CLQ(CLQ — ].)

1
aj(a; — 1) ap_1(ar_1 — 1)ag

T
aj(ay — 1) - -aglar — 1)~

Notice that, if 7% 'z = 0 for some k > 1, and if we assume that k is the
smallest positive integer with this property, then
1 1

€r = ——'—...-'- .
a; aj(ag — 1) ap_1(ar_1 — 1)ag

In case T*1x # 0 for all £ > 1, one gets

1 1 1
r = — 4 4. 4o
a;  ai(a; —1)ay aj(ag — 1) ap_1(ar—1 — 1)ag

where a;, > 2 for each k > 1. The above infinite series indeed converges to x.
To see this, let Sy = Sk(z) be the sum of the first & terms of the sum. Then

Tk

r— S| = ;
| d aj(ay — 1) ag(ar — 1)

since T*z € [0,1) and a;, > 2 for all x and all k > 1, we find

1
|z — Sk| < o — 0ask — o0,

From the above we also see that if z and y have the same Liiroth expansion,

then, for each k > 1,

1
lz—y| < o1

and it follows that x equals y.

'For ease of notation we drop the argument = from the functions ay(z).
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Exercise 1.3.2 Show that the map T given in Example 1.3.3 is measure
preserving with respect to Lebesgue measure .

Example 1.3.4 (f-transformation) Let X = [0,1) with the Lebesgue o-
algebra B. Let f = H*f the golden mean. Notice that 3% = 8 4 1. Define
a transformation 71" : X —> X by

Bx 0<z<1/pB

Tx:ﬂxmodlz{
fr—1 1/<xz<].

Then, T' is not measure preserving with respect to Lebesgue measure (give
a counterexample), but is measure preserving with respect to the measure
given by

u(B) = / 9(z) dz,

where Y
@) # 0<z<1/pB
g\r) =
54 V5 1/p<z<1.

10

Exercise 1.3.3 Verify that T is measure preserving with respect to u, and
show that (similar to Example 1.3.2) iterations of this map generate expan-
sions for points = € [0,1) (known as -ezpansions) of the form

xr = -,
2.5
where b; € {0,1} and b;b; 11 = 0 for all ¢ > 1.

Example 1.3.5 (Continued Fractions) Consider ([0, 1), ), where B is the
Lebesgue o-algebra. Define a transformation 7" : [0,1) — [0,1) by 70 = 0

and for x # 0

11
Tz=-—|—|

Exercise 1.3.4 Show that T is not measure preserving with respect to
Lebesgue measure, but is measure preserving with respect to the so called
Gauss probability measure j1 given by

1 1
B) = d
HB) /Blog21+x v
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An interesting feature of this map is that its iterations generate the continued
fraction expansion for points in (0, 1). For if we define

@ = ay(a) = {1 itz e(1,1)

n ifxe (n%l,%],n > 2,
1
then, To = * — a; and hence v = ————. Forn > 1, let a, = a,(z) =
z a +Tx
ai1(T™ ). Then, after n iterations we see that
1 1
—_ e = ... = 1
a, +Tx a + :
as + -
2+ a, + 1"z
n 1
In fact, in Chapter 4 we will show that if Pn _ 1 , then the
ag + o+ —
an

sequence {g,} is monotonically increasing, and

1
<—2—>0asn—>oo.

‘ Pn
r— —
qn

an

The last statement implies that

xr =

CL2+
a3—|——

Example 1.3.6 (Bernoulli Shifts) Let X = {0,1,...k—1}% (or X = {0,1,...k—
1}Y), F the o-algebra generated by the cylinders. Let p = (pg, p1,--.,Pr_1)

be a positive probability vector, define a measure p on F by specifying it on
the cylinder sets as follows

pz:x_p=a_pn,...,Tcn =an}) =pa_, ---Pa,-

Let T : X — X be defined by T'x = y, where y,, = x,,.1. The map T, called
the left shift, is measurable and measure preserving, since

T Hr:iz p=a . . Tp=0a,} ={T:T i1 =0y, Tpy1 =},
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and
K ({l’ Tl = Qopy - Tl = an}) =Pa_,, - - Pa,-

Notice that in case X = {0,1,...k — 1}, then one should consider cylinder
sets of the form {z : 2o = ao, ...z, = a,}. In this case
T Hr:zg=ag,...,zn =an} = U?;Ol{x LX) = J, X1 = A0,y Tyl = An ),

and it is easy to see that 7' is measurable and measure preserving.

Example 1.3.7 (Markov Shifts) Let (X,F,T) be as in example (e). We
define a measure v on F as follows. Let P = (p;;) be a stochastic k X k
matrix, and ¢ = (qo,q1,--.,qrk—1) a positive probability vector such that
qP = q. Define v on cylinders by

v{xiro,=an, ... Tn = 0n}) = Qo Da_na iy - - Pan_1an-

Just as in example 1.3.6, one sees that T' is measurable and measure
preserving.

1.4 Recurrence

Let T be a measure preserving transformation on a probability space (X, F, ),
and let B € F. A point x € B is said to be B-recurrent if there exists k > 1
such that T*z € B.

Theorem 1.4.1 (Poincaré Recurrence Theorem) If u(B) > 0, then
a.e. v € B 1s B-recurrent.

Proof. Let F be the subset of B consisting of all elements that are not
B-recurrent. Then,

F={xeB:Tfz ¢ B forall k > 1}.

We want to show that u(F) = 0. First notice that F NT*F = () for all
k> 1, hence T'"FNT™F = () for all | # m. Thus, the sets F,T7'F, ...
are pairwise disjoint, and u(T"F) = u(F) for all n > 1 (T is measure
preserving). If u(F) > 0, then

1= u(X) > p (UpsnoT " F) = > u(F) = o0,

k>0
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a contradiction. O

The proof of the above theorem implies that almost every x € B returns
to B infinitely often. In other words, there exist infinitely many integers
ny < ng < ...such that T™x € B. To see this, let

D ={x € B:T"x € B for finitely many k > 1}.

Then,
D={r€ B:T" € F for some k >0} CUZ T *F.

Thus, (D) = 0 since u(F) = 0 and T' is measure preserving.

1.5 Induced Transformations

Let T be a measure preserving transformation on the probability space
(X, F,un). Let A C X with u(A) > 0. By Poincaré’s Recurrence Theo-
rem almost every x € A returns to A infinitely often under the action of 7.
For z € A, let n(z) := inf{n > 1 : T"x € A}. We call n(z) the first return
time of x to A.

Exercise 1.5.1 Show that n is measurable with respect to the o-algebra
FNAonA.

By Poincaré Theorem, n(z) is finite a.e. on A. In the sequel we remove
from A the set of measure zero on which n(z) = co, and we denote the new
set again by A. Consider the o-algebra F N A on A, which is the restriction
of F to A. Furthermore, let 4 be the probability measure on A, defined by

pa(B) = uB) for Be FNA,

so that (A, FN A, ua) is a probability space. Finally, define the induced map
Th: A— Aby
Tz = Tz, for z € A.

From the above we see that T4 is defined on A. What kind of a transformation

18 T’A7

Exercise 1.5.2 Show that T4 is measurable with respect to the o-algebra
FNA.
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Proposition 1.5.1 T4 is measure preserving with respect to 4.
Proof. For k> 1, let
A, = {x€A:n(x)=Fk}

B, = {t € X\A:Tx,. . .T"'sg ATz c A
Notice that A = J,—, Ak, and
T'A=AUB and T7'B,=A,1UBu. (1.2)

Let C' € FNA, since T is measure preserving it follows that u(C) = u(T1C).

B,
4
Bl Bz
bt T?A\ AUTA= (A,3)
- B By  DBs o
B R | B
5 " TA\ A= (A,2)
P ! ! A= (A1)

Figure 1.2: A tower.

To show that p4(C) = pa(T4'C), we show that
W(T7IC) = W(T1C),
Now,

7,(C) = |JAnTi'C = | JAnT™C,
k=1 k=1

hence
o0

p(T7HC) =D p(AnT™*C).

k=1
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, one gets for any n > 1,
BiNT'C)
T-Y(B,NT'0))

Ay NT2C) + u(By NT20)

On the other hand, using repeatedly (1.2
p(TC) = pANTC)+p

= ,U(Al N T_lc) + 1%

= /,L(Al N T_IC) + 1%

~~ /N ~

n

— (A NT*C) + (B, N T™C).
k=1

Since

1> p (G Ban"O) = iu(Ban”C),

n=1 n=1
it follows that
lim u(B,NT"C) = 0.

n—o0

Thus,
p(C) = w(T'C) = > p(AnT*C) = u(T,'0).
k=1
This shows that pa(C) = pua(T;*C), which implies that T, is measure pre-

serving with respect to pia. U

Exercise 1.5.3 Assume T is invertible. Without using Proposition 1.5.1
show that for all C € F N A,

1a(C) = pa(Ta0).

1++5

Exercise 1.5.4 Let G = 5

, so that G2 = G + 1. Consider the set

X = [o,é) x [0, 1)U[é,1) X [O,é),

endowed with the product Borel o-algebra, and the normalized Lebesgue
measure A X A. Define the transformation

(G, ), (#,9) € [0, &) x [0,1]

(Gl‘ - 177)? (x,y) € [év 1) X [07 é)
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(a) Show that 7 is measure preserving with respect to A x A.

(b) Determine explicitely the induced transformation of 7 on the set [0, 1) x
0.4).

Exercise 1.5.5 Let € € (0,1) be irrational. Consider the probability space
([0,1), B, A), where B is the Borel o-algebra and A is Lebesgue measure re-
stricted to [0,1). Let T": [0,1) — [0,1) be translation by 6 € (0,1), i.e.
Tx = x+60 mod 1. Determine explicitly the induced transformation 74 of T'
on the interval A = [0,0).

1.6 Ergodicity

Definition 1.6.1 Let T be a measure preserving transformation on a proba-
bility space (X, F, ). The map T is said to be ergodic if for every measurable
set A satisfying T™*A = A, we have u(A) =0 or 1.

Theorem 1.6.1 Let (X, F,pu) be a probability space and T : X — X mea-
sure preserving. The following are equivalent:

(i) T is ergodic.

)

(ii) If B € F with u(T"*BAB) =0, then u(B) =0 or 1.

(iii) If A € F with p(A) > 0, then p (US>, T-"A) = 1.

(iv) If A, B € F with u(A) > 0 and u(B) > 0, then there exists n > 0 such
that (T-"AN B) > 0.

Remark 1.6.1
1. In case T'is invertible, then in the above characterization one can replace
=" by T™.
2. Note that if u(BAT'B) = 0, then u(B\ T 'B) = p(T™'B\ B) = 0.
Since

B = (B\T'B)u(BNT'B),

and

T7'B = (I"'B\B)U (BNT'B),
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we see that after removing a set of measure 0 from B and a set of measure 0
from T~!B, the remaining parts are equal. In this case we say that B equals
T~ B modulo sets of measure 0.

3. In words, (iii) says that if A is a set of positive measure, almost every
x € X eventually (in fact infinitely often) will visit A.

4. (iv) says that elements of B will eventually enter A.

Proof of Theorem 1.6.1

(i)= (i) Let B € F be such that u(BAT'B) = 0. We shall define a
measurable set C' with C'=T7'C and p(CAB) = 0. Let

C={xeX:T"z € Bi.o. }:ﬁGT’“B.

n=1k=n

Then, T7'C = C, hence by (i) u(C) = 0 or 1. Furthermore,

wW(CAB) = pu (ﬁ G T’“BHBC> + p (G ﬁT’fBCmB)

n=1k=n n=1k=n
< nu (U T-*Bn BC) + <U T7*B°n B)
k=1 k=1

< Y u(T*BAB).
k=1

Using induction (and the fact that u(EAF) < u(EAG)+ u(GAF)), one can
show that for each k > 1 one has p (I"*BAB) = 0. Hence, n(CAB) = 0
which implies that u(C) = pu(B). Therefore, u(B) =0 or 1.

(ii) = (iii) Let p(A) > 0 and let B =J>2, T "A. Then T"'B C B. Since T'
is measure preserving, then p(B) > 0 and

W(TBAB) = u(B\T'B) = u(B) — u(T~'B) = 0.

Thus, by (ii) u(B) = 1.
(iii) = (iv) Suppose p(A)u(B) > 0. By (iii)

w(B) = p (B N G T_”A) =pu ([OJ(B ﬂT‘”A)) > 0.

n=1 n=1
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Hence, there exists k > 1 such that u(BNT*A) > 0.

(iv) = (i) Suppose T7'A = A with u(A) > 0. If u(A°) > 0, then by (iv)
there exists k > 1 such that u(A°NT7*FA) > 0. Since T™*A = A, it follows
that pu(A°N A) > 0, a contradiction. Hence, p(A) =1 and 7T is ergodic. [J

1.7 Other Characterizations of Ergodicity

We denote by L°(X, F, ) the space of all complex valued measurable func-
tions on the probability space (X, F, u). Let

LP(X, Fou) = {f € L(X, Fop) : /X P du(z) < oo},

We use the subscript R whenever we are dealing only with real-valued func-
tions.

Let (X, Fi, i), @ = 1,2 be two probability spaces, and T : X; — X, a mea-
sure preserving transformation i.e., ps(A) = pi(T71A). Define the induced
operator UT : LO(XQ,.FQ’I,L2> — LO(Xl,fl,/L1> by

Urf=foT.
The following properties of Uy are easy to prove.

Proposition 1.7.1 The operator Ur has the following properties:
(i
(ii

Ur is linear

Ur(fg) = Ur(f)Ur(g)
(iii) Urc = ¢ for any constant c.
(v
(Vi) [y, Urfdm = [y, fdus for all f € L(Xy, Fa, po), (where if one side

doesn’t exist or is infinite, then the other side has the same property).

)
)
)
(iv) Ur is a positive linear operator
) Urlg =1goT = l1p-1p for all B € F;.
)

(vii) Let p > 1. Then, UpLP(Xy, Fa, p2) C LP(X1, F1, 1), and ||Urfl], =
[l for all f € LP(Xa, Fa, o).
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Exercise 1.7.1 Prove Proposition 1.7.1.

Exercise 1.7.2 Let (X,F,u) be a probability space, and T : X — X a
measure preserving transformation. Let f € LY(X,F,u). Show that if

f(Tx) < f(z) p ae., then f(x) = f(Tx) p a.e.

Exercise 1.7.3 Let (X, F,u) be a probability space, and T': X — X a
measure preserving and ergodic transformation. Suppose f > 0 is a measur-
able function. Show that if the set A = {z € X : f(x) > 0} has positive p
measure, then for pu a.e. x, one has

> f(Tr) = .

In the following theorem, we give a new characterization of ergodicity

Theorem 1.7.1 Let (X, F,u) be a probability space, and T : X — X mea-
sure preserving. The following are equivalent:

(i) T is ergodic.

(i) If f € LO(X, F,u), with f(Tx) = f(x) for all x, then f is a constant

a.e.

(iii) If f € LY%X,F,u), with f(Tz) = f(x) for a.e. x, then f is a constant

a.e.

(iv) If f € LA*(X, F, ), with f(Tx) = f(x) for all x, then f is a constant

a.e.

(v) If f € L*(X,F,n), with f(Tz) = f(x) for a.e. x, then f is a constant

a.e.

Proof. The implications (iii) = (ii), (ii) = (iv), (v) = (iv), and (iii) = (v) are
all clear. It remains to show (i) = (iii) and (iv) = (i).
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(i) = (iii) Suppose f(Tz) = f(z) a.e. and assume without any loss of gener-
ality that f is real (otherwise we consider separately the real and imaginary
parts of f). For eachn > 1 and k € Z, let

k k+1
lin={z€X: o< fla) < ; ).

Then, T Iy ,Aly,, C{z: f(Tx) # f(x)} which implies that

(T ey Alyy)) = 0.

By ergodicity of T', u(Iy,) = 0 or 1, for each k € Z. On the other hand, for
each n > 1, we have

X = U It (disjoint union).
keZ

Hence, for each n > 1, there exists a unique integer k,, such that p (I, ,) = 1.

k
In fact, Iy, 1 2 Ix,2 2 ..., and {2—2} is a bounded increasing sequence, hence

lim,, o0 kn /2" exists. Let Y = (<, Ik, n, then p(Y) = 1. Now, if z € Y,
then 0 < |f(z) — k,/2"| < 1/2" for all n. Hence, f(x) = lim,, .o k,/2", and
f is a constant on Y.

(iv) = (i) Suppose T"*A = A and u(A) > 0. We want to show that u(A) = 1.
Consider 14, the indicator function of A. We have 14, € L*(X,F,u), and
laoT = 17-14 = 14. Hence, by (iv), 14 is a constant a.e., hence 14 = 1 a.e.
and therefore p(A) = 1. O

1.8 Examples of Ergodic Transformations

Example 1.8.1 (Irrational Rotations) Consider ([0, 1), B, A), where B is the
Lebesgue o-algebra, and A Lebesgue measure. For 6§ € (0,1), consider the
transformation 7y : [0,1) — [0, 1) defined by Tyz = x + 6 (mod 1). We have
seen in Example 1.3.1 that Ty is measure preserving with respect A\. When
is Ty ergodic?

