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1. Let a < s < b, and suppose f : [a,b] — R is bounded and continuous at s. Let
U : [a,b] — R be given by

0 fa<z<s
\If(:p)—{ 1 ifs<z<b.

Show that f is W-Riemann integrable, and fab f(x)d¥(x) = f(s).

Proof. Let ¢ > 0. By continuity of f at s there exists a § > 0 such that |f(z) —
f(s)| < €for |z —s| <0, x € [a,b]. Let C be a finite exact non-overlapping cover
of [a,b] with ||C]] < §. Notice that A;¥ = 0 for all I € C with s ¢ I. The point
s belongs to at most two elements of C. If s is a right end-point of some I, then
AU = 0. If s is a left end-point or an interior point of some I, then A;¥ = 1. Let
Iy be the unique element of C containing s as a left end-point or an interior point,
then for any choice function &,

R(fI¥;C, &) = f(£(1o)).
Since ||C|| < 9, then
IR(1¥;C,8) = f(s)] = |f(€(lo)) = f(s)] <€
Thus, f is U-Riemann integrable, and fab f(x)d¥(x) = f(s).

2. Leta=ag < a; <ay <---<a, =b, and suppose that the function ¥ : [a,b] — R
has the constant value ¢; on the interval (a;_1,a;) for i = 1,2,--- n. Show that if
f : [a,b] — R is continuous, then f is U-Riemann integrable, and

b n
[ riavia) =3 ey

where
cg—V(a) ifi=0
di: Cit1 — C; 1f1§z§n—1
V() —¢, ifi=n.

Proof. Let ¢ > 0. Since f is uniformly continuous on [a, b], there exists a ¢ > 0 such
that |f(x) — f(y)| < € for all z,y € [a,b] with |z — y| < J. Let C be any finite exact
non-overlapping cover of [a, b] with ||C|| < 0. Assume with no loss of generality that
the a}s are end-points of some of the intervals in C (otherwise we refine C further).
Call these intervals Iy, I;, I}, ..., I, |, I |, I,, where I, contains a = ag as a left

yin—1rtn—1>
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end point, [, contains a, = b as a right end-point, and for ¢ = 1,2,...,n — 1, I,
contains a; as a right end-point, and I;" contains a; as a left end-point. Notice that
if I € C with a; ¢ I for alli =0,1,...,n, then A;¥ = 0. Thus, for any choice
function £ we have,

n—1

R(fIW;C,€) = FIETD ALY+ (FIEUD)A Y+ FEL)A L)+ F(E(1))ALT.

i=1

Now, AW = ¢y — V(a), A, ¥ = V(b) —¢, and for i = 1,2,...,n — 1, A~V =
U(a;) —¢; and A+ W = ¢;11 — W(a;). Notice that d; = (¢;i41 — V(a;)) — (V(a;) — )
for 1 = 1,2,...,711— 1. Thus,

IR(f|¥;C,€) — Zfau < |f(E(T) = fla)l|er — T(a)|

n—1

+ D) = flal|wla) - i

+ > LFEET) = Fla)][W(as) = ¢l

i=1

+ [fEUn) = FO)Y(b) — el
< €M,

where M = |er — W(a)| + 0 [(¥(a) — il + X051 1(W(as) — coptl + [9(8) — .
Thus, f is U-Riemann integrable, and fab f(x)dV(z) =30, fla;)d;.

. Let W : [a,b] — R be non-decreasing, and let f : [a,b] — R be bounded. Show that
f is ¥-Riemann integrable if and only if for every € > 0, there exists a 6 > 0 such

that
Z A]\If <€

{I€C:sup,c; f(z)—infaes f(x)>e}
for all finite non-overlapping exact covers C of [a, b] such that ||C|| < ¢.

Proof. Suppose f is U-Riemann integrable, then

lim U(f|V;C) = ”li”m L(f|¥;C) = f(x)d¥(x).

ICll—0 Cll—0 [a,b]

Thus, given € > 0 there exists a ¢ > 0 such that

UfIT;C) = L(f]¥;C) < €

for all finite exact non-overlapping covers of [a, b] such that ||C|| < . Let B={I €
C - sup,e; f(x) — infoer f(x) > €}. Then,

GZA[\D < Zsup f(x) — ;Igf(x)AﬂIf

IeB 1eB *€l

= U(f|T;C) — L(f]¥;C) < €
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This implies that ), s A;¥ <e.
Conversely, let € > 0. By hypothesis, there exists a > 0 such that
Z A]\If <€
{I€C:sup, ¢ f(x)—infrer f(x)>€}

for all finite non-overlapping exact covers C of [a,b] such that ||C|| < d. Let B =
{I €C: SUDgcr f(l‘) - infaﬂéf f(l‘) > 6} and g =C \ B. Set M = Supxe[a,b] |f(l‘)|,
then

UfIB:C) = L(f|;C) = Y sup f(x) —inf f(2)AP

IeB zel
+ ; sup f(z) — inf f(z)Ar¥

< 2Me+ €(¥(b) — ¥(a))
= €(2M 4+ V(b) — ¥Y(a)).
Thus, f is U-Riemann integrable.

. Let W : [a,b] — R be non-decreasing, and f : [a,b] — R be bounded. Show that if f
is U-Riemann integrable, then the function f?;[a,b] — R given by f?(x) = (f(z))?
is W-Riemann integrable.

Proof. Let m = ier[lfb] f(z)and M = s?p] f(z). Consider the function g : [m, M| —

rela, z€(a,b

R defined by g(z) = 2% Notice that g is uniformly continuous on [m, M], and
f2(x) = g(f(x)) = gof(x). Let € > 0, there exists 0 < § < e such that |g(u)—g(v)| <
e for all u,v € [m, M| with [u—v| < §. Since f is U-Riemann integrable, there exists
a 0’ > 0 such that U(f|¥;C) — L(f]¥;C) < §? for all finite exact non-overlapping
covers of [a,b] with ||C|| < ¢’. Let C be a finite exact non-overlapping covers of [a, b]
with ||C|| < ¢’. Define

G={l€C:supf(z)—inf f(x) <} and B={I € C :sup f(z) — inf f(z) > d}.
z€l zel xz€l zel
Notice that if I € G, then sup g(f(z)) — inf g(f(x)) < e. Now,

zel zel

VA Z(Supf(x)—iggf(ﬂf))ﬁl‘l’

IeB 1eB *€l
< D (suwp f(z) — inf f(@)Arw
Tec z€e z

= U(fIT;C) — L(f|W;C) < 6%,

Thus, ZAI\II < 6 < €. Finally,
IeB
Uf?|W:C) — L(f?[W:C) = U(go f]¥;C) — L(go f]¥;C)

= ) (swg(f(e) - inf g(f(2)))Ar¥

TeG zel
+ > (supg(f(x)) - inf g(f(2)))Ar¥
res "€l e

< €(W(b) —¥(a)) +2lgllu),
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where |lgll, = sup |g(u)|. Thus, ”(l:i”mOZ/I(fz\\Il;C) — L(f*¥;C) = 0 and f? is
u€l[m,M] -
P-Riemann integrable.



