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1. Let (E,B, i) be a measure space, and f,, : £ — R a sequence of measurable real
valued functions on (£, B, ut). Suppose f,g: E — R are measurable functions such
that f, — f in p-measure and f,, — g p a.e. Show that f =g u a.e.

Proof Since f,, — f in p-measure, then by Theorem 3.3.10, there exists a subse-
quence (fy,) such that f,. — f u a.e. Furthermore, f, — g p a.e. implies f,;, — g
pae Let A={rc E:limj_ fo,(z) = f(z)} and B = {z € E:lim;_ fn,(7) =
g(x)}. Then p(A°) = p(B°¢) = 0. For each z € AN B, we have f(z) = g(x) (since
limits of real valued sequences are unique), and p((A N B)¢) < p(A¢) + u(B¢) =0,
it follows that f =g u a.e.

2. Consider the measure space ([0,00), 8, \), where B and X are the restriction of the
Borel o-algebra and Lebesgue measure to the interval [0, 00). Define f,, : [0,00) — R
by

1 ifn§m§n+%
fulx) =

0 elsewhere .

(a) Prove that f, — 0 A a.e. and in A-measure.

(b) Prove that condition (3.3.8) of Theorem 3.3.7 does not hold, A i.e. it is not
true that
lim A(sup |f,| >€) =0 forall e > 0.

n>m

Proof (a) For any x > 0, there exists an integer N such that x < N. Then, for
any n > N, x ¢ [n,n + 1/n] and hence f,(x) = 0 for all n > N. This show that
lim f,(z) =0 for all z > 0, in particular, A a.e.. Now, for any € > 0,

M| fnl =€) =A([n,n+1/n]) =1/n — 0 as n — occ.
Thus, f, — 0 in A measure

Proof (b) For any m > 1,

Asup [£,] 2 ) = A nn + 1)) = 3 1/n = .

So, condition (3.3.8) of Theorem 3.3.7 does not hold.



3. Let (E,B, 1) be a measure space, and f, : E — R a sequence of measurable real
valued functions on (F, B, u). Let (€,) be a sequence of positive real numbers such
that y_ €, < co. Prove that if Y7, (| fus1 — ful > €,)) < 00, then there exists a
measurable function g : £ — R such that f, — ¢ in y-measure and p a.e.

Proof Let ¢ > 0. There exists an integer N > 1 such that Y~ €, < € for all
m > N. We first show that for any m > N if sup,~,, |fn(2) — fm(2)| > €, then
| fos1(x) = fu(z)] > €, for some n > m. This is proved by contradiction. Assume
that sup,,~,, | fn(z) — fi ()] > € but |foi1(x) — fu(z)| < €, for all n > m. Then
there exists an integer ng > m such that |f,,(z) — fiu(z)| > €. Then,

no—1 no—1 00

€ < Lfuo@) = Fu@)] < 3 1fuma(@) — fal@)] < 3 en < e <

which is a contradiction. Hence, for all m > N,

p(sup | fo = frul > €) < o (U {|fatr = fal = en}) <l farr = fal = €n)-

n>m

n=m n=m

This shows that

[e.e]

n=m

By Theorem 3.3.7, there exists a measurable function g : £ — R such that f, — ¢
in g-measure and p a.e.

4. Let f and {f,} be measurable real valued functions on a measure space (E, B, 1)
such that f, — f in p-measure, and sup,>, ||fu||z1(s) < o0o. Show that f is u-
integrable, and

Tim W falligy = gy = W = o | = W fal = f1 = 1fa = f1 |21y = 0.

®)

Conclude that if ||anL1(u) — ||fHL1(u) € R, then ||f, — f||L1(H) — 0.

Proof Choose a subsequence {f,,, } such that

i || [ fog | = 1= 1 = FH | 21gey = Tiusup [ [ fu] = |F| = [fo = fl1]Lr)-

n—oo

Since f,, — f in p-measure, it follows from Theorem 3.3.10 that there exists a
subsequence {f,,, } of {fn, } such that f, ~— f ua.e. Then by Fatou’s Lemma,

[ 191du= [ tmint |, | dp < it [ 1, Jdn < sup [ 1] du < .
Thus, f is p-integrable. By Theorem 3.3.5,

limsup|| |fn| - |f| - |fn - f| ||L1(u) = ZILI?OH |fnmz| - |f| - |fnm1 - f| ||L1(u) = 0.

n—0o0



Thus, limp oo || [ ful = [£] = |£n — f] |11y = 0. Since

Il = gy = e = Fllergo | S W fal = L1 = 1fa = fl 10

for all n, it follows that
T[]l = 112G = (1o = Fllzigo| = lm (H ] = £ = [fo = f I = 0.

Finally, if ||follziw — [Ifllziw € R, then |[fullzigy — [If[lzry — 0 and hence
||fn - f||L1(u) — 0.