If 0 is rational, then T} is not ergodic. Consider for example § = 1/4, then
the set

A=10,1/8)U[1/4,3/8)U[1/2,5/8)U[3/4,7/8)

is Ty-invariant but p(A) = 1/2.
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Exercise 1.8.1 Suppose 6 = p/q with gcd(p,q) = 1. Find a non-trivial
Ty-invariant set. Conclude that Ty is not ergodic if  is a rational.

Claim. Tj is ergodic if and only if @ is irrational.
Proof of Claim.

(=) The contrapositive statement is given in Exercise 1.8.1 i.e., if 0 is ra-
tional, then 7T} is not ergodic.

(<) Suppose 6 is irrational, and let f € L?*(X,B,\) be Ty-invariant. Write
f in its Fourier series

f(.’ll') _ Z an€27rin:r:'

nez

Since f(Tpz) = f(x), then
f(Tgl’) _ Z a, p2min(z+0) _ Z a, p2mint 2mina

nez nez
— f({L‘) — Zane%rina:.
nez
Hence, Y _,a,(1 — *™%)e?™m* = (. By the uniqueness of the Fourier
coefficients, we have a, (1 — €>™™?) = 0, for all n € Z. If n # 0, since 0 is

irrational we have 1 — ¢?™ -£ (0. Thus, a,, = 0 for all n # 0, and therefore
f(z) = ag is a constant. By Theorem 1.7.1, T} is ergodic.

Exercise 1.8.2 Consider the probability space ([0,1),8 x B, A x A), where
as above B is the Lebesgue o-algebra on [0, 1), and A normalized Lebesgue
measure. Suppose 6 € (0, 1) is irrational, and define Ty x Tp : [0,1) x [0,1) —
[0,1) x [0,1) by

Ty x Ty(z,y) = (x + 60 mod(1),y + 6 mod(1)).

Show that Ty x T} is measure preserving, but is not ergodic.

Exercise 1.8.3 Consider the probability space ([0, 1] x [0,1],B x B, A x \),
where B x B is the two-dimesional Borel o-algebra and A x X is the two-
dimensional Lebesgue measure restricted to [0,1] x [0,1]. Prove that the
transformation S : [0,1] x [0,1] — [0,1] x [0,1] given by S(z,y) = (z +
6 mod 1,z + y mod 1) with 6 irrational is measure preserving and ergodic
with respect to A x A. (Hint: The Fourier series »_, . Crm€F M) of o
function f € L*([0,1] x [0,1], B x B, A x A) satisfies 3 |cnm|? < 00.
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Example 1.8.2 (One (or two) sided shift) Let X = {0,1,...k— 1} F the
o-algebra generated by the cylinders, and p the product measure defined on
cylinder sets by

pw{x:xog=ag,...xy =an}) = Pag - - - Pa,,

where p = (po,p1,...,Pr—1) is a positive probability vector. Consider the
left shift 7" defined on X by Tz = y, where y, = ,41 (See Example (e) in
Subsection 1.3). We show that T" is ergodic. Let E be a measurable subset
of X which is T-invariant i.e., T"'E = E. For any ¢ > 0, by Lemma 1.2.1
(see subsection 1.2), there exists A € F which is a finite disjoint union of
cylinders such that u(EAA) < e. Then

(W(E) = p(A)] = [(E\ A) = p(A\ E)|
< WENA)+p(A\ E) = n(EAA) <

Since A depends on finitely many coordinates only, there exists ng > 0
such that T A depends on different coordinates than A. Since u is a
product measure, we have

WANT™A) = (AT~ A) = p(A)™.

Further,
p(EAT™A) = p(T "™ EAT™™A) = n(EAA) < e,
and
1 (EAANT™A)) < w(EAA) + n(EAT™A) < 2e.
Hence,
W(E) = p((ANTA))| < p (EA(ANT ™ A)) < 2e.
Thus,

[W(E) = (B < |(E) — n(A)?| + [u(A)? — u(E)?|
= |u(E) = p((ANT ™A+ (u(A) + p(E))|u(A) — u(E)|
< A4e.

Since € > 0 is arbitrary, it follows that u(E) = u(E)?, hence pu(E) = 0 or 1.
Therefore, T' is ergodic.
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Example 1.8.3 (Induced transformations of ergodic transformations) Let
T be an ergodic measure preserving transformation on the probability space
(X, F,pn), and A € F with u(A) > 0. Consider the induced transformation
Ty on (A, FN A, ua) of T (see subsection 1.5). Recall that Thz = Tz,
where n(z) = inf{n > 1 : T"x € A}. Let (as in the proof of Proposi-
tion 1.5.1),

Ay = {z€A:nx)=Fk}

B, = {t€X\A:Tx, . . T '2¢gATzcA}

Proposition 1.8.1 IfT is ergodic on (X, F, ), then T4 is ergodic on (A, FN
A, pa).

Proof. Let C € F N A be such that T;'C = C. We want to show that
pa(C) = 0or 1; equivalently, ;(C) = 0 or u(C) = p(A). Since A = J,~, Ar,
we have C' = T,'C = J,o, Ae NT*C. Let E = |J,», B N T*C, and
F = EUC (disjoint union). Recall that (see subsection 1.5) T-'A = A;UB;,
and T !By, = Aj41 U Byyq. Hence,

T'F = T'EUT 'C
= | [(Aks1 U Brp) NT-*ICT U (A UB) NT™'C]

k>1

= JnrroyuJBinT*C)
E>1 k>1

— CUE=F

Hence, F' is T-invariant, and by ergodicity of 7" we have u(F) = 0 or 1.
If w(F) = 0, then pu(C) = 0, and hence us(C) = 0. If u(F) = 1, then
u(X \ F) =0. Since

X\F=(A\C)U((X\A)\E) 2 A\C,

it follows that
(AN C) < (X \ F) =0.

Since u(A\ C) = u(A) — u(C), we have u(A) = u(C), ie., ua(C)=1. O
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Exercise 1.8.4 Show that if T}y is ergodic and p (Ukzl T_kA) =1, then, T
is ergodic.

The following lemma provides, in some cases, a useful tool to verify that a
measure preserving transformation defined on ([0, 1), B, 1) is ergodic, where
B is the Lebesgue o-algebra, and p is a probability measure equivalent to
Lebesgue measure A (i.e., u(A) = 0 if and only if A(A) = 0).

Lemma 1.8.1 (Knopp’s Lemma) If B is a Lebesque set and C is a class
of subintervals of [0, 1), satisfying

(a) every open subinterval of [0,1) is at most a countable union of disjoint
elements from C,

(b) VAeC, M(AN B) > vyA(A), where v > 0 is independent of A,
then \(B) = 1.

Proof. The proof is done by contradiction. Suppose A\(B¢) > 0. Given ¢ > 0
there exists by Lemma 1.2.1 a set FE. that is a finite disjoint union of open
intervals such that A(B°AE.) < e. Now by conditions (a) and (b) (that
is, writing F. as a countable union of disjoint elements of C) one gets that
(B E.) > (E:).

Also from our choice of E. and the fact that

NB°AE.) > BN E.) > y\E.) > yA(B° N E.) > v(A\(B°) — ¢),

we have that
Y(A(BS) —¢e) < MB°AE.) < &,

implying that YA(B¢) < € 4+ ve. Since € > 0 is arbitrary, we get a contradic-
tion. U

Example 1.8.4 (Multiplication by 2 modulo 1) Consider ([0, 1), 5, ), and
let T: X — X be given by

2% 0<z<1/2

Tx =2x mod 1=
20 -1 1/2<z<1,

We have seen that T is measure preserving. We will use Lemma 1.8.1 to
show that T is ergodic. Let C be the collection of all intervals of the form
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[k/2", (k+1)/2") with n > 1 and 0 < k& < 2" — 1. Notice that the the set
{k/2" :n > 1,0 < k < 2" — 1} of dyadic rationals is dense in [0, 1), hence
each open interval is at most a countable union of disjoint elements of C.
Hence, C satisfies the first hypothesis of Knopp’s Lemma. Now, 7" maps
each dyadic interval of the form [k/2", (k + 1)/2") linearly onto [0,1), (we
call such an interval dyadic of order n); in fact, 7"z = 2"z mod(1). Let
B € B be T-invariant, and assume A(B) > 0. Let A € C, and assume that A
is dyadic of order n. Then, T"A = [0,1) and

AMANB) = MANT™"B) = ﬁ)\(T”A N B)

1
= Q—H)\(B) = ANA)A(B).
Thus, the second hypothesis of Knopp’s Lemma is satisfied with v = A\(B) >
0. Hence, A(B) = 1. Therefore T is ergodic.

Example 1.8.5 (Liiroth series revisited) Consider the map 7" of Example
1.3.3. In Exercise 1.3.2 we saw that T' is measure preserving with respect
to Lebesgue measure A. We now show that 7" is ergodic with respect to
Lebesgue measure A using Knopp’s Lemma. The collection C consists in this
case of all fundamental intervals of all ranks. A fundamental interval of rank
k is a set of the form

A(iy, g, ... ix) = A(i) NT T AGR) NN A=)

= {z: a1(z) = 11,a2(x) =d9, ..., ar(x) = ix}.
Notice that A(iy,i9,...,4) is an interval with end points
P P 1
—k and _k + . A A 5
Qk Qr il — 1) ag(iy — 1)
where

1 1 1

P /Qy = —+ ——————+ -+ — - , — .
o/ Qi iv o d(ip — 1)ig (i1 — 1) i1 (ig—1 — 1)ig

Furthermore, T*(A(iy, ia, . .. ,4%)) = [0, 1), and T* restricted to A(iy, ia, . . . , ix)
has slope
1

Z'l(h - 1) o 'ikfluk*l o 1)%(% B 1) - )\(A<i1 i, ... Zk))
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Since limg_,o, diam(A(iq, 2o, . .., i) = 0 for any sequence iy, s, - -, the col-
lection C generates the Borel g-algebra. Now let A be a T-invariant Borel
set of positive Lebesgue measure, and let E be any fundamental interval of
rank n, then

MANE)=ANTT"ANE)=XE)A(A).
By Knopp’s Lemma with v = A(A) we get that A(A) = 1; i.e. T is ergodic
with respect to A. U

Exercise 1.8.5

Let A be the normalized Lebesque measure on ([0, 1),5), where B is the
Lebesgue o-algebra. Consider the transformation 7" : [0,1) — [0, 1) given by

<
Tx:{&r 0<z<1/3

%Jz—% 1/3<xz<1.

For z € [0,1) let

w@y={3 0Sz<1/3
RS 1B <e<,

[0 0<z<1/3
MMO—{% 1/3<z <1,

and

o

i)~ 0 0z <13
T 1/3<e < 1.

Let s, = s,(z) = s1(T" " '2), hy, = hy(x) = hy(T"'2) and a, = a,(x) =
a(T" *x) for n > 1.

[e.e]

(a) Show that for any = € [0,1) one has x = Z
k=1

hg

8182...8]{:'

(b) Show that 7' is measure preseving and ergodic with respect to the
measure A.

(c¢) Show that for each n > 1 and any sequence iy, is, ...,i, € {0,1} one
has
k

A({z € [0,1) : ai(x) = i1, a2(x) =dg,...,an(x) =in}) = g_
where k = #{1 <j <n:i; =1}
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Exercise 1.8.6 Let § > 1 be a non-integer, and consider the transformation
Ts :[0,1) — [0,1) given by Tsx = Sz mod(l) = pz — |Bz]|. Use Lemma
1.8.1 to show that T} is ergodic with respect to Lebesgue measure A, i.e. if
TB_IA = A, then A(A) =0or 1.
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Chapter 2

Ergodic Theorems

2.1 The Pointwise Ergodic Theorem and its
consequences

The Pointwise Ergodic Theorem is also known as Birkhoff’s Ergodic Theorem
or the Individual Ergodic Theorem (1931). This theorem is in fact a gen-
eralization of the Strong Law of Large Numbers (SLLN) which states that
for a sequence Y7, Ys,... of i.i.d. random variables on a probability space
(X, F, ), with E|Y;] < oo; one has

L
nh_}riloﬁ;}/; — EY; (a.e.).
For example consider X = {0, 1}, F the o-algebra generated by the cylinder
sets, and p the uniform product measure, i.e.,

p{z:xy=a, 29 =as,...,r, =a,}) =1/2".

Suppose one is interested in finding the frequency of the digit 1. More pre-
cisely, for a.e. x we would like to find

1
lim —#{1 <i<n:z =1}

n—oo M

Using the Strong Law of Large Numbers one can answer this question easily.

Define
1, ifx=1
m<w>:={’ P

0, otherwise.

33



34 Ergodic Theorems

Since p is product measure, it is easy to see that Yj,Ys, ... form an i.i.d.
Bernoulli process, and EY; = E|Y;| = 1/2. Further, #{1 <i<n:z; =1} =
> v Yi(x). Hence, by SLLN one has

.1 . 1
lim —#{1<i<n:z =1} =—.

n—oo 1 2

Suppose now we are interested in the frequency of the block 011, i.e., we
would like to find

1
lim —#{1 <i<n:z;=0,2;41 = 1,240 = 1}.

n—oo M

We can start as above by defining random variables

Z( ) 1, if T; = 0,.1'i+1 = 1,$i+2 = 1,
AT =
0, otherwise.

Then,
#{1<‘< =0 =1 2——1}—— En Z()
n ! ni=

It is not hard to see that this sequence is stationary but not independent. So
one cannot directly apply the strong law of large numbers. Notice that if T
is the left shift on X, then Y,, =Y, 0oT" Y and Z, = Z; o T" L.

In general, suppose (X, F, i) is a probability space and T': X — X a measure

preserving transformation. For f € L'(X, F, u), we would like to know under
n—1

what conditions does the limit lim,, o — Z f(T'x) exist a.e. If it does exist
n

what is its value? This is answered by thel Poointwise Ergodic Theorem which
was originally proved by G.D. Birkhoff in 1931. Since then, several proofs of
this important theorem have been obtained; here we present a recent proof
given by T. Kamae and M.S. Keane in [KK].

Theorem 2.1.1 (The Pointwise Ergodic Theorem) Let (X, F,u) be
a probability space and T : X — X a measure preserving transformation.
Then, for any f in L*(u),

n—oo N 4

fim £ 3" A7) = F(@)
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exists a.e., is T-invariant and fX fdu= fx f*du. If moreover T is ergodic,
then f* is a constant a.e. and f* = [, fdpu.

For the proof of the above theorem, we need the following simple lemma.

Lemma 2.1.1 Let M > 0 be an integer, and suppose {an}n>0, {bn}n>0 are
sequences of non-negative real numbers such that for eachn = 0,1,2, ... there
exists an integer 1 < m < M with

an+"'+an+m—1 2 bn+"'+bn+m—1-
Then, for each positive integer N > M, one has

ap+--+an-1>bop+ -+ byopa

Proof of Lemma 2.1.1 Using the hypothesis we recursively find integers mg <
my < .-+ <my < N with the following properties

mo < M, mgg1 —m; < Mfori=0,...,k—1,and N —my < M,

ag+ -+ ame—1 = bo+ -+ b1,

am0+"'+am1—1meo+"'+bm1—1a

a/mk,1 + e + amk—l 2 bmk,1 + e + bmk—l‘

Then,

aop+ - +an_ o+ + Uy

b0+"'+bmk—1Zb0+"'+bN—M—1-

4

Proof of Theorem 2.1.1 Assume with no loss of generality that f > 0 (other-
wise we write f = f* — f7, and we consider each part separately). Let
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fulz) = f(z) + ...+ f(T" '), f(z) = limsupn_m@, and f(z) =
liminf,,_ o @ Then f and J are T-invariant, since
f(Tz) = lim sup@
o [ 21 S0
= limsup Fui() = f(x).

Similarly f is T-invariant. Now, to prove that f* exists, is integrable and
T-invariant, it is enough to show that

Jran= [ raws [ Fan

For since f — S = 0, this would imply that f= f=7" ae
We first prove that [, fdu < [, fdu. Fix any 0 < e <1, and let L > 0 be

any real number. By definition of f, for any z € X, there exists an integer
m > 0 such that
fm () 7
m

> min(f(z), L)(1 —e).

Now, for any § > 0 there exists an integer M > 0 such that the set

Xo={r e X:31<m< M with f,,(z) > m min(f(x),L)(1 —€)}
has measure at least 1 — 0. Define F on X by

flx) =€ X
F<x):{ L x¢ X

Notice that f < F (why?). For any x € X, let a, = a,(r) = F(T"z), and
b, = by(xz) = min(f(x),L)(1 —¢€) (so b, is independent of n).We now show
that {a,} and {b,} satisfy the hypothesis of Lemma 2.1.1 with M > 0 as

above. For any n =0,1,2,...

