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Measure and Integration solutions of extra problems

1. Consider the measure space (R, B(R), \), where B(R) is the Borel o-algebra over R
and A\ is Lebesgue measure on B(R). Let f: R — R be given by

0 ifx <0

flx) =
27F ifxelkk+1),keZ, k>0.

(a) Show that f is measurable, i.e. f~!(B) € B(R) for all B € B(R).
(b) Determine the values of A({f > 1}), A({f < 1} and A\({1/4 < f < 1}.
(c) Determine the value of [ fdA.

Proof(a): It is enough to show that f~! ((—oc,a]) € Bg for all a € R. Now,

0 ifa<0
1 ((—o0,a]) =< (—00,0]U [k +1,00) if# <a< 2%, k>0
R ifa>1.

In all cases one sees that f~! ((—oo,a]) € Bg. Thus, f is measurable.

Proof(b):
M{f >1}) =A0) =0.

M <1} = 30 =275 = SOk + 1)) = oo

1

A{1/4 < f<1h) = M{f =1/2}) + M{f = 1/4}) = 2.

Proof(c): Notice that f = Z Q’kl[k7k+1). Thus, by Corollary 9.9, f is measurable
k=0

/fd)\ = Z/zkl[k,k+1) dy=) 27F=2
k=0 k=0

2. Let (X, B, u) be a measure space, and (G,), C B such that u(G, NG,,) = 0 for
m # n. Show that ,u(U Gn) = Z w(Gh).

and



Proof: Let A, = Gy, B, = 0. For n > 2, set A, = G, \U'_, Gy, and B, =
G N UMY G = UL (G N Gyy). Then,

~-G,=A,UB, foralln>1,
- A, N A, =0 for m#n,

— u(By) =0 for all n > 1 (since u(G, N G,,) =0 for n # m), hence u(G,) = pu(A,)
foralln > 1,

- U, A, = U2, Gyt clearly the left handside is a subset of the right handside.
Now, let € |J.2; Gp, then z € G, for some n. Let ny be the smallest positive
integer such that z € G,,, then x € A,, CJ,—, A

Hence,

p(JGn) =l An) =D m(An) =D (@

. Let (X, B,v) be a measure space, and suppose X = U E,, where {E,} is a collec-
n=1
tion of pairwise disjoint measurable sets such that v(E,) < oo for all n > 1. Define

pon Bby u(B) = Z 27"w(BNE,)/(v(E,) +1).

(a) Prove that p is a finite measure on (X, B).
(b) Let B € B. Prove that u(B) = 0 if and only if v(B) = 0.

Proof (a): Clearly u(0) =0, and

_ iQ"u(En)/(z/(En) +1) < izn — 1< o0,

Now, let (C,,) be a disjoint sequence in B. Then,

(G

Uz Cm) - = 22 (U Cm) N EW)/(v(En) + 1)

n=1 m=1
= D 27" w(Cn N Ey)/(W(E,) +1)
n=1 m=1

NE
NE

27"(Cn NE,)/(V(E,) + 1)

1
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Thus, p is a finite measure.
Proof (b): Suppose that v(B) = 0, then v(B N E,,) = 0 for all n, hence p(B) = 0.
Conversely, suppose p(B) = 0, then v(B N E,) = 0 for all n. Since X = U E,

n=1



(disjoint union), then
v(BN U E,) U (BN E,) Z v(BNE,)
n=1

. Let (E, B, i) be a measure space, and B" be the completion of the o-algebra B with
respect to the measure p (see exercise 4.13, p.29). We denote by i the extension
of the measure p to the o-algebra B". Suppose f : E — E is a function such that
f7(B) € B and u(f~'(B)) = p(B) for each B € B. Show that f~ (B) € B" and
a(f~Y(B)) = a(B) for all B € B".

Proof:_Let Be BM, then there exist A, B € B such that A C B C ,ﬂ(B\ )
and i(B) = p(A). Then, - (A), f1(B) & B satisty ' (4) € 7'(B) € /(B )
and pu(f(B)\ f(A) = u(f~H(B\A)) = w(B\ A) =0. Thus, f~(B) € B" and

a(f~H(B)) = u(f1(A) = u(A) = (B).

. Let X be a set, and C C P(X). Consider o(C), the smallest o-algebra over X
containing C, and let D be the collection of sets A € o(C) with the property that
there exists a countable collection Cy C C (depending on A) such that A € o(Cp).

(a) Show that D is a o-algebra over X.
(b) Show that D = o(C).

Proof (a): Clearly ) € D since () belongs to every o-algebra. Let A € D, then
there is a countable collection Cy C C such that A € o(Cy). But then A° € o(Cy),
hence A° € D. Finally, let {A,,} be in D, then for each n there exists a countable
collection C,, C C such that A, € o(C,). Let Cy = |J,,Cn, then Cy C C, and C, is
countable. Furthermore, ¢(C,) C 0(Cpy), and hence A,, € o(Cy) for each n which
implies that |J,, A, € 0(Cy). Therefore, | J,, A, € D and D is a o-algebra.

Proof (b): By definition D C ¢(C). Also, C C D since C' € o({C'}) for every C € C.

Since o(C) is the smallest o-algebra over X containg C, then by part (a) o(C) C D.

Thus, D = o(C).

. Let (X, B, i) be a probability space, i.e. u(X)=1.Let f: X — [0,1) be a measur-
k k+1 1

able function such that p <f Y= o 2—; )) = o forn>1landk=0,1,---,2"—1.

1
Show that [, f?du = -

3
kE k+1
Proof Let A, = f_1<[2_n’ ; ), forn>1and k=0,1,---,2" — 1. For n > 1,
M1,
let g, = Z T —14,,- Then, g, is a sequence of non-negative measurable functions
k=0

such that g,(x) T f?(x) for all z € [0,1). Furthermore,

2" —1

B 2n(2n— 1)t — 1
/gndu: g ( 6)(8n )
X k=0 ’




By Beppo-Levi,

nion __ n+1 _
/f2du: lim /gnd,u: lim 2"(2" ~ )2 D :1
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