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1. Let (X, A, u) be a measure space. Let f,, f € LP(u) be such that f = L£P(u) —
lim f,. Prove that for every ¢ > 0, one has

n—:o0

lim (o < |ful@) = £(2)] = }) =0,

Proof: Since f = £P(u) — lim f,, then lim ||f, — f||, = 0. Given any € > 0, by
Markov inequality

p{z 1 fulz) = f(2)] = e}) = p{z : | fulz) — f(@)]" 2 €}) < eipllfn — fp-
Taking the limit as n — oo, we get

Tim gu({x < | f(2) — f(2)] > e}) = 0.

2. Let (X, A, u) be a probability space (i.e. u(X) = 1) and let {f,} be a sequence in
L'(p) such that [ [fu|du = a for all n > 1, where o € (0, 00). Let

Ay ={o: |fula /fndu!>n

Show that u (limsup,,_,. A,) = 0. (Hint: use Borel-Cantelli Lemma).
Proof By Markov Inequality we have

<z [ 1= [ nan <25
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Since Z u(A Z n—O; < 00, it follows by Borel-Cantelli Lemma (Exercise 6.9)

n=1

that u (hm sup,, . An) = 0.

3. Let o and v be two measures on the measure space (E, B) such that u(A) < v(A)
for all A € B.

(a) Show that if f is any non-negative measurable function on (E, B), then [, f du <
J fdv.

(b) Prove that if v is a finite measure, then £*(v) C L'(u).



Proof Suppose first that f = 1,4 is the indicator function of some set A € B. Then

[ fin=ua) <oy~ [ sa

n
Suppose now that f = Z arly, is a non-negative measurable step function. Then,
k=1

/ Jdu= ZakM(Ak) < Z%V(Ak) = / fdv.
E k=1 k=1 E

Finally, let f be a non-negative measurable function, then there exists a sequence
of non-negative measurable step functions f, such that f, T f. By the Monotone
Convergence Theorem,

/fdu: lim/fnd,ug lim/fndyz/fdy.

The above implies that if f € L'(v), then f € L'(u), i.e. L'(v) C L'(p).

If v is a finite measure, then by exercise 12.1 (ii) and the above, we have L?(v) C
1) C L'(n)

. Consider the measure space ([0, 1), B([0,1), ), where B([0,1)) and A are the restric-
tions of the Borel o-algebra and Lebesgue measure on [0,1). Define a sequence of
measurable functions f,, on [0, 1) as follows: given n > 1, there exist an m > 0 and
0 <1< 2™ —1 such that n = 2™ + [ (note that this representation is unique). Set

In = fomgr = Lpjom 41y j2m).

(a) Determine explicitly fi, fa, fs, f1, fs, f6, f7.
(b) Show that limsup f,(z) = 1 for all z € [0, 1].

n—oo

(c) Show that lim [|f,]|s = 0. Conclude that L'-convergence does not imply A
a.e. convergence.

Proof (a) Notice that 1 = 2040,2=2'40,3=2"+1,4=2240,5=22+1,6=
22 + 2,7 = 22 + 3. Thus, f1 = 1[0,1)7 fa = 1[0,1/2), f3 = 1[1/2,1), fa = 1[0,1/4)7 f5 =
Ljja2/a), fo = Lizjas/ay, fr = Lizjan).

Proof (b) Notice that for each m > 1, {[I/2™, (I +1)/2™):0 <1< 2™ — 1} forms
a partition of [0,1). Hence, for each x € [0,1) and for every m > 0 there exists an
0 <1<2™—1such that fom(z) = 1. Thus f,(z) =1 for infinitely many n. This
shows that limsup f,(z) =1 for all z € [0, 1].

Proof (c) If n = 2" +1, then |[ f[|21(x 1))
as n — oo, taking limits we see that nhj& /111 (Apy) = O- This shows that f, — 0

= f[071) fam1dAp,1) = 1/2™. Since m — oo

in L'(Xp,1y) but from part (b), f, does not converge to 0 u a.e.



5. Let By = Fy = N = {1,2/3,---}. Let B be the collection of all subsets of N.
and f; = po be counting measure on N. Let f : Ey x Fy — R by f(n,n) = n,
f(n,n+1)=—nand f(n,m) =0 for m #n,n+ 1.

(a) Prove that [ [o f(n,m)dus(m)du(n) = 0.

(b) Prove that [, [ f(n,m)du(n)dus(m) = occ.
(c¢) Explain why parts (a) and (b) do not contradict Fubini’s Theorem.

Proof (a) For each fixed n one has

: f(n,m)dps(m) = f(n,n)us({n}) + f(n,n+ Dps({n +1}) = 0.

Thus, fEl fE2 f(nu m)d:u2(m)d:ul(n) = 0.
Proof (b) For each fixed m,

f(n,m)dpa(n) = f(m,m)u({m}) + f(m =1, m)m({m —1}) = 1.

Eq

Thus, [, [5, f(n,m)dp(n)dps(m) = [ 1dus(m) = pa(Ez) = oo.
Proof (c) Parts (a) and (b) do not contradict Fubini’s Theorem because the func-
tion f is not pq X ue integrable. This follows from

[ [ 1ttt = [ 2ndps() =3 20 = o