-—if T"x € X, then there exists 1 < m < M such that

f(T"2) > mmin(f(T"z), L)(1 —¢)

m min(f(x), L)(1 —€)
b + ..+ bosm1.
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Hence,

Ap + ...+ Qpym—1 = F(T”x) o+ F(Tn+mflx)
@)+ 4 f@ ) = fo (T )
by + ...+ by

>
>
— If T"x ¢ X, then take m = 1 since
= F(T"z) = L > min(f(x),L)(1 — €) = by,.
Hence by Lemma 2.1.1 for all integers N > M one has
F(x)+ ...+ F(T"'2) > (N — M)min(f(x), L)(1 — ).

Integrating both sides, and using the fact that T is measure preserving, one
gets

N/XF(a:)du( (N — M) /mln L)(1 — €) du(x).

Since

/X F()dua) = [ (o) du(e) + Ln(X \ X,

one has
| r@aut) = [ s dute)
=/ Fla) du(x) — Lu(X \ Xo)
> /mln L)(1 —e)du(x) — L.

Now letting first N — oo, then § — 0, then € — 0, and lastly L — oo one
gets together with the monotone convergence theorem that f is integrable,

and
/f ) dpa( /f ) du(a
[ @ dut) < [ s dnte

We now prove that
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Fix € > 0, and 9y > 0. Since f > 0, there exists 4 > 0 such that whenever
A € F with p(A) < 0, then [, fdu < do. Note that for any = € X there
exists an integer m such that

m

< (f(x) +e).

Now choose M > 0 such that the set
Yo={reX:31<m<Mwith f,(z) <m(f(z)+e)}

has measure at least 1 — 0. Define G on X by

flx) ze€Yy
Gm:{ 0 z¢Y

Notice that G < f. Let b, = G(T"x), and a, = f(z)+¢€ (so a,, is independent
of n). One can easily check that the sequences {a,} and {b,} satisfy the
hypothesis of Lemma 2.1.1 with M > 0 as above. Hence for any M > N,
one has

G(z)+ -+ GTV M 2) < N(f(z) + ).
Integrating both sides yields

(V=) [ Gladuta) < V([ fla)iuta) + )

Since pu(X \ Yp) < 0, then v(X \ Yp) = [yy, f(2)dp(z) < do. Hence,

/X f(e)du(z) = / Gy dp@) + [ f@)du(z)

X\Yo

< [T M/ )+ €) du(z) + dp.

Now, let first N — oo, then § — 0 (and hence §; — 0), and finally ¢ — 0,

one gets
[ t@au) < [ s dnte
[ tan= [ o z/X?du,

This shows that
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hence, f = S =/f"ae., and f* is T-invariant. In case T' is ergodic, then the
T-invariance of f* implies that f* is a constant a.e. Therefore,

0= [ ) = [ )ty
Remarks

(1) Let us study further the limit f* in the case that 7" is not ergodic. Let Z
be the sub-g-algebra of F consisting of all T-invariant subsets A € F. Notice
that if f € L*(u), then the conditional expectation of f given T (denoted by
E,(f|T)), is the unique a.e. Z-measurable L'(x) function with the property

that
/A £(2) dulz) = / E, (f1T)(x) du(x)

for all A € Z ie, T7'A = A. We claim that f* = E,(f|Z). Since the limit
function f* is T-invariant, it follows that f* is Z-measurable. Furthermore,
for any A € Z, by the ergodic theorem and the T-invariance of 14,

g

n—1 n—1

Tim S (L)) = Tafa) lim 37 () = La(e) (@) a.e.
1=0 =0
and
/ fla(z) du(z / Fla(z)dp(z).
This shows that f* = E,(f|Z).

(2) Suppose T is ergodic and measure preserving with respect to p, and let
v be a probability measure which is equivalent to p (i.e. p and v have the
same sets of measure zero so u(A) = 0 if and only if v(A) = 0), then for
every f € L'(u) one has v a.e.

lim 23 7T = [ Fdu
i=0 X

Exercise 2.1.1 (Kac’s Lemma) Let T be a measure preserving and ergodic
transformation on a probability space (X,F,u). Let A be a measurable
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subset of X of positive ; measure, and denote by n the first return time map
and let T4 be the induced transformation of 7" on A (see section 1.5). Prove

that
/ n(x)dp = 1.
A

Conclude that n(x) € L'(A, ), and that

almost everywhere on A.

1++5

Exercise 2.1.2 Let g = 5 and consider the transformation Tj :

[0,1) — [0,1), given by Tpxr = Pz mod(l) = fz — |Bx]. Define b; on
[0,1) by

(o ifo<z<1/8
b&w_{1 i1/ <a <1,

Fix £ > 0. Find the a.e. value (with respect to Lebesgue measure) of the

following limit

1
lim —#{1 SZSnblZO,bﬁ_l :0,,bl+k:O}

n—oo N

Exercise 2.1.3 Let (X, F, 1) be a probability space and f € L'(u). Sup-
pose {1} : t € R} is a family of transformations 7} : X — X satisfying

(i) To =idx and Ty s =T, 0 T}
(ii) T} is measurable, measure preserving and ergodic w.r.t. p.

(iii) The map G : X x R — X given by G(z,t) = f(Ti(x)) is measurable,
where X x R is endowed with the product o algebra F x B and product
measure 4 X A, with B the Borel g-algebra on R and A is Lebesgue
measure.
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(a) Show that for all s > 0,

//th ) dp(z) dA(t //th ) dA(t) dp(x —s/f Ydp(z

(b) Show that for all s > 0, [ f(T(x)) dA(t) < oo p a.e.

(c) Define F : X — R by F(z) = fo dA(t), and consider the
transformation 73 correspondmg tot = 1 Show that for any n > 1
one has

n—1

F(T}z)) = / " (T () ),

k=0
and [, Fdp= [, fdpu.

(d) Show that for p a.e. = one has

im [ G0 = [ fau

n—oo 1 0

Using the Ergodic Theorem, one can give yet another characterization of
ergodicity.
Corollary 2.1.1 Let (X, F,u) be a probability space, and T : X — X a

measure preserving transformation. Then, T is ergodic if and only if for all

A, B € F, one has

lim =" p(T~ AN B) = u(A)u(B). (2.1)

Proof. Suppose T is ergodic, and let A, B € F. Since the indicator function
14 € LY(X,F,p), by the ergodic theorem one has

lim lzucﬂm) _ /X La(@) du(z) = p(A) ace.
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Then,
JEEMZM annl@) = JEI;WZM le

- ,}Eﬁ.znZlA ')
= lp(z)u(A) a.e.

Since for each n, the function lim,,_,. + ZZ —o lr-ianp is dominated by the
constant function 1, it follows by the domlnated convergence theorem that

n—1

1 » 1
nll_g)loﬁ;u(T ANB) = /nggloﬁngiAmB(x)dﬂ(m)

_ /X 150(A) dpa(x)

= u(A)u(B).

Conversely, suppose (2.1) holds for every A, B € F. Let E € F be such that
T~'E = F and u(E) > 0. By invariance of F, we have u(T'ENFE) = u(FE),
hence

lim — Z,u TENE)=uE).

n—oo 1,

On the other hand, by (2.1)

—1 2
T}Lr{:onz:u ENE)=u(E)
Hence, u(F) = u(E)?. Since p(E) > 0, this implies u(E) = 1. Therefore, T
is ergodic. O
To show ergodicity one needs to verify equation (2.1) for sets A and B
belonging to a generating semi-algebra only as the next proposition shows.

Proposition 2.1.1 Let (X, F,u) be a probability space, and S a generating
semi-algebra of F. Let T : X — X be a measure preserving transformation.
Then, T s ergodic if and only if for all A, B € S, one has

lim — Zﬂ T7'ANB) = u(A)u(B). (2.2)

n—oo N
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Proof. We only need to show that if (2.2) holds for all A, B € S, then it holds
for all A, B € F. Note that (2.2) holds for elements in the algebra generated
by S. Let € > 0, and A, B € F. Then, by Lemma 1.2.1 (in Subsection 1.2)
there exist sets Ag, By each of which is a finite disjoint union of elements of
S such that

u(AAAy) <€, and u(BAB)) <€

Since,
(TT"ANB)A(T"AyN By) C (TT"AAT"Ap) U (BABy),

it follows that

W(TANB) — u(TA N By)| < p[(TTANB)A(T"AgN By)]
< W(TAAT™ Ag) + (BABy)
< 2e.
Further,
(A (B) — p(Ao)u(Bo)| < p(A)|u(B) — pu(Bo)| + 1(Bo)|1(A) — pu(Ao)]
< |p(B) = u(Bo)| + |1(A) — p(Ao)]
< u(BABy) + u(AAA)
< 2e.
Hence,
| (% Z_: (T ANB) — p(A)p ) ( Z (T~ Ao N By) — (AO)M(BO)> '
< LS T AR B) + T A0 0 By)| — u(A)(B) — i Ao)u( o)
< 46.1:0
Therefore,

n—1
1
lim [ﬁ w(T7"ANB) — u(A)u(B)| = 0.

n—»00
=0
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Theorem 2.1.2 Suppose p1 and ps are probability measures on (X, F), and
T : X — X is measurable and measure preserving with respect to py and jis.
Then,

(i) if T is ergodic with respect to py, and ps is absolutely continuous with
respect to py, then py = ps,

(i) of T is ergodic with respect to uy and ps, then either uy = ps or py and
o are singular with respect to each other.

Proof. (i) Suppose T is ergodic with respect to p; and us is absolutely
continuous with respect to py. For any A € F, by the ergodic theorem for
a.e. x one has

n—1
o o
Jim — ?_0 La(T*z) = (A).

Let .
1« :
Ca={reX: lim— Z 14(T'x) = 11 (A)},
=0

n—oo N

then p1(Cy4) = 1, and by absolute continuity of 15 one has p5(C4) = 1. Since
T is measure preserving with respect to ps, for each n > 1 one has

% 2_: /X La(T"x) dpa(z) = pa(A).

On the other hand, by the dominated convergence theorem one has

tim [ S L)) = [ () dpala).

This implies that p1(A) = p2(A). Since A € F is arbitrary, we have 1 = ps.

(ii) Suppose T is ergodic with respect to uy and pp. Assume that pg # uo.
Then, there exists a set A € F such that p;(A) # pe(A). For i =1,2 let

n—1
1 .
- - lim — J) — (4
Ci={reX: lim Z;IA(T ) = m(A)}.
J:
By the ergodic theorem p;(C;) = 1 for i = 1,2. Since p;(A) # u2(A), then
C1NCy = 0. Thus p; and po are supported on disjoint sets, and hence iy
and ps are mutually singular. O
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We end this subsection with a short discussion that the assumption of er-
godicity is not very restrictive. Let T" be a transformation on the probability
space (X, F,u), and suppose T' is measure preserving but not necessarily
ergodic. We assume that X is a complete separable metric space, and F the
corresponding Borel g-algebra (in order to make sure that the conditional
expectation is well-defined a.e.). Let Z be the sub-o-algebra of T-invariant
measurable sets. We can decompose p into T-invariant ergodic components
in the following way. For z € X, define a measure u, on F by

falA) = Bu(LAD)()
Then, for any f € LY(X, F,u),

/X F () dpa(y) = Eu(f1D)(2).

Note that
() = [ B @) (o) = [ ) o)

and that E,(14]Z)(x) is T-invariant. We show that p, is T-invariant and
ergodic for a.e. x € X. So let A € F, then for a.e.

Ha(T7A) = By(La 0 TIT) () = Bu(Lu|T)(T) = B, (1a]T) () = pa(A).

Now, let A € F be such that T4 = A. Then, 1, is T-invariant, and hence
Z-measurable. Then,

ta(A) = E,(14]2)(z) = 1a(2) a.e.
Hence, for a.e. x and for any B € F,
12 (A N B) = B, (LallT)(2) = La(2) Eu(Lp|D) (@) = 1o (A)ua(B).

In particular, if A = B, then the latter equality yields p,(A) = p,(A)? which
implies that for a.e. x, p,(A) = 0 or 1. Therefore, yu, is ergodic. (One
in fact needs to work a little harder to show that one can find a set N of
p-measure zero, such that for any z € X \ N, and any T-invariant set A, one
has 11,(A) = 0 or 1. In the above analysis the a.e. set depended on the choice
of A. Hence, the above analysis is just a rough sketch of the proof of what
is called the ergodic decomposition of measure preserving transformations.)
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2.2 The Mean Ergodic Theorem

In the previous section, we studied the pointwise behaviour of the ergodic
1 n—1 '
averages — E f(T'z) for f € L'(u). In this section, we will restrict our
n
i=0

attention to f € L?(u), and study the L?(u) convergence of the ergodic
averages. The result that we will be proving is due to von Neumann (1932).
Before we start let us recall few facts over the Hilbert space L?(u) and the
operator Ur defined in section 1.7.

We begin with the space L?(u) = L*(X,F,u) which is a Hilbert space
equipped with the inner product (f,g9) = [ fgdu, where g is the com-
plex conjugate of g. The inner product induces the L?*(x) norm defined
by ||flla = (f, f)Y/2. If S is a closed linear subspace of L?(u1), then the
orthogonal complement of S is defined by

St ={he L*u):(h,g)=0forall g S}.

The following well known Theorem states that each element f € L?*(u) can
be uniquely written as a sum f = g + h, where g € S and h € S*. We state
it without a proof, and refer the reader to any standard book on functional
analysis.

Theorem 2.2.1 Let S be a closed linear subspace of L?(u). Then for any
element f € L?(yu), there exists a unique element g € S satisfying

inf{|[f = fll2: f" € S} =If = gll=-

Furthermore, if P : L*(u) — S is defined by P(f) = g, then every element
f € L*(u) can be written uniquely as f = P(f) + h, where h € S+. The
transformation P is called the orthogonal projection of L?(u) onto S.

Now suppose (X, F, ) is a probability space and 7" : X — X is a measure
preserving transformation. Consider the operator Ur defined in section 1.7,
but restricted to L?(u),

Ur(f)=foT, for f € L*(u).

Note that Ur is an isometry since (Ur(f), Ur(f)) = (f, f). Associated with
Ur, one defines the adjoint operator U : L*(u) — L?(u) satisfying

(Ur(f),9) = (f.Uz(g)), forall f,g € L*(p).
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Since Ur is an isometry, one gets that UpUr = Iz
identity operator. Consider the set

u)» where Ir2(, is the

T—{fel¥u): f=Ur(f)= foT}.

It is easy to check that Z is a closed linear subspace of L?(u). By Theorem
2.2.1, we can write each element f € L?(u) as f = g+ h, where g=Pf €T

and h € Z+. In the following Lemma, we identify explicitly the elements of
I+

Lemma 2.2.1 Let B = {Ur(g) —g: g € L*()}. Then B = Z*, where B is
the closure of B in the L?(u) norm.

Proof. Equivalently, we will show that B =7 Let f €I, then Up(f) = f
and for any (Ur(g) — g) € B, we have

(f,Ur(g) —g) = (Ur(f),Ur(g)) — (f,9) = (f,9) — (f,9) = 0.

Thus f is orthogonal to every element of B. We show this is true for elements
of B as well. Let h € B, and (h; = Ur(g;) — ¢;) a sequence in B converging
in L?(u) to h. Then, (f, h;) = 0 for all 4, and by Cauchy Schwartz inequality,

(f,h) =lim; oo (f, h;) = 0. Thus f € B Conversly, suppose f € B For
every g € L2(1) ((f,Ur(g) — g) = 0), we have

(f,9) = (f,Ur(g9)) = (Uz(f), 9)-

This implies that f = Uj(f). We now show that f = Up(f). To this end
consider

Ur(f) = fI5 = Us(f) = f.Ur(f) —
Ur(f)ll2 — (Ur(f),
= |[fll2 = (f,Ur(f)) —

f)
F) = (L Ue(f) + 11 £l
Wz(f): )+ fll2 =0

Thus, f € Z. O

We are now ready to prove the Mean Ergodic Theorem.

Theorem 2.2.2 Let (X, F,u,T) be a measure preserving system, and let

Pr denote the orthogonal projection onto the closed subspace Z. Then, for
n—1

any f € L?(u) the sequence ( Z foT") converges in L*(u1) to Pr(f).

=0



48 Ergodic Theorems

Proof. By Theorem 2.2.1 and Lemma 2.2.1, any f € L?(it) can be written as
f = Pr(f)+hwith h € B. Now Pr(f) € Z, hence Pp(f)oT = Ur(Pr(f)) =

n—1

1 .
Pr(f). This implies that — g Pr(f)oT" converges in L?*(u) to Pr(f). Now
n
=0

let (h; = Ur(g;) — g;) be agequence in B converging to h in L?(u). Note
that

1 1 1
_E hioTt = Z(g.0oT" — q.) = —(U™(a.) — a.).
n &= j© n(g] © 95) n( 7(95) — 95)

Thus,
1 n—1 1 n—1
||E2hjoT’||2 = ||EZU%(hj)||2
i=0 i=0
= U3 - o
- n T\9j gjll2
< 2llgl
= 5 gjll2-
1 n—1
This shows that — Z hj o T" converges in L?(u) to 0 for all j. Finally, for
n
i=0
any j sufficiently large,
1 n—1 1 n—1 1 n—1
||;ZhOTZ||2 < EZH(h—hj) o T"[|2 + HﬁZh;’OT’Hz
i=0 = i=0
1 n—1 1 n—1
= D Mh=h)lla+ =D hjo T2
n - n -
1=0 i=0
1 n—1
= [l(h=hy)ll2 + Hﬁzhj o T*[[.
i=0
n—1
. . 1 ; . 1o
Taking the limit as n — oo we see that — Z hoT" converges to 0 in L*(u).
n
i=0

Since

1n71 4 1n71 4 1n71 '
E;foTZ:E;PT(]‘)OTZ%—E;}LOTZ,

we get the required result. [
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2.3 Mixing

As a corollary to the Pointwise Ergodic Theorem we found a new definition
of ergodicity; namely, asymptotic average independence. Based on the same
idea, we now define other notions of weak independence that are stronger
than ergodicity.

