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Measure and Integration Exercises 2

1. Let a < s < b, and suppose f : [a,b] — R is bounded and continuous at s. Let
U : [a,b] — R be given by

0 ifa<z<s
\Il(x)_{l if s <x <.

Show that f is W-Riemann integrable, and ff f(z)d¥(z) = f(s).

2. Let a =ap < a3 < ay < ---<a, =Db, and suppose that the function ¥ : [a,b] — R
has the constant value ¢; on the interval (a;_1,a;) for i = 1,2,--- n. Show that if
f i [a,b] — R is continuous, then f is U-Riemann integrable, and

[ ravis) =3 ey,

where
cg—VY(a) ifi=0
diI Cit1 — G 1f1§z§n—1
V() —c, ifi=n.

3. Let U : [a,b] — R be non-decreasing, and let f : [a,b] — R be bounded. Show that
f is W-Riemann integrable if and only if for every € > 0, there exists a § > 0 such

that
Z A[\I’ <€
{I€C:sup, ¢ f(x)—infrer f(x)>€}
for all finite non-overlapping exact covers C of [a, b] such that ||C|| < ¢.
4. Let ¥ : [a,b] — R be non-decreasing, and f : [a,b] — R be bounded. Show that if f

is U-Riemann integrable, then the function f?;[a,b] — R given by f?(x) = (f(z))?
is W-Riemann integrable.



