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Measure and Integration Exercises 10

1. Let (E, B, 1) be a measure space. Let (f,) be a sequence of non-negative measurable
functions.

(a) Prove that

(b) Let (gn) be a sequence of pi-integrable functions on E such that >~ 7 | [, [ga] dp <
0o. Show that Y > g, is finite 1 almost everywhere, and

(c) Let f be a non-negative integrable function on E. Define v on B by

v(A) = / fdu.
A
Show that v is a finite measure on B.

proof (a): Let h, =" _| fm, then (h,) is an increasing sequence of non-negative
measurable functions converging to >~ f,. By the Monotone Convergence Theo-
rem,

lim [ h,du= / lim A, dy = / fndpt.

By the linearity of the integral, fE hypdp=73%"_, fE fm dp, and hence lim,, fE hy, dp =

2;1.0:1 fE fn dM rI‘hllS7
/JE;fndM:;/Efndﬂ-

proof (b): By part (a), [, 3707 [gnldp = 307, [ lgnl dp < o0, hence 3777 [ga|
is p-integrable. By Theorem 3.2.8, Y >°  |g,| is finite ¢ almost everywhere. Since
130 gl < D07 lgn|, it follows that > >° g, is finite p almost everywhere.
Let hy, = > _| Gm, then (h,,) converges to Y ", g, p a.e. Furthermore, |h,| <
> o 1 |gnl, thus by the Dominated Convergence Theorem,

Z/gnd,u: lim hnd,u:/ lim hndu:/Zgndﬂ-



proof (c): Clearly, v(0) = 0 and v(E) < co. We only need to show that v is
o-additive. Let {B,} be pairwise disjoint, then f -1y~ p, =3 ", f-1p,. By part

(a),
B"):/Ef1U§°L°_1Bnd'u:;/Elen:;V(B")

. Consider the measure space (N, P(N), ), where p is the counting measure on P(N),
i.e. u(A) is equal to the number of elements in A.

(a) Show that for any f: N — [0, 00|, one has

/Nfdu=§f(k)

(b) Foreachn > 1, let (a}), be a sequence of real numbers such that 0 < a} < a}
for all £ and n. Show that

e e} o
lim E ap = E lim aj.
n—oo n—oo
k=1 k=1

n+1

proof (a): Notice that if f = 14, the indicator function of a measurable set A, then

/ Ladp = p(A) =3 1a(k)
N k=1

If f is a non-negative simple function, then f =" _ a;14,, where A; are measur-
able sets. By the linearity of the integal, we have

/fd,u Zaz/lA dp = O@ZlA ZZQilAi(k):Zf(k)

k=1 m=1
Finally, let f be a non-negative measurable function. Let

flk) itk<n

gn(k) =
0 if k> n.

Then, (g,) is a sequence of non-negative simple functions, ¢, < g,+1 < f and
limy, oo gn(k) = f(k) for all k& > 1. Moreover, [, gndu = > _; f(k). By the Mono-
tone convergence Theorem,

téfduzgg;Agm@Lzéifﬁﬁ

proof (b): Let f,(k) = a}. Then, f, < f,41 for all n > 1. By the Monotone
Convergence Theorem and part (a), we have

lim Z ap = hm fn dp = / lim f,du = Z lim aj.



3. Let (F, B, i) be a measure space, and f : F — [0, 00| a measurable function.

(a) Show that if [, fdp < oo, then lim, o nu(f > n) = 0.
(b) Suppose that u(E) < oo. Show that

/fd,u<001fand only if Zuf>n)

n=0

proof (a): Suppose [, fdu < oo, then u(f = oo) =0, and

nu(f >n) = /En Lypemydp < /Ef “Lony dp

Now, (f - 1{s>n}) is a sequence of non-negative functions converging to f - 11;—oq}.
Since, [ - 1{s>ny < f, and f is p-integrable, it follows by the Lebesgue Dominated
Convergence Theorem,

lim /f~1{f2n}d,u:/f~1{fzoo}d,u:/ fdu:O.
e JE E {f=oc}
Thus,

n—oo n—oo

lim nu(f >n) < hm/f Lifony dp = 0.

proof (b): Assume pu(E) < co. Suppose [, fdp < oo, then pu(f = oo) = 0 and
using the same proof as in part (a) limy_., Nu(f > N) = 0. By the Lebesgue
Dominated Convergence Theorem [, fdp = limy_.o [, f - 1ir<ny dp-

N-1

/f‘l{fSN}dﬂ = /Zfl{n<f§n+1}d,u
E E

> / nl{n<f<n+1} d,u

2:
Lo

= nun < f <n+1)

il
[y

= (nu(f >n) = (n+Du(f >n+1) + p(f >n+1))

n

Il
o

N

= =Nu(f > N)+ > p(f > n).

n=1

Notice that pu(n < f <n+1)=pu(f >n) — u(f >n+1) since u(F) < co. Taking
the limit as N — oo, we get

;u(f>n)§/Efdu<OO-

3



Since p(f > 0) < oo, it follows that Y, pu(f > n) < co.

Conversely, suppose Y>> u(f > n) < oo. From this it follows that u(f = co0) =
limy, oo (f > n) = 0. For each N > 1,

N—-1
/f'lng}dM = /Zfl{n<f§n+1}d,u
E E n=0

N-1

= / Z fl{n<f§n+1} d,u
E

n=0
N

—1
/ Z(n + D lfncp<nsry dp
E -

n=0

[ 3 1mdn
E =0
N-1

= > u(f>n).

n=0

IA

IA

By the Monotone Covergence Theorem, we get

/fdu:th/f«l{fSN}d,ugz,u(f>n)<oo.
E - JE =0