Definition 2.3.1 Let (X, F,u) be a probability space, and T : X — X a
measure preserving transformation. Then,

(i) T is weakly mizing if for all A, B € F, one has
lim ~ Z |W(T"AN B) — p(A)u(B)| = 0. (2.3)

(ii) T is strongly mizing if for all A, B € F, one has
lim pu(T"ANB) = p(A)u(B). (2.4)

Notice that strongly mixing implies weakly mixing, and weakly mixing im-
plies ergodicity. This follows from the simple fact that if {a,} is a sequence

n—1
of real numbers such that lim,,_,. a, = 0, then lim,,_,., — Z la;| = 0, and
n
=0
1 n—1 ’
hence lim,, oo — Zai = 0. Furthermore, if {a,} is a bounded sequence of
n
i=0

nOn-negative real numbers, then the following are equivalent (see [W] for the
proof):

n—1
1
i) limy, o0 - Z la;| =0
i=0

n—1

(i) lim,, oo — Z la;|> =0
(iii) there exists a subset J of the integers of density zero, i.e.
1
lim —# ({0,1,...,n—=1}NJ) =0,
n—oo N,

such that lim, . ngsa, = 0.
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Using this one can give three equivalent characterizations of weakly mixing
transformations, can you state them?

Exercise 2.3.1 Let (X, F,u) be a probability space, and T : X — X a
measure preserving transformation. Let S be a generating semi-algebra of

F.

(a) Show that if equation (2.3) holds for all A, B € S, then T is weakly
mixing.
(b) Show that if equation (2.4) holds for all A, B € S, then T is strongly

mixing.

Exercise 2.3.2 Consider the one or two-sided Bernoulli shift 7" as given in
Example 1.3.6 and Example 1.8.2. Show that T is strongly mixing.

Exercise 2.3.3 Let (X, F,u) be a probability space, and let T : X — X
measure preserving and strongly mixing. Consider the probability space
(Y,G,v), where

Y =Xx{0jUX x {1} UX x {2},

G the o-algebra generated by sets of the form A x {i} with A € F,i=0,1,2,
1
and v the measure given by v(A x {i}) = §M(A)‘ Define S : Y — Y by
S(x,0) = (z,1), S(z,1) = (x,2) and S(x,2) = (Tz,0).
(a) Show that S is measure preserving and ergodic with respect to v.

(b) Show that S? = S o S is ergodic, but S% = S0 .50 is not ergodic.

(¢) Show that S is not strongly mixing.

Exercise 2.3.4 Let (X, F,u) be a probability space, and T : X — X a
measure preserving transformation. Consider the transformation 7' x T" de-
fined on (X x X, F X F,ux pu) by T x T(x,y) = (Tz,Ty).

(a) Show that T' x T is measure preserving with respect to pu x p.

(b) Show that T' x T is ergodic, if and only if T" is weakly mixing.
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Exercise 2.3.5 Let (X, F, u,T) be a measure preserving dynamical system.

(a) Show that the following are equivalent.

(i) T is weakly mixing.

(ii) For any ergodic dynamical system (Y, G, v,S), the measure pre-
serving dynamical system (X x Y, F x G, ux v, T x ) is ergodic,
where F x G is the product o-algebra, pux v is the product measure,
and T x S(x,y) = (Tz, Sy).

(b) Show that if 7" = Ty = x + 6 (mod 1) is an irrational rotation on
[0,1), then T} is not weakly mixing with respect to A, where X is the
normalized Lebesgue measure on [0, 1).
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Chapter 3

Measure Preserving
Isomorphisms and Factor Maps

3.1 Measure Preserving Isomorphisms

Given a measure preserving transformation 7" on a probability space (X, F, ),
we call the quadruple (X, F,u,T) a dynamical system . Now, given two dy-
namical systems (X, F, u, T) and (Y,C, v, S), what should we mean by: these
systems are the same? On each space there are two important structures:

(1) The measure structure given by the o-algebra and the probability mea-
sure. Note, that in this context, sets of measure zero can be ignored.

(2) The dynamical structure, given by a measure preserving transforma-
tion.

So our notion of being the same must mean that we have a map
w : (X7‘F7M7T) —> (Y7C7V7S)
satisfying

(i) v is one-to-one and onto a.e. By this we mean, that if we remove a
(suitable) set Nx of measure 0 in X, and a (suitable) set Ny of measure
0in Y, the map ¢ : X \ Nx — Y \ Ny is a bijection.

(ii) ¢ is measurable, i.e., ¥ ~1(C) € F, for all C € C.

93
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(iii) 1 preserves the measures: v = po =1 ie., v(C) = pu(p=1(C)) for all
C eC.

Finally, we should have that
(iv) 1 preserves the dynamics of 7" and S, i.e., o T = S o), which is the

same as saying that the following diagram commutes.

N T

N

N/ S /

This means that T-orbits are mapped to S-orbits:

T — Tr — Tz — -+ — Tz —

} i } 3 3
() > SE(@) = SPW@) = = S W(@) =

Definition 3.1.1 Two dynamical systems (X, F,u,T) and (Y,C,v,S) are
isomorphic if there exist measurable sets N C X and M C 'Y with u(X\N) =
v(Y\ M) = 0 and T(N) C N, S(M) C M, and finally if there exists a
measurable map ¥ : N — M such that (i)—(iv) are satisfied.

Exercise 3.1.1 Suppose (X, F,u,T) and (Y,C, v, S) are two isomorphic dy-
namical systems. Show that

(a) T is ergodic if and only if S is ergodic.
(b) T is weakly mixing if and only if S is weakly mixing.

(c¢) T is strongly mixing if and only if S is strongly mixing.
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Example 3.1.1 Let K = {z € C: |z| = 1} be equipped with the Borel o-
algebra B on K, and Haar measure (i.e., normahzed Lebeque measure on the
unit circle). Deﬁne S:K — K by Sz = 22; equivalently Se?™0 = ¢2mi(20),
One can easily check that S is measure preserving. In fact, the map 5
is isomorphic to the map 7" on ([0,1),B,\) given by Tz = 2z (mod 1)
(see Example 1.3.2 in Subsection 1.3, and Example 1.8.4 in Subsection 1.8).
Define a map ¢ : [0,1) — K by ¢(z) = €>™*. We leave it to the reader
to check that ¢ is a measurable isomorphism, i.e., ¢ is a measurable and

measure preserving bijection such that S¢(x) = ¢(Tz) for all z € [0, 1).

Example 3.1.2 Consider ([0,1), B, ), the unit interval with the Lebesgue
o-algebra, and Lebesgue measure. Let T : [0,1) — [0,1) be given by Tz =
Nz — | Nz|. Iterations of T" generate the N-adic expansion of points in the
unit interval. Let Y := {0,1,..., N — 1} the set of all sequences (Y, )n>1,
with y, € {0,1,...,N — 1} for n > 1. We now construct an isomorphism
between ([0,1),B,\,T) and (Y, F, i, S), where F is the o-algebra generated
by the cylinders, and g the uniform product measure defined on cylinders by

1
p{W)iz1 €Y 1 g1 = ar,ya = ag, ..., Yyp = ap}) = N

for any (a1, a9, as,...) € Y, and where S is the left shift.
Define ¢ : [0,1) - Y ={0,1,..., N — 1} by

Z —k (ax) E>1
NF
k=1
where >3 ar/N* is the N-adic expansion of z (for example if N = 2 we
get the binary expansion, and if N = 10 we get the decimal expansion). Let

C(Zl,,ln) = {(y'L)'LZl GY: Y1 :Zl,,ynzln} .

In order to see that ¢ is an isomorphism one needs to verify measurability
and measure preservingness on cylinders:

YOl i) = [t At b B ..g'nj;;l)
and ,
A <,¢ 1(C(Z1’ ’Zn))) = An ILL(C<7/1’ 7271)))
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Note that
N = {(yi)i>1 €Y : there exists a k > 1 such that y; = N—1 for all i > k}

is a subset of Y of measure 0. Setting Y =Y \ N, then ¢ : [0,1) = Y is a
bijection, since every x € [0,1) has a unique N-adic expansion generated
by T'. Finally, it is easy to see that ¥ o T = S o).

Exercise 3.1.2 Consider ([0,1)%, B x B, A x \), where B x B is the product
Lebesgue o-algebra, and A x A is the product Lebesgue measure Let T :
[0,1)2 — [0,1)% be given by

1
(2x—1,§(y+1)), ;<z<l

Show that T is isomorphic to the two-sided Bernoulli shift .S on ({O, 1}2, F, u) ,
where F is the o-algebra generated by cylinders of the form

A={ryp=ay,....,0¢=a:a €{0,1},i=—k,..., 0}, k>0,

and 4 the product measure with weights (3,3) (so u(A) = (5)F+1).

Exercise 3.1.3 Let G =

1++5
9

, so that G? = G + 1. Consider the set

X = [o,é) X [0,1)U[é,1) X [O,é),

endowed with the product Borel o-algebra. Define the transformation

(Ga, &), (e,9) € 10.8) x [0.1]

T(z,y) =

(Gr =150, (ny) e (2.1 < 0. 4)
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(a) Show that 7 is measure preserving with respect to normalized Lebesgue
measure on X.

(b) Now let §:[0,1) x [0,1) — [0,1) x [0,1) be given by
(G, &), (2.9) € 0.4) x [0,1]

G+y

(GZZL' — G, F

), (z,y) €[, 1) x [0,1).

Show that § is measure preserving with respect to normalized Lebesgue
measure on [0,1) x [0, 1).

(¢) Let Y =1[0,1) x [0, %), and let U be the induced transformation of T°
on Y, ie., for (z,y) € Y, U(z,y) = T where n(z,y) = inf{n >
1:7"(z,y) € Y}. Show that the map ¢ : [0,1) x [0,1) — Y given by

Oa.y) = (2, &)

defines an isomorphism from S to U, where Y has the induced measure
structure; see Section 1.5.

Exercise 3.1.4

Consider the measurable space (R, B), where R is the real line and B is the
Borel o-algebra. Define a transformation 7': R — R by

Consider the measure ;. on B defined by

i) = [ s )

where A is Lebesgue measure.

(a) Show that 7" is measure preserving with respect to the probability mea-
sure .
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(b) Let ¢ : R — [0,1) be defined by
1 1
¢(r) = —arctanz + —.
T 2

Show that ¢ is an isomorphism between the dynamical systems (R, B, p1, T')
and ([0,1), Bio,1), A1), S), where Bjg1y = BN [0, 1) is the restriction of
the Borel o-algebra on [0,1), Ajg 1) is the restriction of Lebesgue mea-
sure on [0, 1), and Sz = 2z mod 1.

(c¢) Show that T is strongly mixing with respect to p.

3.2 Factor Maps

In the above section, we discussed the notion of isomorphism which describes
when two dynamical systems are considered the same. Now, we give a precise
definition of what it means for a dynamical system to be a subsystem of
another one.

Definition 3.2.1 Let (X, F,u,T) and (Y,C,v, S) be two dynamical systems.
We say that S is a factor of T if there exist measurable sets My € F and
M, € C, such that p(My) = v(Ms) = 1 and T(M;) C My, S(My) C M,
and finally if there exists a measurable and measure preserving map v : My —
My which is surjective, and satisfies (T (x)) = S(¢(z)) for all x € My. We
call 1 a factor map.

Remark Notice that if 1 is a factor map, then G = ¢~'C is a T-invariant
sub-g-algebra of F, since

T'¢=T"W'c=y 's'cCcy'Cc=¢G.
Examples. Let T be the Baker’s transformation on ([0,1)2 B x B, X x \),
given by
(2x,%y) fo<az<j
T(x,y) =
(22 —1,3(y+1) ifi<z<l,
and let S be the left shift on X = {0, 1} with the o-algebra F generated by
the cylinders, and the uniform product measure p. Define ¢ : [0,1) x[0,1) —
X by
¢($a y) = (ala ag, . . ')7
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where x =Y 7 | @, /2" is the binary expansion of . It is easy to check that

Y is a factor map.

Exercise 3.2.1 Let T be the left shift on X = {0,1,2}" which is endowed
with the o-algebra F, generated by the cylinder sets, and the uniform product
measure p giving each symbol probability 1/3, i.e.,

1
M({-fEX:.Tl:il,xQZiQ,...,$n:in}):3_n,

where 7;1,7:2, e ,in S {O, ]., 2}

Let S be the left shift on Y = {0, 1} which is endowed with the o-algebra G,
generated by the cylinder sets, and the product measure v giving the symbol
0 probability 1/3 and the symbol 1 probability 2/3, i.e.,

,u({yGY:yl:jl,yzsz,...,yn:jn}):(g) (5) ;

where ji,J2,...,7n € {0,1}. Show that S is a factor of T'.

Exercise 3.2.2 Show that a factor of an ergodic (weakly mixing/strongly
mixing) transformation is also ergodic (weakly mixing/strongly mixing).

3.3 Natural Extensions

Suppose (Y, G, v, S) is a non-invertible measure-preserving dynamical system.
An invertible measure-preserving dynamical system (X, F, u,T) is called a
natural extension of (Y, G, v, S) if S is a factor of T" and the factor map
satisfies V_, TG = F, where

\/ Tk,(/)—lg
k=0
is the smallest o-algebra containing the o-algebras T%~1G for all k > 0.

Example. Let T on ({O, 1}2, F, u) be the two-sided Bernoulli shift, and S on
({0, 1}"1% G V) be the one-sided Bernoulli shift, both spaces are endowed

with the uniform product measure. Notice that 7' is invertible, while S is
not. Set X = {0,1}%, Y = {0, 1}"1% and define ¢ : X — Y by

w<...,x,1,l‘0,x1,...) = (l’o,xl,...).
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Then, v is a factor map. We claim that

(71%¢fﬂg = F.

k=0

To prove this, we show that \/;—,7T' k~1G contains all cylinders generating
F.

Let A={x e X : z_y =a_g, ...,z = as} be an arbitrary cylinder in
F,andlet D={y €Y : yo=a_y,...,Yrre = ag} which is a cylinder in G.
Then,

v 'D={reX ax9=a_p,...,The=a;} and TF)~'D=A.
This shows that -
\/ TFy'g = F.
k=0
Thus, T is the natural extension of S.

Exercise 3.3.1 Consider ([0,1), B, ), where B is the Lebesgue og-algebra,
and )\ is Lebesgue measure. Let T : [0,1) — [0, 1) be defined by

1 1
T — n(n+ 1)z —n ifxe{ ,—)
0

0 if x =

Define a; : [0,1) — [2, 00] by

For n > 1, let a, = a,(x) = ay (T" ).

(a) Show that T' is measure preserving with respect to Lebesgue measure

A
(b) Show that for A\ a.e. = there exists a sequence aj,as,- - of positive
integers such that a; > 2 for all + > 1, and
1 1 1
x:——i———i—.--_’_ +...

a;  ai(a; — 1)ay aj(ay — 1) -~ agp_q1(ag_1 — D)ay
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(c) Consider the dynamical system (X, F,u,S), where X = {2,3,---}N,
F the o-algebra generated by the cylinder sets, S the left shift on X,

1
and p the product measure with p({z : x; = j}) = -1 Show
VAW
that ([0,1),B,\,T) and (X, F, i, S) are isomorphic.
(d) Show that T is strongly mixing.

(e) Consider the product space (][0,1) x [0,1),8 x B, A x A). Define the
transformation 7 : [0,1) x [0,1) — [0,1) x [0,1) by

: 1 1
T(z,y) = (Tz’n(n—l—l)) itz € {nJrl’E)
(0,0) if z =

Show that ([0,1) x [0,1),B x B,A x \,T) is a natural extension of
([0,1),B,\,T).

Exercise 3.3.2

Consider ([0,1), B, A), where B is the Lebesgue o-algebra, and \ is Lebesgue
measure. Let 3 > 1 be a real number satisfying 3% = 32+ +1, and consider
the fg-transformation Tj : [0,1) — [0, 1) given by Tsx = Sz (mod 1). Define
a measure v on B by

where
o (1+3+%) ifzep.1/)
B2 B3
M) = § A (14 3) if o € [1/8,1/8+1/6?)
! 1 ifrzell/8+1/8%1),

I
+

R
+

e

(a) Show that T} is measure preserving with respect to v.

