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Measure and Integration Exercises 10

1. Let (E, B, 1) be a measure space. Let (f,) be a sequence of non-negative measurable
functions.

(a) Prove that
fndp = /fn dp.

(b) Let (gn) be a sequence of pi-integrable functions on E such that >~ 7 | [, [ga] dp <
0o. Show that Y > g, is finite 1 almost everywhere, and

(c) Let f be a non-negative integrable function on E. Define v on B by

v(A) = / fdu.
A
Show that v is a finite measure on B.

2. Consider the measure space (N, P(N), u), where pu is the counting measure on P(N),
i.e. pu(A) is equal to the number of elements in A.

(a) Show that for any f: N — [0, 00|, one has

/Nfduziijﬂk).

(b) Foreachn > 1, let (a})), be a sequence of real numbers such that 0 < a} < a}™
for all £ and n. Show that

o0 o0
lim g ap = g lim ay.
n—oo n—o0
k=1 k=1

3. Let (F, B, i) be a measure space, and f : F — [0, 00| a measurable function.

(a) Show that if [, fdu < oo, then lim, .o nu(f >n) = 0.
(b) Suppose that u(E) < oo. Show that

/fd,u<ooifand only if Zu(f>n)<oo.
E

n=0



