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Measure and Integration: Exercise on Radon-Nikodym Theorem, 2014-15

1. Let (E,B,v) be a measure space, and h : E — R a non-negative measurable func-
tion. Define a measure p on (E,B) by u(A) = [, hdv for A € B. Show that for
every non-negative measurable function F' : F — R one has

/FdM:/thl/.
E E

Conclude that the result is still true for F' € £'(u) which is not necessarily non-
negative.

Proof Suppose first that F' = 1,4 is the indicator function of some measurable set

A € B. Then,
/Fd,u:,u(A):/hdy:/1Ahdu:/thy.
E A E E

n
Suppose now that F' = Z a1y, is a non-negative measurable step function. Then,
k=1

/ Fdy = Zak,u(Ak) = Zozk/ 14hdy = / ZaklAth = / Fhdv.
E k=1 k=1 E E k=1 E

Suppose that F' is a non-negative measurable function, then there exists a sequence
of non-negative measurable step functions Fj, such that F,, 1 F. Then, F,h 1T Fh,
and by Beppo-Levi,

/ Fdp=lim [ F,dpy= lim | F,hdv = / Fhdv.
E E E

n—oo E n—oo

Finally, suppose that F' € £'(u). Since F™, F'~ are non-negative, we have

/F+du:/F+hdl/and /F‘du:/F_hdy.
E B E E

Since F' € L(p), from the above we see that Fh € £!(v), hence

/Fd,u:/Fer,u—/F_du:/F+hdl/—/F_th:/thy.
E E E E E E

2. Let (X, B,v) be a measure space, and suppose X = U E,, where {E,} is a collec-
n=1
tion of pairwise disjoint measurable sets such that v(E,) < oo for all n > 1. Define

pwon B by u(B) = Z 27"w(BNE,)/(v(E,) +1).

1



(a) Prove that p is a finite measure on (X, ).
(b) Let B € B. Prove that u(B) = 0 if and only if v(B) = 0.
(c¢) Find explicitly two positive integrable functions f and g such that

:/Afdu and u(A):/Agdu,

Proof (a): Clearly p(0) =0, and

22 v E,)+1) <Z2”:1<oo

Now, let (C},) be a disjoint sequence in B. Then,

for all A € B.

zfny(( U Cn) N EL)/(v(E,) + 1)

m=1

”il/(C NE,)/(v(E,) +1)

=1

27" (C N Ey)/(v(E,) + 1)

M(Uzﬁ Cn) =

it
Mg

1

(Cin)-

3
ﬂ‘
3
I

Eﬂs&

3
I

Thus, p is a finite measure.
Proof (b): Suppose that v(B) = 0, then v(B N E,,) = 0 for all n, hence p(B) = 0.
Conversely, suppose p(B) = 0, then v(B N E,) = 0 for all n. Since X = U E,

n=1
(disjoint union), then

BmUE GBmE inﬂE
n=1 n=1

Proof (c): By (b), we have p < v and v < v, so we are looking for the Radon
Nikokodym derivatives of p with respect to v and of v with respect to u. Let

oo 27”/
= —————1g,. Th > 0 and
f ;VWH 5,- Then, f >0 an

/fdl/:iQ_”l/(BﬂE’n)/(V(E)—l—l zs<22 n=1

hence, f € £'(v) is one of the required Radon Nikodym derivatives.. Let g = 1/f.
Since f > 0 and measurable then so is 1/f. Furthermore, for any A € B, and by

exercise 1,
1 1
/A f f

Thus, g = 1/f is the second required Radon Nikodym derivative.
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3. Suppose pu, v and A are finite measures on (X, B) such that 4 < v and v < A.
dp _dp dv
how that Aand — = — A
Show that © < A\ an N dy D e
Proof: Suppose A € B satisfies A\(A) = 0. Since v < A, then nu(A) = 0 and since

p < v we get u(A) = 0. Thus, p < A. Again using exercise 1, we have for any

B e B,
du dv dp du
c—d\= | —dv=pu(B dA.
L dv dX /Bduy’“‘()/cu
dp du dv
By the uniqueness of the Radon-Nikodym derivative, we have — = — A a.e.
d\  dv dr

4. Suppose that p;, v; are finite measures on (X, A) with pu; < v; fori =1,2. Let v =
v1 X vg and = py X g be the corresponding product measures on (X x X, A® A).

(a) Show that u < v.
dﬂl( ) d/lg

du
b) P that —
(b) Prove tha dv (x v) = duy dvy

—(y) v ae.

Proof(a): For E€e A®@ Aand x € X, let E, = {y € X : (x,y) € E}. Then, by
Theorem 13.5 the functions z — us(E,) and x — 1»(E,) are A measurable, and

v(E) = /X va(Ey) din(z), and p(E) = /X a(E,) dyun ().

Assume v(E) = 0, then by Theorem 10.9(i) we have 1vy(E,) =
fa K Vo, we have ps(E,) = 0 v a.e Since pu < vy, we get uo(FE,)
by Theorem 10.9(i), we have

u(E) = /X a(E,) djus () = 0.

0 v, a.e. Since
=0y a.e Again

Therefore, u < v.

Proof(b): Let E € A® A, then by the Radon Nikodym Theorem % unique v a.e.

function such that p(E) = [, fil‘lf (z,y)dv(x,y). By Exercise 1, and Theorem 13.5

n(B) = [ [ 160 dualy) din(a)

By the uniqueness of the Radon Nikodym Derivative we have

W) = Py U2y
dv duy dvy