(b) Let

X - ([o, %) « [0, 1)) « ([

9

x5+ x5+ g0 x0D)

| =
|
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Let C be the restriction of the two dimensional Lebesgue o-algebra on
X, and p the normalized (two dimensional) Lebesgue measure on X.
Define on X the transformation 73 as follows :

1
B

(i) Show that Tz is measurable and measure preserving with respect
to p. Prove also that 73 is one-to-one and onto p a.e.

Ts(w,y) = (Tﬂxa ([Bx] +y)> for (z,y) € X.

(ii) Show that 7p is the natural extension of Tj.



Chapter 4

Continued Fractions

4.1 Introduction and Basic Properties

Recall from Chapter 1 that any real number x € [0,1) can be written as a
continued fraction of the form

(lg—f-—

Such an expansion is generated by the map 7" defined on [0, 1) by

1 1
x x

see Figure 4.1. The digits a,, are defined by a,, = a,(z) = a1(T" 'z), where

@ = ar(2) = {1 if e (31)

n o ifre (g, 5n>2

After n iteration of the map T one gets

1 1

1
ay +Tx ay + :

CL2+."+

a, + 1"z

63
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\
1
5 1

(@]
o=
(S
N
Wl

Figure 4.1: The continued fraction map 7.

Let
Pn 1

I g ;1
as + -+ —
a'fl
we will now give some basic properties of this sequence and show that
r = lim,_ 2’—: This done by studying elementary properties of matrices
associated with the continued fraction expansion.

Let A € SLy(Z), that is
A= [r p} :
s q

where 7, s,p,q € Z and det A = rq—ps € {+1}. Now define the Mdébius (or:
fractional linear) transformation A : C* — C* by

R AR

Let aq, asq, ... be the sequence of partial quotients of x. Put

0 1
An._{l an],nz1 (4.1)



and
Mn = AlAQAn R nZ 1.

Writing

M, = "n Pn] , n>1,
Sn n

it follows from M,, = M,,_1A,, n > 2, that

Tn Dn _ —Tnfl Pn-1 0 1
Sn 4n N _Sn—l qn—1 1 Ap, ’

yielding the recurrence relations

p-1:=1;, po:=ao=0; p, = appPn—1+pn—2, n > 1,

q—1 = 0; qo = 1; Gn = AnQn-1+ Qn—2, n > 1.

Furthermore, p,(z) = ¢,—1(Tz) for all n > 0, and z € (0, 1).

Now
wn = M,(0) = 2
dn

and from det M,, = (—1)" it follows, that

n

Prn-1@n — Pnn—1 = (=1)", n>1,
hence
ng<pn7Qn> = 17 n > 17
Setting

. Jo 1
Ay = ll an—i—T“w]’

it follows from
r = M, 1A5(0) = [0; a,..., ap_1, a, + T z],
that
Pn + pnflTnx
r=—:,
qn + anlan
ie., x = M,(T"x). From this and (4.3) one at once has that

Pn (=) Tz

Adn Qn(Qn + Qn—lTnx) .
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In fact, (4.5) yields information about the quality of approximation of the
rational number w,, = p, /g, to the irrational number z. Since T"z € [0, 1),
it at once follows that

1
<5, n>0. (4.6)

' Pn
T — —
dn

4n

From 1/T"x = a,+1 + T""'z one even has

1
20nGni1

1

qngn+1

Dn
€r — —

4n

<

, n>1.

Notice that the recurrence relations (4.2) yield that

-1 n+1
Wy — Wp] = L, n > 1. (4.7)
dn—14n
From this and (4.5) one sees, that
O=wy<wa <wy <+ x-<wg<w <1. (4.8)

In view of proposition 1 the following questions arise naturally: “Given a
sequence of positive integers (ay)n>1, does lim, o w, exist? Moreover, in
case the limit exists and equals x, do we have that x = [0; a,..., an,...|?”
We have the following proposition.

Proposition 4.1.1 Let (a,)n,>1 be a sequence of positive integers, and let
the sequence of rational numbers (wy,)n>1 be given by

wp = [0; a1,...,a,], n>1.
Then there exists an irrational number x for which
lim w, =
n—oo

and we moreover have that x = [0; a1, as, ..., ap,...].

Proof. Writing w, = pn/qn, n > 1, wy = 0, where

{pn—l p”] — A A,
Gn—1 Qn
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and where A; is defined as in (4.1), one has from (4.7), (4.8) and wy := 0

that
(1)

qk—19k

Wy =

k=1

hence Leibniz’ theorem yields that lim, . w, exists and equals, say, . In

order to show that the sequence of positive integers (a,),>1 determines a

unique z € R we have to show that a,, = a,(x) for n > 1, i.e. that (a,),>; is
the sequence of partial quotients of z. Since

1
wp = 10; a1, ag,..., ay| =
" [ b n] (I1+[0, az, a37"'7an]
it is sufficient to show that )
x
However,
1
Wy, = :
Tatw
where w! = [0; ag, as, ..., a,|. Hence taking limits n — oo yields
1
r = ,
a; + x*

here 2* = lim,, oo wj;. From 0 < wj < 2* < wj < 1, see also (4.8), and from
1/ = ay + «* it now follows that |1/x] = a;. O

Exercise 4.1.1 Let
Alay, ... a,) = {x€0,1): a1(x) = ay,...,a,(z) = a,} ,

where a; € N for each 1 < j < n. Show that A(ay,as,...,ax) is an interval
in [0,1) with endpoints

Dk Pk + Dk—1
— and ——

qk Qe + Qo1
where
Dn 1
Pn_ : )
as + T + —
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Conclude that 1

B G Qe + Q1)

where )\ is Lebesgue measure on [0, 1). We call such an interval, a fundamental
interval of order n.

A(A(ar, ag, - - -, ar))

Exercise 4.1.2 Let 0 < a < b < 1. Show that {z : a < T"z < b} N
Ay (ay,---ay) equals

[pn—1a+pn pn—lb+pn>
Qn—1a+QR7 Qn—1b+qn
when n is even, and equals

(pn_1b+pn pn_1a+pn]
Qn—lb'f_Qn’ Qn—1a+Qn

for n odd. Conclude that

AT a,b) NA,) = A([a, b)) A(A,) (qn_lgﬁzr;)l(q—:—qlr;) +n)’

where A is Lebesgue measure on [0,1).

4.2 Ergodic Properties of Continued Fraction
Map

In Exercise 1.3.4 we saw that the continued fraction map is measure preserv-
ing with reapect to the Gauss measure p given by

1 1
B) = d
HB) /Blog21+x v

We will now show that T" is ergodic with respect to pu.

Theorem 4.2.1 Let T be the continued fraction map, and p Gauss measure
on [0,1). Then, T is ergodic with respect to .

Proof. Let [a,b) be any interval in [0,1), and A, = A, (a1, ,a,) a funda-

mental interval of order n. From Exercise 4.1.2, we have

AT ™"[a, ) N An) = A([a; b))A(An) (qn—l;Il(q‘;_)1(‘;;‘Q:CL)Jr @)
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Since

- n _ Gn(@n-1+ qn) _ On(qn-1+ qn) _ 9

1
2 @it (@b @) (guora+ gn) q?

Therefore we find for every interval I, that

%/\(I))\(An) < MTTINA,) < 2M(DA(A,) .

Let A be a finite disjoint union of such intervals /. Since Lebesgue measure
is additive one has

1

§A(A))\(An) < MTTTANA,) < 20(A)NA,). (4.9)

The collection of finite disjoint unions of such intervals generates the Borel
o-algebra. It follows that (4.9) holds for any Borel set A. Since

1 1
< < .
then by (4.9) and (4.10) one has
n log 2
I ANA) 2 —=p(A)p(An) - (4.11)

Now let C be the collection of all fundamental intervals A,,. Since the set of
all endpoints of these fundamental intervals is the set of all rationals in [0, 1),
it follows that condition (a) of Knopp’s Lemma is satisfied. Now suppose that
B is invariant with respect to T and p(B) > 0. Then it follows from (4.11)
that for every fundamental interval A,

log 2
w(BNA,) > 1(B)p(An) -
So condition (b) from Knopp’s Lemma is satisfied with v = 1‘)%Q,u(B); thus
u(B) = 1;ie. T is ergodic. O

We now use the ergodic Theorem to give simple proofs of old and famous
results of Paul Lévy; see [Le].
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Proposition 4.2.1 (Paul Lévy, 1929) For almost all x € [0,1) one has

lim ~1 r (4.12)
— 10 = — .
e DI
lim < log(A(A,)) . d (4.13)
im —lo 2) = ——, an .
n—oo M & 610g2
1 Pn —?
lim —log |z — 2% = . 4.14
nheen 8 = n 6 log 2 (4.14)

Proof. By the recurrence relations (4.2), for any irrational x € [0,1) one has

1 1 pn(x) pnfl(T‘f) L (Tn_2$)
qn() 4n(2) Gur (TZ) Gu_o(T2x)  q (T Lx)
Pu(@) ppa(Tx) (T ')

4 () gr (Tz) @ (T ')’

Taking logarithms yields

pulx
—log g,(z) = log . Exg + log

pn—l(Tx) P1 (Tn_ll’)
— ..t log——~. 4.15
o (T2) & (g A1)

For any k£ € N, and any irrational x € [0, 1), 2 :Ei; is a rational number

close to x. Therefore we compare the right-hand side of (4.15) with
logz + log Tz + log T?x + - - - + log(T" 'x).
We have
—log gu(z) = logx +log Tz +log T?x + - - - + log(T" 'x) + R(n, x).

In order to estimate the error term R(n,z), we recall from Exercise 4.1.1
that z lies in the interval A,,, which has endpoints p,, /¢, and (p,+pn_1)/(gn+
Gn-1). Therefore, in case n is even, one has

n < 1 1 1 1
0<loga:—logp—:(a:—p—) < < —,
Gn qn 5 Qn(anl + Qn)pn/Qn An

where £ € (p,/qn, ) is given by the mean value theorem. Let Fi, Fo,---
be the sequence of Fibonacci 1, 1, 2, 3, 5,... (these are the ¢;’s of the small
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golden ratio ¢ = 1/G). It follows from the recurrence relation for the ¢;’s
that ¢,(z) > F,. A similar argument shows that

1 n
— < logx—logp—,

dn dn
in case n is odd. Thus
1 1 1
R(n,z)| < — + +ooot =,
R(,2)| € 5+ 7+t 5
and since we have
Gn ( >n+1gn

Fn =

\/3
it follows that F,, ~ - G”
partial sum of a Convergent series, and therefore

--+fllisthenth

1 1 =1
R < — 44— < E — = C.
| (n7w)|_Fn+ +‘F1_n:1fn
Hence for each x for which

1
lim —(10g$ + log Tx + IOg TQ:L‘ 4o 1Og(Tn—lx))

n—oo M
exists,

1
— lim —log ¢, (z)

n—oo N,

exists too, and these limits are equal.

1
Now lim —(logz+log Tx+log T?x+- - -+log(T" 'x)) is ideally suited for
n—oo M,
the Pointwise Ergodic Theorem; we only need to check that the conditions
of the Ergodic Theorem are satisfied and to calculate the integral. This is

left as an exercise for the reader. This proves (4.12).

From Exercise 4.1.1
1
MA(ar,...,ap) = ————
( ( ! >> Qn(qn—l—Qn—l)

thus
—log2 —2logg, < logA(A,) < —2logg, .
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Now apply (4.12) to obtain (4.13). Finally (4.14) follows from (4.12) and

1
20nGny1

1

Gnlni1’

Pn
xr — —

4n

< <

n>1.

Exercise 4.2.1 Consider ([0, 1), B), where B is the Lebesgue o-algebra. Let
T:]0,1) = [0,1) be the Continued fraction transformation, i.e., 70 = 0 and

for x # 0

11
Te=-—|—|

For each x € [0,1) consider the sequence of digits of x defined by a,(z) =

a, = | |. Let A denote the normalized Lebesgue measure on [0, 1).

Tr-1g
(a) Show that

log k

0 1 log 2
. 1/n __
| ((R-r==)

k=1

A a.e.

(b) Show that lim e e sl =00 \ a.e.

n—00 n

4.3 Natural Extension and the Doeblin-Lenstra
Conjecture

A planar and a very useful version of a natural extension of the Continued
fraction map was given by Ito-Nakada-Tanaka.

Theorem 4.3.1 (Ito, Nakada, Tanaka, 1977; Nakada, 1981) Let Q = [0,1) x
[0,1], B be the collection of Borel sets of ). Define the two-dimensional
Gauss-measure i on (€2, B) by

B 1 dx dy _
AE) = log 2 //E (1+zy)?’ Eeb.
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Finally, let the two-dimensional RCF-operator T : Q — Q for (x,y) € Q be
defined by

1

T(z,y) = (T(x), m) , x#0, T(0,y)=(0,y). (4.16)

Then (0, B, 1, T) is the natural extension of ([0,1), B, u, T). Furthermore, it
1S ergodic.

Proof. We leave the proof that 7 is the natural extension of T" as an exercise
below. We just show that 7 is measure preserving with respect to . The
map 7T is a bijective mapping from € to Q. For (z,y) € Q let (£,1) € Q be
such, that (£,n) = T (z,y). Then

1 1
E=——c & 1 = ,
x c+ ¢
and
1 N 1
= = - —c
n cty ) 1

Hence the above coordinate transformation has Jacobian J, which satisfies

oxr Oz -1
Jo|% | _|wee O 1 1
% on 0 2 (c+&)2n?

and therefore we find

_ B dx dy
ad) = log2// (1+ zy)?
B d¢dn 1
B 1og2//m I+ L= leripp

B // ~dédn
B 10g2 74 (1+&n)?

Exercise 4.3.1 Prove Theorem 4.3.1.
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We define for every real number z € [0,1) and every n > 0 the so-called
approzimation coefficients ©,(x) by

Pn
In

It follows from (4.6) that ©,,(x) < 1 for all irrational = € [0,1) and all n > 0.
In 1981, H.W. Lenstra conjectured that for almost all x the limit

On(z) = ¢ |7 — (4.17)

lim #{j 1<j<n,0x) <z}, where 0 < z <1,

n—oo N,

exists, and equals the distribution function F'(z), given by

z

log 2
F(z) (4.18)

(1 —2+log2z) %Szgl,

log 2

where the ©,(x)s are the approximation coefficients as defined in (4.17).

In other words: for almost all z the sequence (0,(x)),>1 has limiting
distribution F'.

An immediate corollary of this conjecture is that for almost all x

nl;n;@ﬂZ@ 410g2 — 0.360673... .

A first attempt at Lenstra’s conjecture was made by D.S. Knuth ([Knu]),
who obtained the following theorem

Theorem 4.3.2 (Knuth, 1984) Let K,(z) = {z € [0,1)\ Q; ©, < z} for
0 <z<1, then

AEW(2)) = F(2) +0(9")
where F is defined as in (4.18).

See also [DK] for a generalization of this result.

By definition of the approximation coefficients we have

T"(x)

) I G
n dn—1
1+ T (x) 2=

4n




5

By the recurrence-relations (4.2) we have

Gn—1 o dn—1 o 1

qn AnGn—1 + Gn—2 B Qp +

gn—2"
dn—1

so setting V,, = V() = ¢_1/¢qn yields for n > 1 that

1 1
Vn:m:: I :[O;an,an_l,...,al].

Exercise 4.3.2 (i) Show that for any « € [0, 1) one has T (x,0) = (T, V,,).

(ii) Show that for any x € [0,1) one has

lim (7"(x,0) — T"(x,y)) = 0,

n—oo
uniformly in y.

From the above, we can interpret V,, as “the past of = at time n” (in the
same way as 7" (x) is the “future of x at time n”). An immediate consequence
of this and (4.5) is that

T (z)
n=06, = > 0. 4.1
0, = 0,(z) T T )V, n >0 (4.19)
Exercise 4.3.3 show that
S =0 (x)—L n>1 (4.20)
n—1 — n—1 - 1 +T”($)Vn7 - . .

An important consequence of this observation and Theorem 4.3.1 is the
following result.

Theorem 4.3.3 (Jager, 1986) For almost all z € [0,1) the two-dimensional
sequence (T™(x), Vo (x))n>1 ts distributed over € according to the density func-
tion d, where

1 1
d = )
(z,9) log 2 (1 + zy)?
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Proof. Denote by E the subset of numbers x € €2 for which the sequence
(Th, Vi)n>o is not distributed according to the density function d. Since
the sequence (7"(z,0) — T™(x,y))n>0 is a null-sequence, it follows that for
every pair (z,y) € &, where & := FE x [0,1], the sequence T"(x,y)n>0 is
not distributed according to the density function d. Now if E had, as a one-
dimensional set, positive Lebesgue measure, so would £ as a two-dimensional
set. But this would be in conflict with Theorem 4.3.1. U

Lenstra’s conjecture now follows directly from this theorem by easy cal-
culations.

Proof of Lenstra’s conjecture. Let A, = {(z,y) € Q : <

< z}. Then,
. 142y
(A,) = F(z), and ©,(z) <z e T7(z,0) € A,. Furthermore,

1 1 — ,
g#{j? 1<j<n, 6;() <z} = ” ; La.(T7(2,0)).

