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Boedapestlaan 6

Mathematisch Instituut 3584 CD Utrecht

Measure and Integration Exercises 16

1. Consider the measure space (R,B(R)), where B(R) is the Borel σ-algebra. Define σ

on B(R) by σ(Γ) =
∑

n∈Z\{0}∩Γ

1

n2
.

(a) Show that σ is a measure on B(R) such that σ ⊥ λ, where λ is Lebesgue
measure on B(R).

(b) Let f ∈ L1(λ) be non-negative, and define µ on B(R) by µ(Γ) =
∫
Γ
f dλ. Let

ν = µ + σ. Find the Lebesgue decomposition of ν with respect to λ.

2. Let (E,B, ν) be a measure space, and h : E → R a non-negative measurable func-
tion. Define a measure µ on (E,B) by µ(A) =

∫
A

hdν for A ∈ B. Show that for
every measurable function F : E → R one has

∫
E

F dµ =

∫
E

Fh dν

in the sense that if one integral exists, then the other integral also exists, and they
are equal.

3. Suppose that µi, νi are finite measures on (E,B) with µi � νi, i = 1, 2. Let
ν = ν1 × ν2 and µ = µ1 × µ2.

(a) Show that µ � ν.

(b) Prove that dµ

dν
(x, y) = dµ1

dν1

(x) · dµ2

dν2

(y) ν a.e.

4. Let (E,B) be a measurable space, µ a finite measures on (E,B) and ν a σ-finite
measure on (E,B). Show that µ � ν if and only if for every ε > 0 there exists a
δ > 0 such that if A ∈ B with ν(A) < δ, then µ(A) < ε.
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