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Measure and Integration Exercises 8

1. Let C = {(a,o0) : a € R}, and let Bg be the Borel g-algebra over R.
(a) Let (E,B) be a measurable space. Suppose f : E — R satisfies f~!(C) € B
for all C' € C. Show that f is measurable, i.e. f~'(A) € B for all A € Bg.
(b) Suppose v and p are finite measures on Bg, and p (f~!(a, 00)) = v ((a, >)) for

all a € R. Show that u(f~'(A)) = v(A) for all A € Bg.

2. Let (F, B, 1) be a measure space, and f,, : E — [—00, 00| a sequence of measurable
functions. Show that sup,, f,, and inf,, f,, are measurable.

3. Let (F,B,u) be a measure space. Suppose f : E — [—o00,00] is a function
such that f = 3"  a;14,, where ay,---,a, are distinct elements of [—o0, co] and
Ay, Ay, -+, A, are disjoint subsets of E. Show that f is measurable (i.e. f~1(A) € B
for all A € Bj_s ) if and only if A;, Ay, ---, A, € B.

4. Let (E, B, i) be a measure space, and f : E — [0, 00] a measurable simple function
such that [, fdpu < oo. Define A : B — [0, c0] by

A(B) = /deu.

(a) Show that A is a finite measure on B5.
(b) Suppose that u(f =0) = 0. Show that A(B) = 0 if and only if u(B) = 0.