Taking limits and using the above theorem we get the required result.



Chapter 5

Entropy

5.1 Randomness and Information

Given a measure preserving transformation 7" on a probability space (X, F, u),
we want to define a nonnegative quantity h(7") which measures the average
uncertainty about where 7" moves the points of X. That is, the value of
h(T') reflects the amount of ‘randomness’ generated by 7. We want to define
h(T) in such a way, that (i) the amount of information gained by an appli-
cation of T is proportional to the amount of uncertainty removed, and (i7)
that h(T') is isomorphism invariant, so that isomorphic transformations have
equal entropy.

The connection between entropy (that is randomness, uncertainty) and
the transmission of information was first studied by Claude Shannon in 1948.
As a motivation let us look at the following simple example. Consider a source
(for example a ticker-tape) that produces a string of symbols -« - z_jxgxy - - -
from the alphabet {ay,as, ..., a,}. Suppose that the probability of receiving
symbol a; at any given time is p;, and that each symbol is transmitted inde-
pendently of what has been transmitted earlier. Of course we must have here
that each p; > 0 and that ) . p, = 1. In ergodic theory we view this process
as the dynamical system (X, F, B, u, T), where X = {ay,as,...,a,}", B the
o-algebra generated by cylinder sets of the form

Ap(aiy, @iysoyay,) ={reX oy =ai,...,0, =a;,}
i the product measure assigning to each coordinate probability p; of seeing

7
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the symbol a;, and T the left shift. We define the entropy of this system by
i=1

If we define log p; as the amount of uncertainty in transmitting the symbol a;,
then H is the average amount of information gained (or uncertainty removed)
per symbol (notice that H is in fact an expected value). To see why this is an
appropriate definition, notice that if the source is degenerate, that is, p; = 1
for some i (i.e., the source only transmits the symbol a;), then H = 0. In
this case we indeed have no randomness. Another reason to see why this
definition is appropriate, is that H is maximal if p; = % for all 7, and this
agrees with the fact that the source is most random when all the symbols are
equiprobable. To see this maximum, consider the function f : [0,1] — R

defined by
0 ift =0,
ft) = .
—tlog,t f0<t <1,
Then f is continuous and concave downward, and Jensen’s Inequality implies

that for any py,...,p, with p; >0 and p1 + ... +p, = 1,

1 1 & 1 & 1 1
—H(p1,-.pn) = E;ﬂm < f(- ;m = f(=) = —log,n,

so H(p1,...,pn) < logyn for all probability vectors (p,...,p,). But
1 1
H(—, ...,—) =1
(na ) n) 0g2 n,

so the maximum value is attained at (%, N %)

5.2 Definitions and Properties

So far H is defined as the average information per symbol. The above defini-
tion can be extended to define the information transmitted by the occurrence
of an event E as —log, P(E). This definition has the property that the in-
formation transmitted by £ N F for independent events F/ and F' is the sum
of the information transmitted by each one individually, i.e.,

—log, P(ENF) = —log, P(E) —log, P(F).
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The only function with this property is the logarithm function to any base.
We choose base 2 because information is usually measured in bits.

In the above example of the ticker-tape the symbols were transmitted
independently. In general, the symbol generated might depend on what has
been received before. In fact these dependencies are often ‘built-in’ to be
able to check the transmitted sequence of symbols on errors (think here of
the Morse sequence, sequences on compact discs etc.). Such dependencies
must be taken into consideration in the calculation of the average information
per symbol. This can be achieved if one replaces the symbols a; by blocks of
symbols of particular size. More precisely, for every n, let C,, be the collection
of all possible n-blocks (or cylinder sets) of length n, and define

——Z C)log P(C).

ceCn

Then %Hn can be seen as the average information per symbol when a block
of length n is transmitted. The entropy of the source is now defined by

b= lim 2 (5.2)
n—oo N
The existence of the limit in (5.2) follows from the fact that H,, is a subadditive
sequence, i.e., Hyym < H, + H,,, and proposition (5.2.2) (see proposition
(5.2.3) below).

Now replace the source by a measure preserving system (X, B, u,T).
How can one define the entropy of this system similar to the case of a
source? The symbols {ai,as,...,a,} can now be viewed as a partition
A = {A1,As,..., A} of X, so that X is the disjoint union (up to sets
of measure zero) of Aj, As, ..., A,. The source can be seen as follows: with
each point x € X, we associate an infinite sequence - --x_1, xg, 1, - - -, where
z; is a; if and only if T2z € A;. We define the entropy of the partition o by

H(a) = H, Zu ) log u(A;) .

Our aim is to define the entropy of the transformation 7" which is independent
of the partition we choose. In fact A(7T) must be the maximal entropy over
all possible finite partitions. But first we need few facts about partitions.
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Exercise 5.2.1 Let a = {A4,...,A,} and § = {By,..., B} be two parti-
tions of X. Show that

T 'a = {T7'Ay,... ., T'A,}

and
Oé\/ﬂ = {AiﬂBj: AZ'EOé, BjEﬂ}

are both partitions of X.

The members of a partition are called the atoms of the partition. We say
that the partition 8 = {By,..., By} is a refinement of the partition o =
{A1,..., A}, and write o < S, if for every 1 < j < m there exists an
1 < i < n such that B; C A; (up to sets of measure zero). The partition
a 'V B is called the common refinement of o and f.

Exercise 5.2.2 Show that if 3 is a refinement of a, each atom of « is a finite
(disjoint) union of atoms of 3.

Given two partitions a = {Ay,... A,} and = {By,..., By} of X, we
define the conditional entropy of o given 8 by

Half) = =33 log (%) W(ANB).

A€ca Bep

(Under the convention that 0log0 := 0.)

The above quantity H(a|f5) is interpreted as the average uncertainty
about which element of the partition a the point z will enter (under T')
if we already know which element of 5 the point x will enter.

Proposition 5.2.1 Let «, B and v be partitions of X. Then,

(a) H(T 'a) = H(a) ;
(b) H(aVp) = H(a) + H(B|a);
(c) H(Bla) < H(B);
(d) H(aV B) < H(a) + H(p);
)
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(f) H(aV Bly) = H(aly) + H(Bla V),
(g) If B < a, then H(yla) < H(v|B);
(h) If 8 < «, then H(B|la) = 0.
(i)

We call two partitions o and [ independent if
w(ANB) = u(A)u(B) forall A€ca, BEf.

If a and B are independent partitions, one has that
H(aV §) = H(a) + H(5).
Proof. We prove Properties (b) and (c), the rest are left as an exercise.

H(VB) = =Y > p(AnB)logu(AnB)

A€a Bep

= _ZZMAQB log (AAB)

A€ca Bep ( )

=3 > (AN B)log u(A)

A€a BepB
— H(Bla) + H().

We now show that H(f|a) < H(f). Recall that the function f(t) = —tlogt
for 0 <t <1 is concave down. Thus,

H(fla) = —ZZuAﬂBlog AN B)

Bep Aca <A>

B AmB) w(ANB)
= -2 uA 8L

Bep Aca

R ( AO>B)>

Bep Aca

p(AN B)
< Zf(Zu(A) ) >

Bep Aca

= > f(w(B)) = H(p).

Bep
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Exercise 5.2.3 Prove the rest of the properties of Proposition 5.2.1

Now consider the partition \/}_, ' T~iar, whose atoms are of the form A, o N
T7'A;, N..NnT-D A4, con31st1ng of all points x € X with the property
that x € A Tx € A; T 'z e A;

109 11y 0 In—1°

In—17

Exercise 5.2.4 Show that if « is a finite partition of (X, F, u,T), then

-1

H(\_/Tia)—H Z a\\/T )

To define the notion of the entropy of a transformation with respect to a
partition, we need the following two propositions.

Proposition 5.2.2 If {a,} is a subadditive sequence of real numbers i.e.,
Upyp < @y + a, for all n,p, then

lim —
n—,oo N,

exists.
Proof. Fix any m > 0. For any n > 0 one has n = km + ¢ for some 7 between
0 <7 < m — 1. By subadditivity it follows that

Gp, o Akm+i < Qfem a; ]C + Q;

n  km+i — km km — km km

Note that if n — oo, k — oo and so limsup,,_, . a,/n < a,,/m. Since m is
arbitrary one has

. a .. a .. pQp
limsup — < inf — < liminf —.

Therefore lim,,_,o a,/n exists, and equals inf a, /n. O

Proposition 5.2.3 Let « be a finite partitions of (X, B, u,T), where T is a
measure preserving transformation. Then, lim,,_ 711H (\/" L ‘o) emists.
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Proof. Let a, = H(\/:.L;O1 T~'a) > 0. Then, by Proposition 5.2.1, we have

n+p—1

nyp = H( \/ T_ia)

n+p—1
< \/T a)+ H( \/ T )
p—1
= a,+ H(\/ T ')
i=0
= ap+ ap.
Hence, by Proposition 5.2.2,
a 1 n—1
i = fi SHOV T
exists. O

We are now in position to give the definition of the entropy of the trans-
formation 7.

Definition 5.2.1 The entropy of the measure preserving transformation T'
with respect to the partition « is given by

n—1

1
h(a,T) = hy(a,T) = lim —H( \/T_Zoz

n—oo N,

where

HO/ 7)== Y D) log(u(D)).

De\i) T-ia

Finally, the entropy of the transformation T s given by

h(T) = h,(T) := sgph(a,T).

The following theorem gives an equivalent definition of entropy.
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Theorem 5.2.1 The entropy of the measure preserving transformation T
with respect to the partition o is also given by

n—1

ha,T) = lim H(a| \/ T"a).

n—00 )
=1

Proof. Notice that the sequence {H (a|\/}_, T '@)},>1 is bounded from be-
low, and is non-increasing, hence lim, ., H(a|\/}_, T 'a) exists. Further-
more,

n . 1 n i '
lim H(a|\/T_Zoz) = lim — E H(oz|\/T_’oz).
n—o00 n—oo N

i=1 j=1 i=1

From Exercise 5.2.4, we have

n—

H(\_/ T~'a) = H(a)+ Y _H(of \/ T ).

Jj=1

Now, dividing by n, and taking the limit as n — oo, one gets the desired
result O

Theorem 5.2.2 Entropy is an isomorphism invariant.

Proof. Let (X,B,u,T) and (Y,C,v,S) be two isomorphic measure preserv-
ing systems (see Definition 1.2.3, for a definition), with ¢y : X — Y the
corresponding isomorphism. We need to show that h,(T") = h,(S5).

Let § = {Bjy,..., By} be any partition of Y, then

is a partition of X. Set A; = ¢'B;, for 1 <7 <mn. Since ¢ : X — Y is an
isomorphism, we have that v = py~! and T = St, so that for any n > 0
and By,,...,B; _, €

v(ByNS'B,Nn...nS VB, )
=u (' By Nyt STIB, N Ny TtsT B )

=u(W ' ByNT ' By Nn..nT- " VyB; )
=p(ANT "4, N...nT N4, ).
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Setting
A(n) = Aio N---N Ti(nil)Ainil and B(n) = Bio N---N Si(nil)Binil,
we thus find that

n—1
1
h,(S) = suph (8,S) = sup lim —H,( \/S ‘B)
B n—oo M,
1
= lim —— B(n))logv(B
sup lim == Zl V( (n))logv(B(n))
B(n)eVi, 5~
1
= sup lim —— > p(A(n)) log u(A(n))
v A(m)eV, T-ip15

= sup h, (718, T)
Y=1p
sup iy, (a, T) = hy(T),

IN

where in the last inequality the supremum is taken over all possible finite
partitions a of X. Thus h,(S) < h,(T"). The proof of h,(T) < h,(S) is done
similarly. Therefore h,(S) = h,(T), and the proof is complete. O

5.3 Calculation of Entropy and Examples

Calculating the entropy of a transformation directly from the definition does
not seem feasible, for one needs to take the supremum over all finite parti-
tions, which is practically impossible. However, the entropy of a partition is
relatively easier to calculate if one has full information about the partition
under consideration. So the question is whether it is possible to find a par-
tition v of X where h(a, T') = h(T). Naturally, such a partition contains all
the information ‘transmitted” by 7. To answer this question we need some
notations and definitions.
For a = {Ay,..., Ay} and all m, n > 0, let

o (C/n T"d) and o (?m T"d)

be the smallest o-algebras containing the partitions \/" T ' and \/;" T '«
respectively. Furthermore, let o (sz T a) be the smallest o-algebra con-
taining all the partitions \/" T '« and ;" T '« for all n and m. We
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call a partition a a generator with respect to T if o (\/fifoo T‘ia) = F,
where F is the o-algebra on X. If T" is non-invertible, then « is said to be
a generator if o (\/;2,T ‘) = F. Naturally, this equality is modulo sets
of measure zero. One has also the following characterization of generators,
saying basically, that each measurable set in X can be approximated by a
finite disjoint union of cylinder sets. See also [W] for more details and proofs.

Proposition 5.3.1 The partition « is a generator of F if for each A € F
and for each € > 0 there exists a finite disjoint union C of elements of {al'},
such that u(AAC) < e.

We now state (without proofs) two famous theorems known as Kolmogorov-
Sinai’s Theorem and Krieger’s Generator Theorem. For the proofs, we refer
the interested reader to the book of Karl Petersen ([P]) or Peter Walters

(WD)

Theorem 5.3.1 (Kolmogorov and Sinai, 1958) If « is a generator with re-
spect to T and H(«) < oo, then h(T) = h(a,T).

Theorem 5.3.2 (Krieger, 1970) If T is an ergodic measure preserving trans-
formation with h(T) < oo, then T has a finite generator.

We will use these two theorems to calculate the entropy of a Bernoulli

shift.

Ezample (Entropy of a Bernoulli shift)-Let T' be the left shift on X =
{1,2,--+ ,n}” endowed with the o-algebra F generated by the cylinder sets,
and product measure p giving symbol ¢ probability p;, where p; +ps + ... +
pn = 1. Our aim is to calculate h(7T"). To this end we need to find a partition
« which generates the o-algebra F under the action of 7. The natural choice
of o is what is known as the time-zero partition « = {Aq, ..., A,}, where

Ay ={xeX:xy=1i},i=1,...,n.
Notice that for all m € Z,
T7"A ={zxeX: x, =1},
and

AiomTilAilm"'ﬂTimAim = {xEX x0:i07---7$m:im}-
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In other words, \/7", T« is precisely the collection of cylinders of length
m (i.e., the collection of all m-blocks), and these by definition generate F.
Hence, « is a generating partition, so that

h(T) = h(a,T) = lim Ly (nVTia> :

m—oo 11

First notice that — since p is product measure here — the partitions
Qa, T_1a7 RN T_(m_l)O[
are all independent since each specifies a different coordinate, and so

HaVvT 'av...vT-mq)
= H(a)+ H(T'a) +---+ H(T~ ™ Vq)

= mH(a) = —mZpl-logpi.
i=1

Thus,

. 1 n n
hT) = lim —(—m)Zpi logp;, = —Zpi log p; .
i=1 i=1

m—oo M,

Exercise 5.3.1 Let T be the left shift on X = {1,2,--- ,n}? endowed with
the o-algebra F generated by the cylinder sets, and the Markov measure p
given by the stochastic matrix P = (p;;), and the probability vector m =
(71,...,m,) with 7P = 7. Show that

n

MT) =— Z mipij log pij

=1 i=1

Exercise 5.3.2 Let T be a measure preserving transformation on the prob-
ability space (X, F, u).

(a) Suppose « is a finite partition of X. Show that h, (o, T) = hu(\/ T 'a,T),
i=1

for any n > 1.
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(b) Let o and S be finite partitions. Show that h,(5,T) < h,(o,T) +
H,(Bla).

(c) Suppose a is a finite generator, i.e. o(\/;2, T 'a) = F. Using parts (a)
and (b), show that for any finite partition 5 of X one has h,(5,T) <
h,(a,T). Conclude that h, (o, T) = h,(T).

Exercise 5.3.3 Let (X, F,u) be a probability space and T : X — X a
measure preserving transformation. Let £ > 0.

(a) Show that for any finite partition o of X one has hu(\/f;g T, TF) =
kh,(a,T).

(b) Prove that kh,(T) < h,(T*).
(c) Prove that h, (o, T%) < kh, (o, T).
(d) Prove that h,(T*) = kh,(T).

Throrughout this course (label mentioned), the spaces we are working
with are assumed to be standard Lebesque spaces. This means that one has a
measurable isomprohism (up to sets of measure zero) between our probablity
space and the unit interval with possibly finite or countable number of atoms.
For such spaces it is possible to finite an increasing sequence of finite partitons
a; < ag < -+ such that o(V,«a,) = F. This allows us to calculate entropy
in the following way.

Lemma 5.3.1 Ifa; < ag < --- is an increasing sequence of finite partitions
on (X, F,u,T) such o(ow,) N F, then h,(T) = lim, o hy(ay, T).

Proof It is enough to show that for any finite partition 3, one has h,(3,T) <
lim,, o0 hy(a,, T'). From Exercise 5.3.2(b),

hu(57T) < hu(amT> + H(/B|an)

Since o(ay,) / F, then by the Martingale Convergence Theorem (see Theo-
rem 5.4.1) together with the Dominated Convergence Theorem one has

Tim H(Bla,) = lim H(flo(a,)) = H(BIF) = 0.

Thus, h,(8,T) < lim, o hy(an, T), and hence h,(T) = lim, o0 hy(ay, T).
U
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Exercise 5.3.4 Prove that h, «, (Th % T5) = hy, (Th) + hy, (15).

5.4 The Shannon-McMillan-Breiman Theorem

In the previous sections we have considered only finite partitions on X, how-
ever all the definitions and results hold if we were to consider countable par-
titions of finite entropy. Before we state and prove the Shannon-McMillan-
Breiman Theorem, we need to introduce the information function associated
with a partition.

Let (X, F, i) be a probability space, and a = {A;, A, ...} be a finite or
a countable partition of X into measurable sets. For each = € X let a(x)
be the element of a to which z belongs. Then, the information function
associated to « is defined to be

I.(z) = —log u(a ZIA ) log (A

A€ca

For two finite or countable partitions o and § of X, we define the condi-
tional information function of o given [ by

1(AN B)
o) == 3, 2, uanm (o) og ("S5

We claim that

Lop(z) = —log B, (1o == la(z)logE(1alo(B)),  (5.3)

A€a

where o(f3) is the o-algebra generated by the finite or countable partition £,
(see the remark following the proof of Theorem (2.1.1)). This follows from the
fact (which is easy to prove using the definition of conditional expectations)
that if 3 is finite or countable, then for any f € L'(u), one has

E.(flo(8 ZlB / fdu.

Beg

Clearly, H(c|B) = [ Lajs(x) du(z).
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Exercise 5.4.1 Let « and [ be finite or countable partitions of X. Show
that IO‘VB = [a + IB|CV‘

Now suppose T' : X — X is a measure preserving transformation on
(X, F,u), and let a = {Ay, Ao, ...} be any countable partition. Then T—! =
{T-*A;,T71A,,...} is also a countable partition. Since T' is measure pre-
serving one has,

Ir—14(x Z Lp-14,(z)log u(T™A;) Z 14,(Tx)log u(A;) = I(Tx).

A €a A€a

Furthermore,

lim

. 1
n—oo M 4+ 1 \/T a nh—>Holon+ 1 /X[V?:()Tia(x) du(az) = h(Oé,T).

The Shannon-McMillan-Breiman theorem says if T is ergodic and if « has
finite entropy, then in fact the integrand ?I\/go 7-io(x) converges a.e. to
n i=

h(c,T). Notice that the integrand can be written as

1
w1V ral(r) = = logu<\/T % >,

where (\/[_, T~'«)(z) is the element of \/]_, T"« containing z (often referred
to as the a-cylinder of order n containing x). Before we proceed we need the
following proposition.

Proposition 5.4.1 Let o = {Ay, Ay, ...} be a countable partition with finite
entropy. For each n = 1,2,3,..., let fo(x) = Iyyr  1-ia(z), and let f* =
Sup,>1 fn- Then, for each t > 0 and for each A € a,

p{reA: f(x) >t}) <27
Furthermore, f* € LY(X,F,u).

Proof. Let t >0 and A € a. For n > 1, let

fi(w) = ~log B, <1A| \/T@) @)
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and

B,={reX: fix) <t,... fii(x) <t fix)>t}

Notice that for # € A one has f,(r) = f2(x), and for x € B, one has
E,(14lVi, T "a) (z) <27 Since B, € o (i, T 'a), then

(B, NA) = / La(e) du(a)

— /B E, <1A| \/T_ia> (x)dp(z)

< / 2t du(x) = 2-u(B,).

Thus,

puH{zeA: ff(x)>t}) = p({rxeA: fulx) >t, for some n})
= Ui ({x cA: fA(x) > t, for some n})
p(Uy

IN
[\
L
=
&
e
IN
~

We now show that f* € L'(X, F,u). First notice that

pn({z e A: f(z) > t}) < p(A),

hence,

p({xeA: f*(x) >t}) <min(u(A4),27).
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Using Fubini’s Theorem, and the fact that f* > 0 one has
[ @ = [Tulaex:rw )
= [ Suttreaira=ma

Aca

- Z/ (freA: () > 1) di

Aca

[\
\
E.
B
=
=
2
=
~

Aca
—log u(A) o0
= ) / p(A)dt + 27" dt
Aca’0 Aca —logpu(4)
o p(A)
= =) u(A)logu(A)+ ) log 3
Aca Aca
1
= H .
o) + og. 2 < 0

g

So far we have defined the notion of the conditional entropy I,z when «
and [ are countable partitions. We can generalize the definition to the case
« is a countable partition and G is a g-algebra as follows (see equation (5.3)),

Log(w) = —log By(la()9)-
If we denote by \io, T 'a = o(U, Vi_, T"a), then

Iy 1-ia() = Hm Ioyyn p-ig(2). (5.4)

n—o0

Exercise 5.4.2 Give a proof of equation (5.4) using the following important
theorem, known as the Martingale Convergence Theorem (and is stated to
our setting)

Theorem 5.4.1 (Martingale Convergence Theorem) Let C; C Cy C
- be a sequence of increasing o-algebras, and let C = o(U,Cy,). If f € L' (),
then

E,(f1C) = lim E,(f1C.)
w a.e., and in L*(p).
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Exercise 5.4.3 Show that if 7' is measure preserving on the probability
space (X, F,u) and f € L'(u), then

lim f(T"x)

n—oo n

=0, pae.

Theorem 5.4.2 (The Shannon-McMillan-Breiman Theorem) Suppose
T is an ergodic measure preserving transformation on a probability space
(X, F, 1), and let « be a countable partition with H(«) < oo. Then,

7}1_)1210 - 1]\/?:0 r-ia(x) = h(a,T) a.e

Proof. For each n =1,2,3,..., let fu(z) = lo)yr_ r-ia(x). Then,

Iypyria(z) = Iy ria(@) + Loy, 7-ia(@)
— ]\/?:—01 rig(Tx) + fn(w)
= Tyrir—a(T2) + Loyt r-i(T2) + ful2)
= ]\/?;02T—za(T2$)+f” 1(Tz) + fu(x)

I(T2) + [T ') 4 .o+ fo1(T2) + fol2).

Let f(z) = a\Vz r-ia(x) = lim, o fn(z). Notice that f € L'(X,F,pu)
since [, f(z)du(z) = h(a,T). Now letting fo = I, we have

1 1 <«
Iyn 7o = W(TF
n+1 Viee T Oé(x) n+1 Zf k( .I‘)

- nﬂzf : Z(fnk—fxm).

By the ergodic theorem,

lim i f(TF2) / f(x)dp(z) = ha,T) a
n—oo k;:()

1 n
We now study the sequence {n——i-l %(fn_k - f)(Tkx)} Let

Fy = sup|fi — fI, and f* = sup f,.
k>N n>1
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Notice that 0 < Fyy < f* + f, hence Fy € L'(X, F,u) and A}im Fy(z) =0
—00

a.e. By the Lebesgue Dominated Convergence Theorem, one has ]\}im Fydu
—00

is equal to 0. Also for any k, |for — f| < f*+ f, so that |f,—x — f] €
LYX,F,p) and lim |f,—x — f| =0 ae.
n—o0

For any N > 1, and for all n > N one has

n—N
n+1§]nk—fwﬁ> = =D k= fI(T)
k=0
1 & N
k=n—N+1
n—N

IN

=0
N-1

— > Ui~ AT ).

k=0

If we take the limit as n — oo, then by Exercise 5.4.3, the second term tends
to 0 a.e. and by the Ergodic Theorem the first term tends to [ Fy du. Now
taking the limit as N — 0o, one sees that

n+12’fn k_f|(Tk )=0 ae.

Hence,

. 1
lim

Ly, r-ia(x) = h(a,T) a.e.

g

The above theorem can be interpreted as providing an estimate of the size
of the atoms of \/I_y T "a. For n sufficiently large, a typical element A €
Vi_o T "« satisfies

e log i(A) ~ h(a, T)

or
,U(An) ~ 27(n+1)h(a,T)'
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Furthermore, if «v is a generating partition (i.e., \/;o, T 'a = F, then in the
conclusion of Shannon-McMillan-Breiman Theorem one can replace h(«a,T)
by h(T).

Exercise 5.4.4 Let (X, F,u,T) be a measure preserving and ergodic sys-
tem. Suppose « is a partition of X into measurable sets. For x € X, let
a,(x) be the element of the partition \/;:01 T~'« that contains z. Suppose
that there exist constants 0 < C7 < Cj such that C1A(A) < u(A) < CoA(A)
for all A € F. Show that the conclusion of the Shannon-McMillan-Breiman
Theorem holds if we replace p by A, i.e.

lim log A, (7))

n—00 n

= hu(a,T) a.e. with respect to .

Exercise 5.4.5 let T : [0,1) — [0,1) be given by Tz = fx mod 1, where
5o 1t V5

2
to calculate the entropy h,(T") of T" with respect to the invariant measure p

given by

. Use Shannon McMillan Breiman Theorem and Exercise 5.4.4

with
54 3v5 V-1
, 0<z<
10 2
g(x) =
5+\/5, Og\/__ <z<1

Exercise 5.4.6 Use Shannon-McMillan-Breiman Theorem, Sinai Kolmogorov

Theorem and Exercise 5.4.4 to show that if 1" is the continued fraction map

7.{.2

:6log2'

and p is Gauss measure, then h,(T)
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5.5 Lochs’ Theorem

In 1964, G. Lochs compared the decimal and the continued fraction expan-
sions. Let z € [0, 1) be an irrational number, and suppose x = .dyds . . . is the
decimal expansion of x (which is generated by iterating the map Sz = 10x
(mod 1)). Suppose further that

r = = [0;a,as,... (5.5)

G2t
as + —

is its regular continued fraction (RCF) expansion (generated by the map
Tex =X—|1]). Let y = .dids---d, be the rational number determined by
the first n decimal digits of z, and let z = y + 10~™. Then, [y, z) is the
decimal cylinder of order n containing =, which we also denote by B, (x).

Now let

1
Yy = 1
byt ot —
o + +bl
and
B 1
= 1
at———
CQ+"-+—
Ck

be the continued fraction expansion of y and z. Let
m(n,z) =max{: <min (l,k) : forall j <i, b; =¢;}. (5.6)

In other words, if B, (z) denotes the decimal cylinder consisting of all points
y in [0,1) such that the first n decimal digits of y agree with those of z,
and if Cj(z) denotes the continued fraction cylinder of order j containing
z, i.e., Cj(x) is the set of all points in [0,1) such that the first j digits in
their continued fraction expansion is the same as that of z, then m(n,z) is
the largest integer such that B, (x) C Cyyne) (). Lochs proved the following
theorem:
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Theorem 5.5.1 Let A\ denote Lebesgue measure on [0,1). Then for a.e.
z € [0,1)

m(n,z) 6log2log10

lim 5

n—oo n T

In this section, we will prove a generalization of Lochs’ theorem that

allows one to compare any two known expansions of numbers. We show

that Lochs’ theorem is true for any two sequences of interval partitions on

[0, 1) satisfying the conclusion of Shannon-McMillan-Breiman theorem. The

content of this section as well as the proofs can be found in [DF]. We begin
with few definitions that will be used in the arguments to follow.

Definition 5.5.1 By an interval partition we mean a finite or countable
partition of [0, 1) into subintervals. If P is an interval partition and x € [0, 1),
we let P (x) denote the interval of P containing x.

Let P = {P,} -, be a sequence of interval partitions. Let A denote
Lebesgue probability measure on [0, 1).

Definition 5.5.2 Let ¢ > 0. We say that P has entropy c a.e. with respect
to A if
log A (P, (x))
n

— C a.e.

Note that we do not assume that each P, is refined by P,.;.
Suppose that P = {P,} >~ and Q = {Q,} -, are sequences of interval
partitions. For each n € N and = € [0,1), define

mp.o (n,2) = sup {m | P, () C Qi (2)}.

Theorem 5.5.2 Let P = {P,} -, and Q = {Q,} —, be sequences of interval
partitions and \ Lebesque probability measure on [0,1). Suppose that for some
constants ¢ > 0 and d > 0, P has entropy c a.e with respect to A and Q has
entropy d a.e. with respect to A. Then

mp.o (na %’) N

c
- a.e.
n d
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Proof. First we show that

mp.Q (TL, I)

<
- a.e.
n —d

lim sup,,_,

Fix € > 0. Let « € [0,1) be a point at which the convergence conditions of

. +
the hypotheses are met. Fix n > 0 so that ¢ 677 < 1+ €. Choose N so

C-a?’]

that for all n > N
AP, (x)) > 9—nletm)

and
AQ, (z)) < 27md=m),
Fix n so that min {n, En} > N, and let m’ denote any integer greater than

d
(1+¢) gn By the choice of 7,

A (B () > A (Qu (7))

so that P, (x) is not contained in @, (z). Therefore

mp.g(n,z) < (1+¢) c_cin

and so

mp.o (n,x) < (

c
lim sup,,_, . 1+¢) 7 e

Since € > 0 was arbitrary, we have the desired result.
Now we show that

.. m n,x C
lim 1nfn_,ooM > — ae.

l

n
Fix ¢ € (0,1). Choose n > 0 so that { =: 66—7}<1+(1—6) (—3) > 0. For

each n € N let m (n) = {(1 —¢) CEZnJ For brevity, for each n € N we call an
element of P, (respectively @) (n,n) —good if

A (P, (z)) < 27

(respectively
A(@n (2)) > 27706
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For each n € N, let

B - P, (z) is (n,n) —good and Qumm) (z) is (m (n),n) — good
.00 = {r Ty A

If v € D, (n), then P, (x) contains an endpoint of the (m (n),n)—good
interval Qyn (). By the definition of D, (n) and m (n),

A (Pn (;E))
A Q) (2))

Since no more than one atom of P, can contain a particular endpoint of an
atom of Qpm(n), we see that A (D, (7)) < 2-27" and so

2 nC,

ix(pn (1)) < oc.

n=1

By Borel-Cantelli, this omplies that
Mz |z € D, (n) io.} =0.

Since m (n) goes to infinity as n does, we have shown that for almost every
z € [0,1), there exists N € N, so that for all n > N, P, (x) is (n,n) —good
and Qpmn) () is (m(n),n) —good and = ¢ D, (n). In other words, for al-
most every z € [0, 1), there exists N € N, so that for all n > N, P, (x)
is (n,n) —good and Q) (x) is (M (n),n) —good and P, (z) C Qmm) ().
Thus, for almost every x € [0,1), there exists N € N, so that for all n > N,
mp.g (n,x) > m(n), so that

This proves that

mPQ(nv'r) ¢
—=_ "1 2> (] —¢)-— a.e.
" > ( s)dae

Since € > 0 was arbitrary, we have established the theorem. O

lim inf,, .

The above result allows us to compare any two well-known expansions
of numbers. Since the commonly used expansions are usually performed for
points in the unit interval, our underlying space will be ([0, 1), B, \), where
B is the Lebesgue o-algebra, and A\ the Lebesgue measure. The expansions
we have in mind share the following two properties.
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Definition 5.5.3 A surjective map T : [0,1) — [0,1) is called a number
theoretic fibered map (NTFM) if it satisfies the following conditions:

(a) there exists a finite or countable partition of intervals o« = {A;; 1 € D}
such that T restricted to each atom of a (cylinder set of order 0) is
monotone, continuous and injective. Furthermore, o is a generating
partition.

(b) T is ergodic with respect to Lebesque measure X\, and there exists a T
wmwvariant probability measure p equivalent to A with bounded density.

(Both j—/; and % are bounded, and u(A) = 0 if and only if A\(A) =0

for all Lebesgue sets A.)

Iterations of T generate expansions of points = € [0,1) with digits in
D. We refer to the resulting expansion as the T-expansion of x. Almost
all known expansions on [0, 1) are generated by a NTFM. Among them are
the n-adic expansions (T'z = nx (mod 1), where n is a positive integer),
expansions (Tz = fz (mod 1), where § > 1 is a real number), continued
fraction expansions (T2 =1 — |1]), and many others, like [DK].

Let T'be an NTFM with corresponding partition «, and T-invariant mea-
sure p equivalent to A. Let L, M > 0 be such that
LA(A) < pu(A) < MA(A)

for all Lebesgue sets A (property (b)). For n > 1, let P, = \/'"y T~"a, then
by property (a), P, is an interval partition. If H,(«) < oo, then Shannon-
McMillan-Breiman Theorem gives

i _ 108 #(Pu(2)) h,(T)

n—oo n

a.e. with respect to pu.

Exercise 5.5.1 Prove Theorem 5.5.1 using Theorem 5.5.2. Use the fact that
the continued fraction map T is ergodic with respect to Gauss measure pu,

given by
(B) / 1 1 4
= x
a plog2l+z

7T2

:610g2'

and has entropy equal to h,(T)



Chapter 6

Invariant Measures for
Continuous Transformations

6.1 Existence

Suppose X is a compact metric space, and let B be the Borel o-algebra i.e.,
the o-algebra generated by the open sets. Let M(X) be the collection of all
Borel probability measures on X. There is natural embedding of the space
X in M (X) via the map x — d,, where dx is the Dirac measure concentrated
at © (0,(A) = 1if x € A, and is zero otherwise). Furthermore, M(X) is a
convex set, i.e., pu+(1—p)v € M(X) whenever p,v € M(X)and 0 <p < 1.
Theorem 6.1.2 below shows that a member of M (X) is determined by how
it integrates continuous functions. We denote by C'(X) the Banach space of
all complex valued continuous functions on X under the supremum norm.

Theorem 6.1.1 Every member of M(X) is regular, i.e., for all B € B and
every € > 0 there exist an open set U, and a closed sed C, such that C. C
B C U, such that p(U. \ Ce) < e.

Idea of proof. Call a set B € B with the above property a regular set. Let
R ={B € B : B is regular }. Show that R is a o-algebra containing all the
closed sets. U

Corollary 6.1.1 For any B € B, and any pn € M(X),

w(B) = sup u(C) = inf w(U).
ccB:c closed BCU:U open

101
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Theorem 6.1.2 Let p,m € M(X). If

/deuz/xfdm

for all f € C(X), then p=m.

Proof. From the above corollary, it suffices to show that u(C') = m(C) for
all closed subsets C' of X. Let € > 0, by regularity of the measure m there

exists an open set U, such that C' C U, and m(U, \ C) < €. Define f € C(X)
as follows

_ d(z, X \ Uc)
f(@) = d(z, X\ U.) + d(z,C)’
Notice that 1o < f < 1y, thus

S/deMZ/demSm(Ue)Sm(C)+€~

Using a similar argument, one can show that m(C) < u(C) + e. Therefore,
pu(C) = m(C) for all closed sets, and hence for all Borel sets. g

This allows us to define a metric structure on M (X) as follows. A sequence
{pn} in M(X) converges to pu € M(X) if and only if

i [ @) o (o /f e
n—oo

for all f € C(X). We will show that under this notion of convergence
the space M(X) is compact, but first we need The Riesz Representation
Representation Theorem.

Theorem 6.1.3 (The Riesz Representation Theorem) Let X be a com-
pact metric space and J : C(X) — C a continuous linear map such that J is
a positive operator and J(1) = 1. Then there exists a p € M(X) such that

f) =[x f(@) du

Theorem 6.1.4 The space M(X) is compact.
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Idea of proof. Let {u,} be a sequence in M(X). Choose a countable dense
subset of {f,} of C(X). The sequence { [, f1 du,} is a bounded sequence of

complex numbers, hence has a convergent subsequence { [ < J1 du%l)}. Now,
the sequence {[, fo d,ugll)} is bounded, and hence has a convergent sub-
sequence { [y fo du'?}. Notice that { Jx fi dut?} s also convergent. We
continue in this manner, to get for each i a subsequence {,un)} of {un}
such that for all j < ¢, {un }is a Subsequence of {,un }and {/[ X f] dut }
converges. Consider the diagonal sequence {un }, then { [, f; d,un } con-
verges for all j, and hence { [, f du%n)} converges for all f € C(X). Now
define J : C(X) — C by J(f) = limnﬁoo{fodu;n)}. Then, J is lin-
ear, continuous (|J(f)| < sup,ex |f(x)]), positive and J(1) = 1. Thus,
by Riesz Representation Theorem, there exists a pu € M(X) such that

J(f) = limuooof [ fdu"} = [y fdu. Therefore, lim, o i = 11, and
M (X) is compact. O

Let T : X — X be a continuous transformation. Since B is generated
by the open sets, then 7" is measurable with respect to B. Furthermore, T’
induces in a natural way, an operator T': M(X) — M (X) given by

(Tu)(A) = n(T~'A)

for all A € B. Then Tiu(A) = p(T7*A). Using a standard argument, one
can easily show that

Ajwaﬁmwzéﬂﬂwmw

for all continuous functions f on X. Note that 7" is measure preserving with
respect to p € M(X) if and only if Tu = p. Equivalently, p is measure
preserving if and only if

/f ) du(a /fow

for all continuous functions f on X. Let
M(X,T)={pe M(X):Tp=p}

be the collection of all probability measures under which T is measure pre-
serving.
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Theorem 6.1.5 Let T : X — X be continuous, and {o,} a sequence in
M(X). Define a sequence {p,} in M(X) by

Then, any limit point p of {u,} is a member of M(X,T).
Proof. We need to show that for any continuous function f on X, one
has [, f(z)d = [ f(Txz)du. Since M(X) is compact there exists a

p e M(X) and a subsequence {ftn;} such that p,, — pin M(X). Now for
any f continuous, we have that

[fx £(Tw)dp(z) = [y f(x) du(o)]
= lm / F(Tx) dpan, (2 / F(x) dpy, (x
= | / Z F(T2) — f(T'2)) doy,(2)

= Jim | [ @) - 1) o, 2)

J—o0 [N

o 25Dy [f (@)

T jooo n;

= 0.

Therefore p € M(X,T). O

Theorem 6.1.6 Let T be a continuous transformation on a compact metric
space. Then,

(i) M(X,T) is a compact convex subset of M(X).

(ii) p € M(X,T) is an extreme point (i.e. p cannot be written in a non-
trivial way as a convex combination of elements of M(X,T)) if and
only if T is ergodic with respect to .

Proof. (i) Clearly M (X,T) is convex. Now let {y,} be a sequence in M (X, T)
converging to p in M(X). We need to show that 4 € M(X,T). Since T is
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continuous, then for any continuous function f on X, the function f o T is
also continuous. Hence,

[ rroane) = tin [ T

n—o0

n—0o0

- /X f(x) du(z).

Therefore, T is measure preserving with respect to u, and p € M(X,T).
(ii) Suppose T is ergodic with respect to p, and assume that

= Jim [ S(@) dpn(2)

= ppy + (L —p)pe
for some py, o € M(X,T), and some 0 < p < 1. We will show that u = p;.
Notice that the measure p; is absolutely continuous with respect to u, and
T is ergodic with respect to i, hence by Theorem (2.1.2) we have pu; = p.
Conversely, (we prove the contrapositive) suppose that 7" is not ergodic with
respect to . Then there exists a measurable set E such that T'E = E,
and 0 < u(E) < 1. Define measures iy, iz on X by
uBNE) p(BN(X\E))
in(B) = PEE nd () =
pu(E) WX\ E)

Since F and X \ E are T-invariant sets, then puq1, po € M(X,T), and py # o
since p1(F) = 1 while us(E) = 0. Furthermore, for any measurable set B,
p(B) = p(E)n(B) + (1 = u(E))p2(B),

i.e., py is a non-trivial convex combination of elements of M (X, T). Thus, u
is not an extreme point of M (X, T). O

Since the Banach space C'(X) of all continuous functions on X (under
the sup norm) is separable i.e. C'(X) has a countable dense subset, one gets
the following strengthening of the Ergodic Theorem.

Theorem 6.1.7 IfT : X — X is continuous and u € M(X,T) is ergodic,
then there ezists a measurable set Y such that p(Y) =1, and

o1
lim —
n—oo M,

> s = [ fw)auta)

forallz €Y, and f € C(X).
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Proof. Choose a countable dense subset {f;} in C(X). By the Ergodic
Theorem, for each k there exists a subset X with u(Xy) =1 and

Jim ka T'x) /X Ji() du(z)

for all x € Xj;. Let Y =~ Xy, then pu(Y) =1, and

Jim ~ ka (T'z) /X fr(x)dp(x)

for all k and all x € Y. Now, let f € C(X), then there exists a subse-
quence { fy, } converging to f in the supremum norm, and hence is uniformly
convergent. For any x € Y, using uniform convergence and the dominated
convergence theorem, one gets

lim — Zf (T'r) = lim lim — ka (T'z)

n—1
1 Z
= }L%OJLH;OHka (T"x)
= lim fk dp = / fdu.
Jj—o0

g

Theorem 6.1.8 Let T': X — X be continuous, and p € M(X,T). Then T
is ergodic with respect to p if and only if

1 n—1
—Z(ST'LI — i a.e.
[

Proof. Suppose T is ergodic with respect to p. Notice that for any f € C(X),

/ F() d(6r2) () = £(T'2),
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Hence by Theorem 6.1.7, there exists a measurable set Y with p(Y) = 1 such
that

forallz € Y, and f € C(X). Thus, 1 ?;01 Opip = p for all z € Y.

’n

Conversely, suppose %Z?:_Ol driy — p for all x € Y, where p(Y) = 1. Then
for any f € C(X) and any g € L'(X, B, 1) one has

By the dominated convergence theorem

o1
lim —
n—oo 1

> [ s = [ o) [ 1

Now, let F,G € L*(X,B,u). Then, G € L'(X, B, i) so that

n—1

tim =3 [ fT0)G(@) dute) = [ Gla)dnte) [ dnty

i=0 /X X

for all f € C(X). Let € > 0, there exists f € C'(X) such that |[|F — f]|a < €
which implies that | [ F'du — [ fdu| < e. Furthermore, there exists N so
that for n > N one has

< €.

/X%TLZ_IJ‘"(TZQ:)G(JC) du(z) —/XGd,u/deN
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Thus, for n > N one has

/X %z‘imma(@du(@— /X Gy /X Fdy

< [ IR - 1) 166 (o

[ %gﬂmawmm— | Gau [ s
+ /deu/XGdu—/Xqu/XGdﬂ‘

< €l|Gll2 + e+ €l|Gl]2,

Thus,

n—1

Jin 3 3 [ FnGE e = | o) [ Fo)a

for all F,G € L*(X,B,pu) and z € Y. Taking F and G to be indicator
functions, one gets that T is ergodic.
O

Exercise 6.1.1 Let X be a compact metric space and 7" : X — X be a
continuous homeomorphism. Let x € X be periodic point of T of period n,
ie. Thx = x and TVx # z for j < i. Show that if u € M(X,T) is ergodic

n—1

1
and p({z}) > 0, then p = - Z(STix.
i=0

6.2 Unique Ergodicity and Uniform Distribu-
tion
A continuous transformation 7' : X — X on a compact metric space is

uniquely ergodic if there is only one T-invariant probabilty measure p on
X. In this case, M(X,T) = {u}, and p is necessarily ergodic, since u is an
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extreme point of M(X,T). Recall that if v € M (X, T) is ergodic, then there
exists a measurable subset Y such that v(Y) = 1 and

lim %z_:f(Tix) = /X f(y) dv(y)

forall z € Y and all f € C'(X). When T is uniquely ergodic we will see that
we have a much stronger result.

Theorem 6.2.1 Let T : X — X be a continuous transformation on a com-
pact metric space X. Then the following are equivalent:

n—1
1 ;
(i) For every f € C(X), the sequence {— Z f(T7x)} converges uniformly
n
=0
to a constant.
1 n—1
(ii) For every f € C(X), the sequence {— Z f(T72)} converges pointwise
n
=0

to a constant.

(iii) There exists a p € M(X,T) such that for every f € C(X) and all
r e X.
1 n—1 -
m 10 = [ Fw)dntw)
=0 X

n—o00 1, 4

(iv) T 1is uniquely ergodic.

Proof. (i) = (ii) is immediate.
(ii) = (iii) Define L : C(X) — C by

. 1 n—1 i
Lm—ggﬁgy@@

By assumption L(f) is independent of x, hence L is well defined. It is
easy to see that L is linear, continuous (|L(f)| < sup,cx |f(x)]), positive

and L(1) = 1. Thus, by the Riesz Representation Theorem there exists a
probability measure p € M(X) such that

Mﬂ=Aﬂ@wm
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for all f € C(z). But

L(foT)= lim — Z F(TH ) = L(f).

n—oo M,

/fTrcdu /f ) du(x

Thus, p € M(X,T), and for every f € C(X

T 23 (1) = /X o) dno)

Hence,

for all z € X.
(iii) = (iv) Suppose p € M (X, T) is such that for every f € C(X),

i an T'a) = [ fle)dnte)

for all z € X. Assume v € M(X,T), we will show that u = v. For any f €

n—1
1 .
C(X), since the sequence {— Z f(T7x)} converges pointwise to the constant
n
=0
function [, f(z)du(z), and since each term of the sequence is bounded in
absolute value by the constant sup,.y |f(z)|, it follows by the Dominated
Convergence Theorem that

T}LIEO/ ZfT% )ydv(z //f ) dpe(x)du(y /f ) dp(zx

But for each n,

Thus, [, f(z)du(x) = [ f(z)dv(z), and p = v.
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(iv) = (i) The proof is done by contradiction. Assume M (X,T) = {u} and
n—1
1 :
suppose g € C(X) is such that the sequence {— Z goT’} does not converge
n
J=0
uniformly on X. Then there exists € > 0 such that for each N there exists
n > N and there exists z,, € X such that

,_\

n—

1 .

=) _g(T7xy) —/ gdu| > e

n =0 X
Let

1 n—1 1 n—l_j
Hn = EZézjn = EZT 5£En
7=0 7=0

Then,

gdpin —/ gdu‘ >
X X

Since M (X)) is compact. there exists a subsequence p,, converging to v €
M (X). Hence,

gdv — gdu‘ > €
X X

By Theorem (6.1.5), v € M(X,T) and by unique ergodicity x = v, which is
a contradiction. O

Example 6.2.1 If T} is an irrational rotation, then T} is uniquely ergodic.
This is a consequence of the above theorem as well as Weyl’s Theorem on
uniform distribution: for any Riemann integrable function f on [0, 1), and
any x € [0, 1), one has

JL%anx—HQ— |z +1i6]) /f

We now give another proof using Theorem 6.2.1(ii). Suppose @ is irrational.

Note that the set of trigonometric polynomials p(x) = Zf:[:_ N Cn€2™ are
dense in C([0,1)) (under the supremum norm), so it is enough to consider
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continuous functions of the form f(z) = > for some fixed k. Now for any
x and any n,

1 n—1 1 n—1 1 n—1 )
j mik(z+3560 TikT wik0\J
) f(Tél‘)Zﬁl e’ (“)2562 2(62 )"
Jj=0 j=0 j=0

Thus,

1 n—1 ) 1 lf k - 07

— f T][E — 2mikx 2miknd __ 1

ngg Toz)=q & e it k £ 0.

J= n e2mikd _ 1

Taking limits we have
N RS 1 ifk=0,
,}Eﬂoﬁ;f(Tgx> - {0 itk £ 0,
This shows that T} is uniquely ergodic.
Example 6.2.2 Consider the sequence of first digits
{1,2,4,8,1,3,6,1,...}
obtained by writing the first decimal digit of each term in the sequence

{27 :n >0} = {1,2,4,8,16,32,64,128,...}.

For each k =1,2,...,9, let px(n) be the number of times the digit k& appears
in the first n terms of the first digit sequence. The asymptotic relative fre-

quency of the digit k is then lim, pk(n) We want to identify this limit

n
for each k € {1,2,...9}. To do this, let § = log,, 2, then @ is irrational. For
k=1,2,...,9,let J, = [log,, k,log,o(k+1)). By unique ergodicity of Tp, we
have for each k =1,2,...,9,

n—1

1 . k+1
Jim ; 15, (T5(0)) = A(Jx) = logyg (T) :

Returning to our original problem, notice that the first digit of 2° is % if and
only if '
E-10" <2' < (k+1)-10"
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for some r > 0. In this case,
7+ logyo k < ilogyy2 =i < r+logy,(k +1).
This shows that r = [if], and
logg k <0 — |i0] < log,o(k+ 1).

But 7;(0) = i0 — |i6], so that Tj(0) € J;. Summarizing, we see that the first
digit of 2' is k if and only if T}(0) € J;. Thus,

- pe(n k+1
i ) 5 750 = o ()

Exercise 6.2.1 Let X be a compact metric space, and B the Borel o-algebra
on X.Let T : X — X be a continuous transformation. Let N > 1 and z € X.

N-1

1
(a) Show that TNz = x if and only if — Z Orig € M(X,T). (8, is the
Dirac measure concentrated at the pomt y )

(b) Suppose X = {1,2,--- ,N} and T%7 = i+ 1 (mod (V)). Show that T
is uniquely ergodic. Determine the unique ergodic measure.

Exercise 6.2.2 Let X be a compact metric space, B the Borel g-algebra on
X and T : X — X a uniquely ergodic continuous transformation. Let u be
the unique ergodic measure, and assume that p(G) > 0 for all non-empty
open sets G C X.

(a) Show that for each non-empty open subset G of X there exists a con-
tinuous function f € C(X), and a closed subset F' of G of positive
p measure such that f(z) = 1 for x € F, f(x) > 0 for z € G and
f(z)=0forz € X\ G.

(b) Show that for each z € X and for every non-empty open set G C X,
there exists n > 0 such that 7"z € G. Conclude that {T"z : n > 0} is

dense in X.
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